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Preface 


Controlling the behaviour of the solutions to Einstein's field equations on large 
scales is still the most important technical task in classical general relativity. 
The long standing problem of ‘cosmic censorship’ will not be resolved without 
a sufficiently general and deep understanding of the solutions. The unexpected 
emergence of the Bartnik-McKinnon solutions and Choptuik’s disclosure of crit- 
ical collapse phenomena show us that Einstein’s theory still has surprises in 
store. 

The last two discoveries also demonstrate clearly the important role of nu- 
merical techniques in the analysis of specific solutions and in the study of the 
manifold of solutions. The interplay of analytical with numerical methods is 
bound to become the most important strategy in exploring the content of the 
theory. 

Moreover, since various projected gravitational wave antennae will soon be- 
come operational, templates with gravitational waves forms will urgently be 
needed for analysing the recorded data. This makes the interaction between an- 
alytical and numerical techniques a most exciting and important project, because 
it may help open new vistas of our universe. The fact that the calculation of the 
form of gravitational waves generated by astrophysical processes turned out so 
much more difficult than expected hints at a lack of insight into the analytical 
basis of the theory or at an insufficient exploitation of the present analytical 
knowledge. 

Any general analysis of asymptotically flat space-times in the large needs to 
take into account the causal and the underlying null cone or conformal structure 
of the field. These structures should thus also be critical in the semi-global or 
global numerical calculation of space-times. Not surprisingly, the two numerical 
techniques presently used to perform such calculations, the characteristic method 
and the method based on the conformal field equations, employ basic features 
of the conformal structure in the definition of their procedures. 

The analytical and the numerical methods both offer possibilities not accessi- 
ble to the other one, and each of them asks questions and poses problems likely 
to initiate interesting research with the other method. For researchers in the 
fields to get an insight into the potential and the problems of the other field, we 
therefore organized a workshop on analytical, geometrical, and numerical studies 
which make explicit use of conformal or related structures. This book contains 
extended versions of the contributions to this workshop. 


VI - Preface 


Following the suggestion of the publisher we tried to avoid the traditional 
style of proceedings and aimed at a book which will help a newcomer find ac- 
cess to the field, which offers new results to the experienced researcher, and 
which provides a comprehensive source of references. In particular, one of us 
(H.F.) wrote an extensive introductory chapter in which he tries to introduce 
the newcomer to the field and to provide a general perspective by pointing our 
the relations to the other studies represented here. 

Because this perspective may be clouded by the author’s ignorance and per- 
sonal taste, however, we do urge the reader to understand these references as 
an encouragement to carefully study those articles themselves. The intricate net 
of relations between the different parts of the work discussed in this book will 
then become evident. A complete picture of the present situation can only be 
obtained by trying to understand the full scope of those articles and the specific 
views of their author’s. Were different opinions occur the reader is invited to 
search for solutions of the corresponding open problems. 

While we have tried to maintain to some extent the division of this area of 
research into the three subfields indicated in the title of this book, it is clear 
that the assignment of a single article to any of these subfields is not sharply 
defined. This fact should be seen as a virtue since it was the expressed purpose 
of the workshop to have researchers in different areas interact with each other 
and see how they can profit by viewing their subject from different perspectives. 

There remains the pleasant task to thank the speakers and the participants 
for helping create an inspiring atmosphere at the workshop and the contributors 
of these proceedings for helping create a picture of the present situation of the 
field which illustrates its richness and its potential. 

We also thank the Deutsche Forschungsgemeinschaft and the ‘Unibund’ of 
the University of Tiibingen for their financial support. It is a pleasure to thank 
Prof. Hanns Ruder for his support and Heike and Bettina Fricke for their help in 
administrative matters during and after the workshop. Finally, we acknowledge 
help from T. Miiller, A. King and M. King during the preparation of this book. 


Ttibingen and Golm, Jorg Frauendiener 
June 2002 Helmut Friedrich 
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1 Conformal Einstein Evolution 


Helmut Friedrich 


Albert-Einstein-Institut, Max-Planck-Institut fiir Gravitationsphysik, 
Am Muhlenberg 1, 14476 Golm, Germany 


Abstract. We discuss various properties of the conformal field equations and their 
consequences for the asymptotic structure of space-times. 


1.1 Introduction 


The causal structure. which decides whether a signal can be sent between two 
space-time points, is of fundamental importance for all of field theory. In the 
case of Einstein's theory of gravitation, general relativity, it acquires a particular 
significance, because the null cone structure underlying the causal relations is 
itself a basic unknown of the field equations and as such subject to the causal 
relations in the small. 

From the beginning of general relativity the effect of ‘deflection of light in 
gravitational fields’, demonstrated nowadays so clearly in the gravitational lens- 
ing phenomena, has been considered theoretically and observationally as one of 
the clearest manifestations of the deviation of the light cone field in general rel- 
ativity from that of special relativity. As seen in the article by G. Galloway in 
this volume, which shows. among other things, the ubiquity of caustics on wave 
fronts in solutions to Ejinstein’s field equations, it is not only a local effect but 
also related to the global structure of space-times. 

This relation to the global structure of space-time becomes quite pronounced 
in the case of black holes, which seem to be on the verge now of also becoming 
‘observed’ phenomena. The observational situation as well as various theoret- 
ical aspects of the idea are addressed directly in P. Chrusciel’s article in this 
volume. However, tacitly or explicitly, the related questions of gravitational col- 
lapse, merger of black holes, generation of gravitational radiation, singularities 
of gravitational fields, etc. motivate to a large extent all studies in this volume. 

The dual and critical role of the light cone structure in Einstein’s theory 
and in physics in general led some researchers to speculate that the null cone 
structure might be a classical space-time reflection of a fundamental feature of 
a quantum theory of gravitation. This motivated efforts to recast the classical 
theory into forms which put the null cone structure, or associated structures like 
wave fronts, into the foreground. The article by S. Frittelli, N. Kamran, and E. 
Newman as well as the article by R. Penrose in this volume are aiming into this 
direction. Trying iustead to derive qualitative and quantitative results about the 
solutions, the remaining articles explore and exploit, in one way or other, the 
light cone structure along more conventional lines. 
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That in studies of the global structure of gravitational fields the light cone 
structure acquires a particular technical interest, has been demonstrated most 
impressively by the proofs of the singularity theorems ((51], [67], cf. also [52]). It 
provides the most important tool for analyzing space-tines in the large. While 
these theorems show that under reasonable assumptions space-times are singular 
in the sense that they contain non-complete causal geodesics, they do not provide 
any information on the specific nature of the singularities. It is expected that 
in general curvature singularities will arise, however, the theorems give not the 
slightest hint whether this will be the case, not to mention the causal nature of 
the singularities or their strength. 

In spite of various attempts to obtain more detailed results, the related prob- 
lem of cosmic censorship (cf. [72], [71], [79]) still poses some of the most impor- 
tant outstanding questions of classical general relativity. While the limited use 
of the field equations made in the singularity theorems contributes to their gen- 
erality, the same fact is responsible for the scarcity of details supplied by them. 
In view of the enormous richness of pathological behaviour observed on the level 
of pure space-time theory (cf. [22] and the literature given there) it is not sur- 
prising that attacks at the problem of cosmic censorship which rely mainly on 
the topological methods used in the proof of the singularity theorems met little 
SUCCESS. 

To disclose the more subtle secrets of Einstein's theory we need a deeper un- 
derstanding of the causal structure in the context of Einstein’s field equations. 
In any serious investigation of the problem the consequences of these equations, 
which represent the principal restrictive principle of the theory. must be taken 
into account in all completeness. Getting control on the evolution process de- 
tined by Einstein’s equations still remains the most important technical task in 
classical general relativity. 

There arises the question of how to combine the analysis of the field equa- 
tions with that of the causal structure. In Einstein’s theory these structures are 
particularly closely related. By the local causality requirement the causal struc- 
ture is determined by the null cones of the metric. Conversely. provided certain 
pathologies are excluded, the causal structure can be used to reconstruct the 
null cone structure. Moreover, the physical characteristics of the field equations, 
which largely govern the evolution process. are given by the null hypersurfaces 
detined by the solutions. These tight relations between causal structure. null cone 
structure, and characteristics structure clearly offer possibilities for the desired 
analysis, but it may be noted that they are also responsible for the quasi-linearity 
of the equations which, together with their gauge hyperbolicity, is the main source 
ot our difhiculties. 

The null cone structure is equivalent to the conformal structure, given by 
the information which is retained if the metric is subject to arbitrary conformal 
rescalings g > §2? g with conformal factors Q > 0. This may allow us to relate 
the mull cone structure in a new way to the structure of the field equations and 
to the large scale behaviour of their solutions. 
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; 

However, to what extent can we draw from the behaviour of the field equa- 

tions under conformal rescalings of the metric conclusions on the large scale 
behaviour of the solution? The present article is trying to give some answer to 
this question. The latter might be rather aimless were it not for a concrete pro- 
posal pointing precisely into this direction. Motivated by earlier studies of the 
important plivsical question of how to characterize gravitational radiation with- 
out relying on approximations. R. Penrose suggested to analyse the asvInptouic 
behaviour of gravitational fields in terms of extensions of the conformal structure 
to null infinity ((65]. [66]). 
'  Thesubsequent attempt ([23]. [24]) to resolve the controversy concerning the 
asstinptions made in 65 and to understand the smooth interplay between the 
conformal strnctnre and the tield equations suggested in (66! disclosed the very 
peculiar behaviour of Einstein's field equations under conformal rescalings. They 
turned out to be conformally regular and assume with this property a very special 
position between conformally singular equations like the massive Klein-Gordon 
equations on a given background and conformally invariant equations like the 
Maxwell or Yang-Mills equations in four dimensions. It will be the purpose of 
this article to explain the origin. the properties, and the consequences of the 
resulting conformal field equations. 

Almost all the results deseribed in the following have been obtained by consid- 
ering as a guiding problem the question to what extent the assumptions underly- 
ing [65] can be justified. We are beginning to see now that this question proved 
fruitful because these assumptions refer to the key geometrical structure and 
draw such a sharp line between what is true and what isn’t that they required. 
and still require, a most careful and detailed analysis. The results obtained so 
far indicate that in the most interesting case, that of a vanishing cosmological 
constant. the situation is much too subtle to simply allow us to say that the 
assumptions of [65] are right or wrong. 

In the following we shall make a particular effort to sort out the delicate 
issues which arise here. hoping to put a controversy, whose ‘arguments’ too of- 
ten relied more on personal taste than on insight, onto a rational basis. Such an 
effort is appropriate because due to the results which are available now the math- 
ematical analysis is coming close to a point where the more subtle mathematical 
and physical questions concerning the foundations of the theory of isolated self 
gravitating systems become amenable to detailed discussions. 

The investigations are now way beyond a situation which would allow us 
to arrive at reliable statements by investigations of the linearized equations, 
‘physical arguments’ etc. In fact, it is difficult to develop any intuition on phys- 
ical grounds for the extreme questions about solutions of Einstein’s equations 
which are being asked here. Consequently, most results are stated in the form 
of existence theorems (referred to in the following only in a non-technical way). 
The physicist mainly interested in wave forms and observational facts, who con- 
ceives of this as merely interesting mathematics, may be reminded that abstract 
statements about the existence of general classes of solutions with certain global 
properties usually only epitomize collections of results about details of the solu- 
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tions, particular features of the equations, and new techniques with many more 
applications. 

More importantly, it may be pointed out to him that the results alluded 
to above become of a practical use now, which was not anticipated in [65]. 
As discussed in the articles by J. Frauendiener and S. Husa in this volume 
they form a basis for numerical calculations covering asymptotic parts of space- 
time. Most remarkably. though still to be explored in mmunerical work. they open 
the unique possibility to calenlate mnnerically on finite grids maximal. globally 
hyperbolic. asymptotically flat solitions to Einstein's field eqnations. including 
their asymptotics in null directions and the radiation field at null infinity. These 
solutions will be determined solely and uniquely from standard Cauchy data 
(subject to certain, quite weak, conditions near space-like infinity) and require 
besides the idealization of asymptotic flatness no further approximation. 

Working out the details of such truly global solutions, either analytical or 
with numerical methods, will still require a considerable amount of work and 
inventiveness. However, the main point to be made here is that both possibilities 
are open now and both approaches have a lot to gain from each other. Each of 
them will pose questions which will shed new light on problems of the other 
approach and the answers obtained in one of them will suggest new solitions to 
the other one. 

A main open problem in this context is concerned with the question to what 
extent it will be possible to approach ‘time-like infinity’ within a numerical 
calculation if the solution develops singularities and event horizons. This problem 
has hardly been touched yet. Even for basic solutions like the Schwarzschild 
or the Kerr solution a careful and detailed analvsis of time-like infinity in the 
conformal picture is not available yet. Some of these questions and also the 
related problem of gauge conditions will be addressed at the end of this article. 

It is clear that there is still a long way to go before we will be able to 
obtain wave forms of sufficient generality or arrive at insights which will bring 
us closer to a resolution of the problem of cosmic censorship. Nevertheless, it 
appears that the interaction between numerical and analytical methods referred 
to above offers the best prospects for further progress. 

Any work on general classes of solutions to the Einstein equations is necessar- 
ily of a very technical nature. In the following we shall give a survey on certain 
results and the current analytical work based on the conformal fields equations 
which emphasizes the general ideas. With the exception of the somewhat de- 
tailed discussion of the conformal field equations, technicalities will be kept at a 
nuinimum. 


1.2. The Conformal Field Equations 


The core of Einstein’s theory of gravitation is represented by his field equations 
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for the metric g,,,, where denotes the cosmological constant and T,,,, the energy 
momentum tensor. Most properties of the gravitational field should follow from 
these equations. Those which don’t and have to be ‘put in by hand? characterize 
general features as well as specific properties of the physical situation to be 
modeled. For instance. in the case of cosmological space-times one nay assume 
compact time slices while in the description of isolated gravitating systems one 
will require the existence of Cauchy hypersurfaces with asymptotically flat ends, 
but in both cases one has the freedom to prescribe initial data in agreement with 
these assumptions. In the following we will mainly be interested in the second 
“of these scenarios. 

Equations (1.1) are known to be gauge hyperbolic in the sense that they 
are hyperbolic if suitable gauge conditions are imposed. Expressed in terms of 
coordinates x” satisfying the harmonicity condition V,V’2! = 0, equations 
(1.1) take the form 

9°" Oo.O Guv = Qu (9, 0g, te) (1.2) 
of a system of wave equations for the metric coefficients g,,,, where the right 
hand side depends on the derivatives of these coefficients up to first order and 
on the energy momentum tensor. 

The form (1.2) reveals the double role played by the light cone structure 
or. equivalently, the conformal structure. On the one hand the conformal struc- 
ture is part of the unknown since it determines the metric up to a positive 
point dependent factor, on the other hand it defines the characteristic cone 
{€é€ T*M| 9°” €,. &3 = 0} of the form (1.2) of Einstein’s equations (for this and 
various other general notions and results concerning the field equations we refer 
the reader to [45]). The characteristics strongly govern the local propagation 
properties of Einstein’s equations. In fact, a more detailed argument involv- 
ing (1.2) implies that equations (1.1) respect the local causality requirement of 
relativity, provided the equations for the matter fields entering the energy mo- 
mentum tensor are chosen appropriately. This is related to the fact that the 
characteristic cone determines the domains of uniqueness for equation (1.1). 

The tight relations between the structure of characteristics, the causal struc- 
ture, and the light cone structure or, equivalently, the conformal structure, all of 
which depend on the solution at hand, is a very distinctive feature of Einstein’s 
theory. However, the theory proposed by Einstein gives no reason to expect that 
the field equations would be particularly well behaved under conformal rescalings 
Ge aa = DAG as The equations are chosen to determine isometry classes of 
solutions and are thus not conformally covariant. Formally, this is seen from the 
transformation law of the Ricci tensor, given in n dimensions by 


n—2 


n 
We 


= | 
Riplg! — Rupldl - oo 0) 


(1.3) 
where on the right hand side V denotes the connection associated with the 
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metric g. 
If Einstein’s equation (1.1) is assumed in this relation and the conformal 
factor @ is considered as a given function on the solution manifold, we obtain 
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an equation for the conformal metric g,,. It should he possible to analvse this 
equation by applying the techniques known for Einstein's equation. since the 
principal parts of the differential operators occurring in both equations, i.e. the 
parts containing the derivatives of highest order. are identical. For our intended 
application this equation for g,, has two deficiencies. The most couspicuous One 
is the occurrence of factors 1/92, which makes the equation singular at the set 
¥' = {2 =0}. Since this set will indicate some kind of infinity of the solution 
space-time, it will be of particular interest to us. The second problem arises 
because the function 2, in fact also the manifold underlying the solution and 
the set .%’, are not given a priori. They are related to the global geometry of 
the solution and must be determined jointly with the metric. 

Remarkably, Einstein’s equations allow us to resolve these problems. They 
turn out to be conformally regular in the sense that there exist conformal rep- 
resentations of the equation which do not contain factors Q7* (resp. factors 2 
in the principal part) and for which the conformal factor is determined by the 
equations themselves. To discuss this further we recall a few facts of conformal 
geometry. 


1.2.1 Conformal Geometry 


A smooth conformal structure C on a manifold M is given by a family of smooth 
locally defined metrics of a given signature whose domains of definition exhaust 
M and which are related on the intersections of these domains by conformal 
rescalings with positive conformal factors. A smooth pseudo-Riemanuian space 
(M, g) uniquely determines a smooth conformal structure on Af which we denote 
by C,. Using a suitable partition of unity, it can be shown that any conformal 
structure can be obtained this way and we shall often represent a conformal 
structure in terms of a globally defined metric in the conformal class. 

A Lorentzian conformal structure C determines a null cone at each point of Af. 
Conversely, the null cones fix C uniquely (cf. [52]). As a consequence ‘space- and 
time-like’ are well defined for C and a few further important space-time structures 
are implied. A null hypersurface for C is a smooth (say) hypersurface which 
at each of its points is tangent to the null cone field. The unique directions of 
tangency can be integrated to obtain null curves which rule the null hypersurface. 
Considered as point sets. these curves coincide with wull eeodesics of the metrics 
in the conformal class and any null geodesic can locally be obtained this way. 
Extending the null geodesics generating a null hypersurface in anv of their affine 
parameterizations we obtain an unique extension. The resulting set, called a wave 
front, will in general not any longer be a smooth hypersurface, because families 
of null geodesics tend to develop caustics, i.e. form envelopes or intersections. 
The wave fronts and their caustics are also invariants of the conformal structure. 

On the level of local differential geometry the most important invariant of a 
conformal structure Cg is its conformal Weyl tensor C# ,,, (observe the index 
positions), which is the trace-free part in the decomposition 


RY yap = 249" (y Loin = Guia lg) | PC” xe, (1.4) 
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of the curvature tensor of g, where the trace parts are represented by the tensor 


i 1 
Lup = ——= ee eS v . . 
R= 2 (2, 2(n— 1) 9 ) CS 


In terms of the Levi-Civita connection V of g and some coordinate basis hy 
our conventions are such that R“ 1), X” = (V) Vp — Vp Vx) X". We denote ee 
Ruy = R? yo, and R the Ricci tensor and the rec cca of g respectively. 

The class of torsion free covariant derivative operators naturally associated 
with a conformal class C comprises but is larger than the set of Levi-Civita 
operators for the metrics representing C. A Weyl connection for C, is a torsion 
free connection V on M which respects the conformal class C, in the following 
sense. For any C’ curve x(\) defined on a neighbourhood of the origin of R and 
any frame field ex, k = 1,...,m, which is parallelly transported along x(A) with 
respect to V. there exists a function 2) > 0 along x(A) such that g(e;, ae. = 
23 g(e:,€)\x(0). It follows from this that 


A 


Va Juv = —2 Ve Guvs (1.6) 
with some arbitrary 1-form f on M and that the connection coefficients defined 
by Vo, Ov =f," Op, and Va, Ov = T,,? , Op are related by 


a 


= = » 
en yp + SS) py? vs with oR es Oe line irs io 
(1.7) 
In the special case where the 1-form f is exact such that it can be written 
on suitable open sets U in the form 


f=-27'dQ, (1.8) 


with some smooth function 2 > 0, the connection V coincides on U with the 
Levi-Civita connection V of the metric g satisfying guy = Oe oer 

The curvature tensors of the connections V and V satisfying (1.7) are related 
by 

RY yap — RY yrp = 2{ Vr So" v + $5" Soyo} = 219" p Vay fv 
5 
~ Vip f¢ np — 9 v Vip fx — 9" to fy fo + Guo fay FP + 9° 0 Gn fo f he 

were indices are raised or lowered with respect to g. This implies for the Ricci 
tensor a= = Re vpp and the Ricci scalar R = g SR 


Ae — Rup ma = 1) Vp lip, es ack (n = 2) 1 Fp — Yup (V) Wa at oS 2) fy ae 
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Setting here f = —Q7!d2, we obtain for the metrics g, g which are related by 
the rescaling g = 27g the relation (1.3) of their Ricci tensors, which implies for 
their Ricci scalars the relation 


219, 08 — Rig) = Rigo. (1.9) 
Hiei es 
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For later convenience we set here 6 = (2~ 
The analogue of the decomposition (1.4) takes the form 


Re vrAp — 2 {g” [A Listy - gh v Lol — Gv{r Lp| ea Ce vrps (1.10) 


where the trace parts of the curvature tensor are represented by the tensor 


n 1 Bs n—2 = 1 “ 
= a Ae ao err 
Luv = ee) (Aon 7a Riv) 2(n—1) Gu ) ( ) 
It is related to (1.5) by 
] ; 
Vu fu fu fu + 5 Gav fx f= Ea ~ Ly (1.12) 


By a straightforward calculation it can be verified that (1.5). (1.11) satisfy the 
identity 


A 


V i Lav — Viren ple (1.13) 


Conformal geodesics. We have seen that null geodesics, considered as point 
sets, are invariants of a Lorentzian conformal structure. With any conformal 
structure Cg is associated in fact a much larger class of distinguished curves 
called conformal geodesics. We shall only give an outline of their properties 
here, referring the reader to [38]. (41). and 16> for details and further results. 4 
conformal geodesic curve z(T) is obtained, together with a 1-form b = b(r) along 
the curve, as a solution to the system of equations 


(Vet)" + S(b), 4 o> 2° =0, (1.14) 


= 1 oe ae 
(Vib)v — 5 bp SB) ae =1),2, (1505) 
where L and § are as in (1.5), (1.7). There are more conformal geodesics than 
geodesics for any metric in the conformal class because for given initial data 
rt. € M, z, € T,,M, b, € TZ. M there exists a unique conformal geodesic x(r), 
b(7) near x, satisfying for given 7, € R 


ot) = ty. 2g) Ste Ce (1.16) 


The sign of g(a, £) is preserved along a conformal geodesic but not its modulus. 
Conformal geodesics, considered as point sets, are in general different from the 
metric geodesics of a metric in the conformal class. Furthermore, they admit 
general fractional linear maps as parameter transformations. Initial data with 
G(s, £) = 0, 2, #4 0, determine null curves which coincide, as point sets, with 
the null geodesics of the metrics in the conformal class. The fact that we shall 
mainly make use of time-like conformal geodesics in the following. should not be 
taken as an indications that null or space-like conformal geodesics can not be 
useful. 
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Conformal geodesics are conformal invariants in the following sense. Denote 
by f a smooth 1-form field. Then, if x(r), b(r) solve the conformal geodesics 
equations (1.14), (1.15), the pair x(r), b(7)— —f\2(r) solves the same equations with 
V replaced by the connection V = V + S(f) and L by L, i.e. x(7), in particular 
its parameter 7, is independent of the Weyl connection in the conformal class 
which is used to write the equations. 

Assume that there is given a smooth congruence of conformal geodesics solv- 
ing (1.14), (1.15) which covers an open set U of our manifold such that the 
associated 1-forms 6 define a smooth field on U. Denote by V the torsion free 
connection on U which defines with the connection V entering (1.14), (1.15) the 
difference tensor V-V=S (b) and denote by L the tensor (1.11) derived from 
V. Comparing with (1.12), we find that equations (1.14), (1.15) can be written 


Mee. (1.17) 

Ly, &* = 0. (1.18) 
Let e;, be a frame field satisfying 

Vier =0, (1.19) 


along the congruence, and suppose that S is a hypersurface transverse to the 
congruence which meets each of the curves exactly once and on which g(e;, e,) = 
O27; with some function O, > 0. Following the argument which leads to (1.6) 
we see that g(e;.e,) = O? n, on U with a function O satisfying 


V:90=0<i,b>, Ols=Q. (1.20) 


1.2.2 Derivation of the Conformal Field Equations 


The curvature tensor always satisfies the Bianchi identity Vis R¥ |), = 0. Ob- 
serving (1.4), we can write it in n > 3 dimensions in the form 


Vis C* yap) = 2 {Gf Vo Loy” — 9" Vo Low}; (1-27) 
which gives after a contraction 
WpCr a = es i pi plat: (1522) 


We assume now that the physical metric g satisfies Einstein’s field equation 
(1.1) and try to express these equations in terms of the conformal metric 


g = 2 G, (1.23) 


and the conformal factor 2 > 0 such that the difficulties poimted out above are 
avoided. Although our discussion can be generalized to include certain matter 
fields (cf. for instance [32], [53] and also, for an analysis with a different intention 
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and different results, P. Tod, this volume), we assume for simplicity that matter 
fields are absent, i.e. T,,, = 0. Equation (1.22) reduces then to 


Was Sia vp — u: (1.24) 
This equation is of particular interest for us because due to the identity 
Ve (O22 CH Pay) = Oat Wii (he Ne: 


which holds for any conformal factor, it has a certain conformal covariance. It 


implies for 
d? yp = OO ae (1:25) 


the Bianchi equation 
Vu" vip = 9; (1.26) 


which, in a sense, represents the core of all the systems to be considered in the 
following. We consider now equation (1.4) for the conformal metric g and write 
it in the form 


RY yp = 246 lay = Oo ee aes (Lae) 


Using (1.22) also for g and observing (1.25), (1.26), we obtain for L,,, which 
represents the Ricci tensor of the conformal metric, the equation 


Vi bpp Np ba =e 9 ae (1.28) 


For later discussion we note how (1.27), (1.28) generalize if we admit besides 
rescalings also transitions to Weyl connections which are related to the Levi- 
Civita connection V of g by difference tensors 


V =V =o), (1.29) 


with smooth 1-forms f. Since V — V= S$(2Q7-1V 2). it follows that V — V = 
S(Q7* d) with the smooth 1-form d, = 2 f, + V,,@. By (1.10) equation (1.27) 
is then replaced by 


RY rp = 2 {9 y Loy — oY v Lire ~ Gur Lg "} + 2° db yap, (1.30) 
while (1.28) and (1.13) imply the equation 
Vo lg = Mp bay = eee ee (1.31) 


By admitting rescalings and transitions to Weyl connections we have artifi- 
cially introduced a conformal gauge freedom into the equations. If these equa- 
tions are to be used to derive information about the physical metric g by analyz- 
ing boundary value problems, this freedom has to be removed again by imposing 
gauge conditions such that (i) the resulting equations ensure that g. derived by 
(1.23) from 92 and y. satisties the field equations, (11) interesting information on 


g can be gained by suitably fixing 2 and f. Two quite ee methods have 
been discussed so far ([23], [24], [35]). 
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The metric conformal field equations. We consider only conformal rescal- 
ings of the metric and try to get equations which allow us to epee the conformal 
factor in a useful way. If we observe (1.1) in the form Rw = 2 Row rhe (ESE 


the resulting equation, which we read now as equation for 2. can be written in 
the form 


Re = 0 ay 8 Ohi, (ioe) 
with 
ie a 
n wee 


Equation (1.32) is obviously overdetermined. If we apply V, to both sides, com- 
mute V, with V,,, contract over p and v, and use the twice contracted Bianchi 
identity. we obtain the integrability condition 


Trad, (1B 


which we read as an equation for s. 
To see the role of the cosmological constant, we observe that the transforma- 
tion law of the Ricci scalar gives 


d= (n-1)(2Ns-V, NV? QM). (1.34) 


Equations (1.32). (1.33) then imply for the quantity on the right hand side 
| 
5 Va(2 28 — Vp, 2VE 2) =V) 28+ 2V)8-VPQVAV\ ED 


aN i ee ee eee) = VV" (0 gp, 3) — 0, 


which reflects the well known fact that the twice contracted Bianchi identity 
implies that 1 must be constant. It follows that (1.34) will be a consequence of 
the other equations if it is arranged to hold at one point by a suitable choice of 
the initial data. 
We consider (1.26), (1.27), (1.28), (1.32), (1.33), (1.34) as equations for the 
unknown tensor fields 
ems: ae Sa Orie du ore 


and refer to them as the metric conformal field equations. These equations hold 
for any vacuum solution g and any conformal factor 92. 

A way to impose a gauge condition on the conformal factor is suggested 
by the following observation. If g is any metric and R* a given function, the 
Meneg = = 97-2 g will have by (1.9) the Ricci scalar R[g*] = R*, if @ solves the 
equation 

{Qe 1 a 


5 Vin VO — Rig] = —R* n= 


i 


n—2 
Since locally this equation can always be solved for a positive function 9, it follows 
that locally the Ricci scalar R of the conformal metric can be prescribed in the 
metric conformal field equations as a gauge source function for the conformal 
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scaling. Its choice will depend on the given situation and the choices of the 
other gauge dependent quantities. We can set R = 0 but, depending on the 
circumstances, there may be better choices. In any case this leaves the freedom 
to specify suitable boundary data for the conformal factor. 

From the way we obtained the metric conformal field equations it is clear 
that they are equivalent to the vacuum field equations (ignoring questions of 
smoothness) where (2 is positive but that they make sense also where §2 van- 
ishes. While the system is regular in this sense, it is also complicated and highly 
overdetermined. We shall see below that the formal regularity of the equations 
does not necessarily imply that the data must be regular nor does it ensure by 
itself that the asymptotic behaviour of the solutions can be controlled conve- 
niently. To get an insight into this one needs to work out suitable initial value 
problems in great. detail and control the constraints as well as the evolution. We 
now take a look at the various parts of the system. 


The Bianchi equation. For a solution g to the vacuum field equations the 
Bianchi identity (1.21) takes the form 


V5" vxpt Vp OC" van ton aes = 0. (1.35) 
Contracting with Vs, commuting derivatives, and observing (1.24). we obtain 
Ne Ce Ven) = 21C* Pry UT SE 61a aes ou Oe vn c eo} + 2G VTp* 


Thus, in the Lorentzian case, which will be considered in the following. we find 
the well known fact that the Bianchi identity implies a system of hyperbolic 
equations for the conformal Wey] tensor in any dimension n > 4. 

In n = 4 dimensions we can coe ene left and right dual of the confor- 
mal Weyl tensor, given by *Cyvrp = s ae " Cénrp and Co <p. = ag erp on, Cuvée 
respectively, and it is well known that they coincide. It follows that 


er OTE Cr Eo 2V5 Ce vr _ Z V5 a vir o— _ (3 vy ee V5 6 TT ps 
which implies that the contracted Bianchi identity (1.24) is equivalent to the 
Bianchi identity (1.35). It follows that (1.24) and, by the same argument equation 
(1.26), imply hyperbolic equations. 
In dimensions n > 5 the situation is quite different as can be seen by a simple 
function counting. The conformal Weyl tensor has in n dimensions 
i! 
ee, 
independent components while the contracted Bianchi identity (1.24) provides 


i 
zi Nites 2) ae), 


a 
n> (n? — 1) — 5 n(n +1), 


ide peudent equations. Moreover, if we express (1.24) in Gauss coordinates with 
x the affine parameter on the geodesics orthogonal to the space-like hypersur- 


faces {x° = const.}, it follows that the equations V5 C® op = O involve only 
derivatives in the directions 0,1, ..., O;.-1 and thus provide 
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constraints. Consequently, there are not enough equations in (1.24) ifn > 6 
while for n = 5 there are as many equations as unknowns but not sufficiently 
many evolution equations. It follows that a system of conformal equations which 
includes as equation for the rescaled conformal Weyl tensor only the Bianchi 
equation provides a good evolution system only in four dimensions. 

If we use in n > 5 dimensions the full Bianchi identities to derive a sys- 
tem of wave equations for d“,,, it appears that not all terms of the form 
2-1 V,, 2 can be removed from the equations. It would be interesting to know 
whether there exist other conformally covariant equations which could replace 
the Bianchi equation in higher dimensions. If it turns out that a conformally 
regular representation for the Einstein equation can only be obtained in four 
dimensions, it would also be interesting to know whether there is a principal dif- 
ference in the asymptotic behaviour of the fields in four and higher dimensional 
space-times. 

We shall restrict our discussion in the following to the case of four dimen- 
sions. 

{nstead of expressing the intrinsic hyperbolicity of the Bianchi equation in 
terms of a system of wave equations we work directly with the first order system. 
The benefits of this will be seen later. There are known two quite different 
possibilities to make the hyperbolicity of the equations manifest, both of them 
have been used in numerical calculations (cf. J. Frauendiencr and S. Husa, this 
volume). It has been shown in {37] how to obtain hyperbolic equations from the 
Bianchi equation in the ADM representation of the metric. The other method, 
which is based on a frame formalism, has many advantages and can be adapted 
to various geometrical situations. We can use real orthonormal frames (cf. [44]) 
but most convenient are pseudo-orthonorial frames or spin frames. In the spin 
frame formalism the equations split almost automatically into constraints and 
(symmetric hyperbolic) evolution equations (cf. [23], [27], [32]). We shall use this 
fact here to discuss certain features of the Bianchi equation. 

In the spin frame formalism we have a frame field €uq’, a,a’ = 0,1, with 
€o0’, €11’ real null vector fields and eo1/, e197 complex vector ficlds which are 
conjugate to each other. Their only non-vanishing scalar products are given by 
g{eoo’, €11') = 1, g(€o1",€10) = —1. In the following discussion it is useful to 
think of these vector fields as being obtained in the form 


. (ep + €3) : (€9 —€3) 
2h = Cau (Ag 2 = = erg) — Le OG 
€00 V2 .€0 3)) 11 /2 0) 3 

1 1 : 
én = SB (e; +ie2), e190 = WE (ey —ie2), 


from a frame field e,. k = 0,...,3, satisfying g(ei, ex) = Nik: 
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The rescaled conformal Weyl tensor is represented by a completely symmetric 
spinor field dasca, and the Bianchi equation by the equation 


= Avses = Vi eee (1.36) 


where Vaa denotes the covariant derivative on spinor fields in the direction of 
Caq’ and the index is raised with the antisymmetric spinor field «°° which satisfies 
Paes |, 

li we set. Areas Aaicat Ta a with T,% = 6a 160 a _ § 96,,% we get the 
decomposition Agbed = A(abed) — : de ab\f f into its irreducible parts 
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Here P = 7°” Vaa' = V2 Veo and Das = Ta a V»)a’ denote covariant directional 
derivatives such that Doo = —Vo1’, Por = Pio = B Veg: Pi = Vicor (ela2|, 
[35] for more details of the underlying space-spinor formalism). 

In a Cauchy problem one will in general assume €9 to be the future directed 
normal to the initial hypersurface S. The operators D,, then involve only dif- 
ferentiation in directions tangent to S and the equations Ags / = 0 are interior 
equations on S. They represent the six real constraint equations implied on S$ 
by the Bianchi equation. 

The remaining equations for @g5cq should be evolution equations. Multiplying 
the equations by suitable binomial coefficients (and considering the frame field 
and the connection coefficients as given), we find that the system 


4 
— Ay ener UO. ES 


is in fact symmetric hyperbolic, i.e. it has the form 
Og = ea) 


with a C’-valued unknown u, a C’-valued function H (z,u), and N x N-matrix- 
valued, possibly u-dependent functions A# which are hermitian. i.e. 7 A# = AH. 
and for which there exists at each point x a covector €,, such that A“ y 1S positive 
definite. There exists a well developed theory for such systems (cf. [48], [58], [77]. 
and also H.-O. Kreiss and O. Ortiz, this volume). 

While the constraints implied on a given space-like hypersurface are deter- 
mined uniquely, there is a large freedom to select useful evolution systems. In 
the present case it turns out that any system of the form 
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0 = 2aA(oo01, 
0 = (c—4) Aooit’) — 24 A(o000'); 
0 = (e+ d) Acorn) — (c — d) Acooi0), 
0 = 2e Agim — (€ +d) Aerio), 
0 = —2€ A(i110"). 


with a,c,e > 0 and —(2e+c) < d < 2a+e, is symmetric hyperbolic (the system 
(1.37) occurs here as a special case). This flexibility allows the Bianchi equation 
to be adapted to various geometrical situations such as characteristic initial value 
problems (23. 24. 25. 2s. [57]). standard Cauchy problems ((30]. [29]. [32]). 
and initial boundary value problems ([35], [44]). Note that for these systems the 
set of characteristics. given by the hypersurfaces of the form { f = 0, df 4 0} with 
f € C*(AL) on which det(A“ f,,) = 0 is satisfied at each of their points, does 
not only comprise the null hypersurfaces and can in fact be quite complicated. 


The constraints. Related to the gauge freedom is the fact that, written in suit- 
ably adapted coordinates (and frame field, if used), Einstein’s equations as well 
as the metric conformal field equations imply inner equations, i.e. constraints, 
on any time-like. null. or space-like hypersurface. We will consider in the follow- 
ing the latter two cases, because they are particularly important in initial value 
problems. (Time-like hypersurfaces are of interest in initial-boundary value prob- 
lems. however. even in general analytical discussions of this problem a detailed 
discussion of the constraints on these hypersurfaces is not necessarily required 
[44].) 

Null hypersurfaces representing the physical characteristics of the Einstein 
equations. the system of inner equations is quite different in nature from those 
arising in the non-null case. There are on the one hand the intrinsic equations 
arising because of the gauge freedom and on the other hand the characteristic 
inner equations arising due to the intrinsic wave equation character of the field 
equations and these equations combine in a very peculiar way. Let us consider a 
situation where data are to be prescribed on a null hypersurface N and another 
hypersurface which has a space-like intersection X with N. Then some of the 
unknowns can be prescribed completely freely on N. All the remaining unknowns 
can then be calculated on N in suitably adapted coordinates from certain data. 
on » by solving a certain hierarchy of inner equations on N, each member of 
which reduces to a system of ODEs along the null generators at their subsequent 
integration. Those equations which are not used in this procedure will then be 
satisfied on N if they hold on » (cf. [75] for the vacuum case). 

The enormous simplification of the equations resulting from these facts in 
a suitably adapted gauge and the possibility to integrate the equations along 
characteristics ‘out to infinity’ led a number of groups to develop very efficient 
characteristic numerical computer codes (cf. R. Bartnik and A. Norton, J. Font, 


L. Lehner, this volume). 
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Though being more complicated, the inner equations induced on null hyper- 
surfaces by the metric conformal field equatious have a similar structure and. 
besides the data required to fix the conformal gange. the free data are. of course. 
up to a rescaling the same ([24]). 

In the following we will mainly be concerned with Cauchy problems and 
therefore consider now space-like initial hypersurfaces. The standard constraints 
induced on space-like hypersurfaces by the vacuum field equations form a system 
of underdetermined elliptic quasi-linear equations for the data induced by the 
4-metric on the initial hypersurface, i.e. the inner metric hag and the extrinsic 
curvature Yas. There exists a detailed theory for these equations which, under 
the assumption of constant mean extrinsic curvature, reduces the problem of 
solving the constraints to a problem of solving a linear elliptic system and a 
semi-linear elliptic scalar equation (cf. [12], [13]). 

The metric conformal field equations imply a system of conformal constraints 
((26], [35]) on a space-like hypersurface S which comprises the usual vacuum 
constraints but which is more complicated. This is not only due to the artificial 
scaling freedom which has been introduced into the vacuum equations but also 
because the equations include integrability conditions and the Gauss-Codazzi 
equations. There appear to be two ways of dealing with these equations. The 
first method solves essentially the standard vacuum constraints and calculates 
from the vacuum data the conformal data after introducing a suitable conformal 
rescaling. This method, which has been analyzed with a certain completeness 
and underlies the present numerical calculations, introduces certain numerical 
difficulties (cf. J. Frauendiener and S. Husa, this volume). A second possibility 
would be to solve the conformal constraints directly. First steps in a systematic 
investigation of this approach are reported in the article by A. Butscher in this 
volume (cf. also the discussion in [33}). 

Any of these approaches has to deal with a problem which is not considered 
in the usual discussions of the standard vacuum constraints. In the situations 
which are most interesting for our applications the initial hypersurface contains 
a subset 2’, not belonging to the physical space-time, where the conformal factor 
vanishes. As seen in detail in the next sections. this set can be a 2-dimensional 
boundary which represents points at null infinity (cf. L. Andersson. this volume) 
or consist of a number of discrete compactification points. 3 = {i1,%2,...4 nv}, 
representing space-like infinities (cf. S. Dain. this volume). In principle. © could 
consist of a union of such sets or more complicated sets. In any of these situations 
there arises the question about the precise smoothness of the data near XY in 
suitably chosen coordinates. 

It turns out that in general, even under the strongest smoothness assumptions 
on the ‘free’ data, there may occur terms of the form r* log! r near ©, where 
r denotes the (non-physical) distance from 7. However, it also turns out that 
under mild additional assumptions logarithmic terms will be absent near ©. We 
will discuss some of the subtle questions arising here later. 
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Gauge conditions, hyperbolicity, and local evolution. In principle every- 
thing known about Einstein’s equations also applies to our system. If we intro- 
duce a fictitious energy-momentum tensor by writing KT,,, = 2 ay Lega) 
with a constant « 4 0 (introduced here to emphasize the similarity, we could set 
K = 1), our equations imply after a contraction of (1.27) the system 
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which can be read as Einstein equations with certain matter fields, in which 
R = —kT represents a gauge source function. We note that in boundary value 


problems for these equations it has to be made sure, by the way the problems 
are posed and the data are given, that. equation (1.27), which gives geometrical 
meaning to the fields L,, and d* , ,, will be satisfied. 

Following the discussion of the Bianchi equation above (or that of [37], if one 
prefers to consider the metric instead of a frame field as a basic variable), it is 
not difficult to extract symmetric hyperbolic evolution equations, the reduced 
equations, from the last four subsystems. Of course, any choice here will leave us 
with constraint equations. It remains to discuss the first equation. In principle 
one can bring to bear here all the methods developed for the ADM equations 
if one feels most comfortable with these equations. However, it should be kept 
in mind that this is only one of the many possibilities of dealing with equation 
(1.27). In the references given in this article there can be found many others 
which have been employed successfully under various geometrical assumptions. 

If one is dealing with the Einstein equation above or directly with equation 
(1.27), in either case one will have to make the decision whether to use the 
metric coefficients g,, or frame coefficients e” , as basic variables. Furthermore, 
one needs to choose gauge conditions, i.e. a way to specify the coordinates and, 
in the second case, the frame field. Usually this is done in terms of a gauge system 
of differential equations and suitable initial conditions. A large set of possibilities 
is known by now. 

Basic objectives in choosing the gauge are the following (cf. also [45]): (i) 
The gauge should be adapted to the type of problem (Cauchy problem, initial- 
boundary value problem, characteristic initial value problem), (ii) The evolution 
equations should be simple, manifestly hyperbolic, or of some other form (e.g. 
‘elliptic-hyperbolic’) which allows us to handle them in existence proofs or in 
numerical calculations (cf. the discussion by H.-O. Kreiss and O. Ortiz, this 
volume). There are available gauge condition which are governed by implicit 
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wave equations like the harmonic gauge or the conditions for frame or spin 
frame fields employed in [27]. [32]. and there are known explicit conditions. in 
particular certain geometric gauge conditions. which lead to a reduction of the 
number of the unknowns (cf. (35). [87, and the discussion below) and which allow 
us to control to some extent the development of a degeneracy of the gauge. (iii) 
The gauge conditions as well as the constraints should be preserved during the 
evolution. (iv) The gauge should allow us to control its behaviour during the 
evolution in numerical or in analytical studies. (v) It should have a sufficiently 
long ‘life time’. 

While (ii) and (iii) are in the case of hyperbolic equations local properties 
which are accessible to direct calculations, (iv) and (v) depend very much on the 
given situation and caunot be handled in a general way. These poiits belong to 
the most difficult ones in the large scale evolution problem in numerical as well 
as in analytical studies. 

There are known now various ways to perform hyperbolic reductions (cf. [37]) 
for initial value problems for the metric conformal field equations: given a suit- 
able solution to the constraints, we find a reduced system of hyperbolic evolution 
equations for which the local existence and uniqueness of solutions follow from 
standard theorems, and, by invoking the available integrability conditions, we 
can derive a subsidiary system which allows us to show that all constraints and 
gauge conditions are preserved during the evolution if they are satisfied initially. 
The significance of the conformal field equations is determined to a large extent 
by the fact that they admit hyperbolic reductions irrespective of the sign of the 
conformal factor. 

After we use the large freedom to choose the gauge system and the reduced 
system, the subsidiary system is essentially fixed. For the analytical discussions 
of solutions, the latter is only required to possess the uniqueness property. which 
ensures that trivial data imply the trivial solution. However, since in the numer- 
ical treatment of the Einstein equations the constraints are only satisfied up to 
a numerical error, the detailed propagation properties of the subsidiary system 
may become important in that context. A systematic analysis of how changes 
in the gauge system and the reduced system affect the propagation properties 
of the subsidiary system and whether this dependence can be used to choose 
reduced systems with improved evolution of the constraints has not been given 
yet. 


The general conformal field equations. We will now consider a system 
of conformal field equations which employs the additional freedom gained by 
adinitting general Weyl connections. Combined with suitable gange conditions 
it will lead to a’system of evolution equations which is quite different from 
and in fact much simpler than the evolution systems obtained from the metric 
conformal field equations. 

Assume that g solves Einstein’s vacuum field equations with cosmological 
constant A and let g = ©?g be given a conformal metric where O is some 
conformal factor. Furthermore, let b be a smooth 1-form. We denote by V and V 
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the Levi-Civita connection of gand g respectively and by V the Weyl connection 
for g hich satisfies V — V = (b). It follows that V = V+ Sf) with 
b— 07! VO. We define a ene 1-form by setting dy =Ofyt Wanlee 

Let ex be a frame ficld satisfying g(e;,ex%) = 7p. We denote by Ve and ie 
the covariant derivative in the dir ection of e, with respect to V and Vv and define 
the connection coefficients ie J, of V in this frame field by ve Gy = a J. ex. If we 
express now all tensor fields (except the e,) as well as equations (1.30), (31) 
(1.26) and the condition that V be torsion free in terms of the frame field and 
the connection coefficients, we get for the unknown 


u= (e" x, Tey. Lik d’ 5x1); (1.38) 


the system of equations 
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In the last equation the connection V is used. This pases no problem because 
the connection coefficients of V in the frame e, are related to those of V by 
the purely algebraic relation ip t= hp he iO! fi—mky fi, whence 
fi=lnt;*, 

No differential equations are given above for the fields O and dy = O f, + 
V0. they reflect the artificially introduced conformal gauge freedom. Note 
that they cannot be prescribed quite arbitrarily. For a solution which extends 
smoothly into a domain containing a set where O = 0, we should have d = VO 
on this set. 

To obtain the metric conformal field equations, (1.26), (1.27), (1.28) have 
been complemented by equations for the conformal factor which contain basic 
information on Einstein’s equations. Finding a suitable gauge to obtain useful 
evolution equations was then considered a different issue. In the case of the 
equations above we will combine these two steps into one. The extended gauge 
freedom will be used here in a very special way. The question whether there are 
other useful possibilities has not been investigated. 

We begin by describing the construction of a gauge. Let S be a space-like 
hypersurface in the given vacuum solution (M, g). We choose on S a positive 
‘conformal factor’ O,, a frame field e,,, and a 1-form b, such that g(e€i«, kx) = 
O? nix and €ox is orthogonal to S. Then there exists through each point 2. € S 
a unique conformal geodesic x(rT), b(7) with 7 = 0 on S which satisfies there 
the initial conditions « = eo», b = b,. These curves define a smooth caustic free 
congruence in a neighbourhood U of S if all data are smooth. Furthermore, 6 
defines a smooth 1-form on U which supplies a Weyl connection V as described 
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above. A smooth frame field e, and conformal factor O are then obtained on 
U by solving (1.19), (1.20) for given initial conditions ex, = €k«, b = by on S. 
The frame field is orthonormal for the metric g = 0? g, i.e. gik = g(ei; ex) = 
diag(1,—1,—1, —1). Dragging along local coordinates 2°, a = 1,2,3 on S with 
the congruence and setting 2° = 7 we obtain a coordliiete system. In this gauge 


we have on U oe A 
&=e9=O,, Io74=0, Lor =0. (1.43) 


Coordinates, a frame field, and a conformal gauge as above will be referred to 
as a conformal Gauss system. 

We could now derive from (1.20) and the conformal geodesics equations an 
equation for d, = Ob, = O fe + VO and use it together with (1.20) to comple- 
ment the system (1.39) to (1.42). Surprisingly, however, the fields O and d;, can 
be determined explicitly ((35)): [fg is a solution to Erustei > vacuum equations 
with cosmological constant , the fields O and d;, are given in our gauge by the 
explicit expressions 


, ee pede Pie 
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dog = 0, da =< be, Ox€ax >, @=1,2,3, (1.45) 


where the quantities with a subscript star are considered as constant along the 
conformal geodesics and g* denotes the contravariant version of g. 

With these expressions (1.39), (1.40), (1.41), (1.42) provide a complete sys- 
tem for u. In spite of the fact that we use a special gauge. we refer to these 
equations as the general conformal field equations to indicate that they employ 
the full gauge freedom preserving a conformal structure. 

One might wonder why in the present case it should be sufficient to give 
the explicit expression for O and b while in the case of the metric conformal 
field equation we had to use Einstein’s equations again to obtain equations for 
the conformal factor. However, the occurrence of A shows that information about 
Einstein’s equations is encoded in (1.44), (1.45). We note the following important 
consequence. If we have a sufficiently smooth solution to the metric conformal 
field equations in a domain comprising a non-empty set ¥ = {2 =0.d2 £40}, 
it follows from (1.34) that V, 2V? 2 = —X/3 on YF, i.e. the causal nature of .7 
is determined by the field equations (|65]). The analogous result 
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follows in the present case from (1.44), (1.45) and the definition of b if the 
congruence does not degenerate where @ vanishes ({35]). 

Our gauge is not only distinguished by the fact that it is provided by the 
conformal structure itself and the explicit information on © and b, but also by 
a remarkable simplicity of the resulting evolution equations. Setting p = 0 and 
observing the gauge conditions (1.43) we obtain from (1.39) (1.42) 
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Extracting from the Bianchi equation by the methods discussed above a symmet- 
ric hyperbolic system, we get symmetric hyperbolic reduced equations for those 
components of « which are not determined explicitly by the gauge conditions. It 
has been shown in [35] for such a choice of reduced equations (assuming (1.44), 
(1.45)) that any solution which satisfies the constraints on a suitable space-like 
hypersurface does indeed satisfy the complete set of field equations in the part 
of the domain of dependence of the initial data set where @ is positive. 

A system of similar simplicity is obtained if we use metric Gauss coordinates 
and the vacuum Bianchi identity to solve the vacuum field equations directly 
((24]). While it is well known, however, that in general Gauss coordinates tend 
to develop caustics quickly. it will be seen below that conformal Gauss coordi- 
nates can be arranged to cover large space-time domains or even entire maximal 
globally hyperbolic space-times in non-trivial cases. 

Our main purpose in reforniulating the field equations was to obtain results 
about their solutions. In fact, all the properties above have been used to establish 
properties of solutions by formulating and analyzing boundary value problems 
which take into account as far as possible the geometric nature of the situations 
under study. In the following we shall indicate the kind of questions which have 
been asked and the type of results obtained so far. 


1.3. The Penrose Proposal 


Experience with other theories governed by hyperbolic field equations suggests 
that Einstein's theory should admit wave phenomena. For the same reason for 
which some work is required to bring to light the hyperbolic nature of Einstein’s 
equation, we need to make an effort to exhibit the wave phenomena. Since the 
theory only supplies the metric and the associated curvature field, we need to 
explain which part of the gravitational field shows wave-like behaviour with re- 
spect to which reference structure and to what extent wave phenomena observed 
in mathematical expressions are of any physical significance. The standard text- 
book discussion of gravitational radiation bypasses this problem by postulating 
some ad hoc background solution and studying solutions to the linearized equa- 
tions on it. This method allows one to apply the machinery developed in other 
areas of field theory, but specific features of Einstein’s theory arising from its 
non-linearity are suppressed. Nowadays there exist much more sophisticated ap- 
proximation methods, which also take into account. insights from the approach 
to be described below (cf. [8], [78]). 

Work initiated in the late 1950’s by Pirani, Trautman, Bondi and others led 
to a concept of radiation which involves an ‘approximation to nature’, namely the 
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idealization of an isolated system, but which does not require for its definition any 
mathematical approximations in the given framework. Clearly. the vravitational 
field can be expected to develop a wave-like character only sufficiently far away 
from the generating system. The idea then is to consider a gravitating system, 
consisting of stars, black holes, or bounded systems of stars like galaxies, which 
is so far away from other such systems that the latter can essentially be ignored 
and taken into account only in terms of the gravitational radiation emitted by 
them. Thus onc is led to study the far field of this system. 

Following a light ray which escapes from the system to infinity we may expect 
the field to become weaker and weaker and in fact asymptotically flat in the 
sense that the metric field approaches that of a limit Minkowski space. If some 
substructure, e.g. some component of the Weyl curvature, implies a non-trivial 
field on this limit space it might attain a natural interpretation as the radiation 
escaping from the system. 

To convert this idea into a workable definition two things are needed: a precise 
description of the limit procedure and detailed information on the decay of the 
metric and the curvature field. Bondi et al. [9], Newman and Penrose [61], and 
Sachs [74] specify the limits in terms of so-called Bondi coordinates, which are 
generated by distinguished families of outgoing null hypersurfaces which extend 
in the future smoothly to infinity. On the hypersurfaces a convenient parameter 
is specified on the generating null geodesics which themselves are parameterized 
by spherical coordinates. This choice of coordinates is quite natural for analyzing 
radiation phenomena, since for hyperbolic field equations perturbations of the 
field essentially travel along characteristics. 

The most delicate part of the whole project is to gain information on the 
decay. Obviously, we cannot prepare the systems of interest and let them go to 
observe the decay of the field. In fact, at present the main interest in our whole 
subject is to obtain information on wave forms mathematically to possibly help 
identify gravitational radiation in the signals supplied by the measuring devices. 
To prepare the systems and study their evolution for an infinite time by purely 
mathematical means was out of the question at a time when not even the Cauchy 
problem local in time was completely understood. Therefore the authors above 
had to rely on their experience with a few model examples, linearized theory. 
assumptions of simplicity, physical intuition etc. to make a reasonable guess. 

In [9], [74] the asymptotic behaviour was imposed by requiring that cer- 
tain metric coefficients behave in Bondi coordinates similarly as in the case of 
Minkowski space while in [61] fall-off conditions for certain components of the 
Weyl curvature were specified. In both cases the assumptions proved consistent 
with the first few steps of a formal expansion involving the field equations. The 
authors could associate certain asymptotic data convincingly with the gravi- 
tational radiation field, and conclude from the behaviour of the Bondi-energy- 
momentum that outgoing gravitational waves carry only positive energy ((9] 
(74]). 

Soon afterwards a new idea brought into the open the basic geometric struc- 
ture underlying this analysis. In [65], [66] Penrose proposed to characterize the 


* 
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fall-off behaviour of gravitational fields in terms of the extensibility of the con- 
formal structure through null infinity. 

To illustrate the idea we begin by describing certain conformal embeddings 
of the simply connected, conformally flat standard solutions to the vacuum field 
equations Ric{g] = Ag into the Kinstein cosmos (cf. also [52]). The latter is 
given by the manifold 1f = R x S°, endowed with the product line element 
g = ds” —dw* where dw? = dy? + sin” y do” denotes the standard line element 
on the 3-sphere with da? = d6? +sin* 6d? the standard line element on the 2- 
sphere. We shall in the following be mainly interested in the conformal extension 
‘of Minkowski space and shall use the other two examples only to illustrate certain 
arguments. 

The case A = 0: We express the metric of Minkowski space (M aR 6 = 
Nuv dx* dx’) in spherical coordinates such that g = dt? — (dr? + r? do”) and 
define a diffeomorphism ® of AZ onto the open subset 6(M) = M’ = {|s +x| < 
m, |s—x|<7, x > 0} of M such that 6! is given by 


sin s sin x 


=n LO SS 
GOSS ci COs COStSiais COSHG 


It follows that 2? 6—!*g = g on M' with the conformal factor 2 = cos s+ cos x 
which is positive on MM’. The embedded Minkowski space acquires then a confor- 
mal boundary % in M. which is defined as the subset 4 =OM!= % UStuU 
{7 ,1°.2* |. of Af. where the hypersurfaces + = {7 + y = +7, 0 < x < Tt}, 
which can be thought of as being generated by endpoints of null geodesics, rep- 
resent future resp. past null infinity, the points i* = {x = 0,7 = +7} represent 
future resp. past time-like infinity and the point 2° = {x = 7,7 = 0} represents 
space-like infinity. The key point here is that the embedded Minkowski space 
together with its conformal structure and the conformal factor can be ex- 
tended smoothly to the manifold with boundary M = M'U.Y+ UY such that 
Q=0.d2 40 on the null hypersurfaces %*+ ~ R x $?. 

It may be of interest to note that H. Weyl already in 1923 considers the 
conformal embedding of Minkowski space into a quadric in the five dimensional 
real projective space in a relativity inspired discussion of the Mobius group and 
refers to the set which corresponds to ¥ as to the ‘sphere at infinity’ ((80}). 
The fact that Weyl did not see, in spite of its beautifully geometric nature, the 
generalization proposed in [65], indicates to what extent the kind of questions 
being asked and, in fact, our whole view of the subject have changed since then. 

The case \ < 0: The de Sitter space is given by (M = R x S3,g = dt? — 
cosh? tdw2). The map M > (t, #) *, (s = arctanet — 5, 0) € M, where 9 
denotes the points in S?, maps de Sitter space diffeomorphically onto the open 
subset M’ = [—1/4,7/4] x S? of the Einstein cosmos. It satisfies Coa Gg 
on M’ with the positive conformal factor §2 = cos (2s). Again the embedded 
space together with its conformal structure and the conformal factor {2 can be 
extended smoothly to a manifold with boundary M = M'U +U.%~ such that 
Q=0,d2 #0 on the space-like hypersurfaces Gt = {[+7/4\ x $° of M. 
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The case A 2 0. In spherical] coordinates we obtain wnt de Sitter cover- 
ing space in the form (Mo Blog cosh edt? = dr? sinh? ¢-da?). The map 
M 2 (t,r, 0,0) = (o =%, xy =2 arctani(e’ ) 35077 M defines a diffeomor- 
phism of M onto the subset M’ = {x < 7/2} of the Einstein cosmos which 

satisfies 2? 6-1*9 = g on M’ with Me positive conformal factor {2 = cos x. The 
embedded space together with its conformal structure and the conformal factor 
2 can be extended smoothly to a manifold with boundary Af = M'U-F such that 
Q=0,d2 £0 on the time-like hypersurface % = {x = 1/2} ~ R x S? of M. 

The conformal extensions above are of interest already because they provide 
detailed information about the global causal relations in the three space-times 
and allow us to discuss the asymptotic behaviour of solutions to conformally 
invariant equations such as the Maxwell equations easily and with any desired 
precision. For our present discussion they are of particular interest because the 
three conformally embedded spaces and the given conformal factors provide solu- 
tions of the metric conformal field equations which extend. as solutions. through 
the conformal boundaries. The question whether this fact can be considered as 
a model for the behaviour of more general gravitational fields leads us (in hind- 
sight) to the generalization proposed in [65). 

The embedding formulae given above are distinguished by their simplicity 
but may look otherwise somewhat arbitrary. It turns out that we do not have 
much freedom. For given 3 € S? the curve R 5 7 > (s = 2 arctan. ¥) € Af 
is a conformal geodesic on the Einstein cosmos. If y(v) 4 0.7. this curve inter- 
sects the conformal boundary .4* of the embedded Minkowski space for values 
T+(V) #0 with 7_ = —7,. By specifying suitable initial data on the hypersur- 
face {t = 0}, this curve can be constructed completely in terms of Minkowski 
space and we find that the conformal factor O obtained by solving (1.20) along 
this conformal geodesic remains positive on Minkowski space and vanishes pre- 
cisely as T + Tz, where O(7;) # 0. It follows that. apart from a coordinate 
transformation and a rescaling with a conformal factor w which is positive on 
M, the conformal extension can be constructed completely by integrating a suit- 
able congruence of conformal geodesics and an associated conformal factor on 
Minkowski space and extending the resulting formulae by continuity (cf. [41] for 
details). 

We could have surmised the possibility for this already when we encountered 
formula (1.44). It shows that for suitable initial data @ has precisely two zeros. 
This also raises a question. Does the fact that the formula is valid on a general 
vacuum solutions suggest that a similar procedure works under much more gen- 
eral assumptions? We are thus led again to the generalization proposed in [65]. 

Stating in general terms what has been found above, one arrives at the fol- 
lowing definition. 


Definition 1.1. A smooth space-time (AL. g) is called asvinptotically simple if 
there exists a smooth, oriented, time-oriented, causal space-time (M,g) and on 
M asimooth function §2 such that: 

(i) M is a manifold with boundary Z. 

(ii) 2>00n M\ ¥ and Q=0,dN400n F, 
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eve ° § * te me 
(iii) there exists an embedding P of AT onto ®( VM )—AL\.¥ such that 22 & t= (matey 
(iv) each null geodesic of (AZ. g) acquires two distinct endpoints on JZ. 


This definition, which only involves the conformal structure of (M, gq), re- 
flects the differential geometric aspects of the situations considered above. It 
implies restrictions on the global structure of the space-time. Condition (iv), for 
instance, implies that all null geodesics are complete. The set % thus represents 
a boundary at null infinity which can be thought of as being generated by ideal 
endpoints of null geodesics. Conditions (7), (21) are somewhat redundant, since 
‘(7i) implies already that Y is a smooth hypersurface. However, this is not the 
only purpose of (iz). Together with (7i7) it specifies how precisely -!*g is to be 
rescaled to obtain a smooth, non-degenerate metric. The definition above was 
motivated by the following new idea ({65]). 

Penrose proposal: Fur fields of vsolated systems behave like asymptotically 
simple space-times in the sense that they can be smoothly extended to null infin- 
ity, as indicated above, after suitable conformal rescalings. 

It should be noted that we have only tried to indicate the idea here. It should 
be applied with understanding and the definition above may require modifica- 
tions in certain situations. For instance, in applving the definition to physically 
realistic situations it may be advisable to replace (7v) by some other completeness 
conditions (cf. {50} for an example) to allow for the possibility that. some of the 
null geodesics enter black holes. The standard example here is the Schwarzschild- 
Kruskal solution, which has two asymptotic ends which admit smooth conformal 
extensions (cf. B. Schmidt, this volume). We consider any such changes as mi- 
nor adaptations. As we shall see below. there may be required much more subtle 
ones. 

While in the earlier description of fall-off conditions coordinates play a cru- 
cial role and while even in case of asymptotically simple space-times it is often 
convenient to use Bondi coordinates, the present characterization is completely 
independent of any distinguished coordinate systems and therefore much more 
flexible than the earlier ones. But the beauty of the proposal is that it brings 
out clearly the key geometrical structure. 

Central and critical is the requirement (777) and the smoothness assumption. 
The smoothness properties of the rescaled field g are an expression for the fall- 
off behaviour of the physical field g. In view of the Penrose proposal definition 
(1.1) acquires suddenly a much stronger interest. It is now in competition with 
another requirement and involves an extremely sharp characterization of the 
decay of fields which are governed by the quasi-linear, gauge hyperbolic field 
equations. 

The question whether the assumption that the field equations hold near % 
is consistent with the smoothness and conditions (7) - (#2), or whether the 
smoothness assumptions made in definition (1.1) need to be relaxed has been 
and. as seen below, still is a matter of debate. The question is not whether C'° 
should be replaced by C* for some large k. The question is whether solutions to 
the field equations admit conformal extensions of class C’ k where k can be chosen 
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large cnough to make the proposal meaningful and. related to this. whether the 
conformal Weyl tensor tends to zero on the conformal boundary. 

Penrose addresses this problem in [66]. For later comparison we recall the 
assumptions and give (a version of) the main argument, using the spin frame 
formalism. Consider a smooth solution to the metric conformal field equations 
with A = 0 on the physical manifold M and assume that it admits a conformal 
extension to a manifold M = MU.%* of class C* such that g and 2 extend to 
fields in C3(M). The conformal Weyl spinor Yyea is then in C'(M). 

By definition, Q = 0, dQ # 0 and, as observed earlier, Vaa/ {2 V2 =0 
on 2+. We assume that there is a space-like surface X’ in .4+ which intersects 
each null generator of .4* exactly once. In a neighbour hood of 2’ there are then 
O° spinor fields 0%, 1° with ua 0, = 1 such that V2" 2 = —076% on + and 
the complex vector field m** = ot is tangent to ©. Note that the set of such 
spin frames defines a reduction U(+’) of the bundle of normalized spin bases 
over © to the subgroup U(1) of SL(2,C), where e’2 € U(1) acts on the spin 
frames by (0,4) > (e'2 o,e~*2). A 2: 1 bundle morphism maps U() onto the 
bundle Ot (’) of oriented frames which are orthonormal for the induced metric 
h on X such that we can write m = 1/V2 (r1 tire) with r = {ra}asi2a € 
Ot (2). Denote by u the generator of the structure group SO(2) of O* (2) with 
components u4 g = 64,6? g — 6426' g and by Z the vertical vector field on 
O* (+) generated by u. 

Equation (1.32) reduces on .Y* to Vaa Vow 2 = 8 €ad€q'y'. Since 0*Vaa! 
is an interior operator on Yt it follows that 0*Vaq:(0,0y) = —S 0s €a'y ON 
YT from which we obtain by suitable contractions 1°V m 0g + i Vin Oa’ whence 
y= 9(Vmm,m) = ~21°Vm Og. Given y, the connection D of h is known. because 
Dee ~7 1 Lal = aan: 

With dated = 27 Wareaq the Bianchi equation (1.36) takes on A the form 


We jae Cy aN a' abcd = 0. (1.47) 


(We note that in the case where 0 4 A = —3V 5p QVIFQ on IF this implies 
at each point of % immediately that 0 = —3 Veg) 2V% Q Wobod = A Veet 
follows that Wabcq = A 0g 0h Oc Og ON F* with a = Wobea (7 0° 6 14. If in addition 
it is assumed that 

QV ee V" at: Varea 70 at ST, (1.48) 


then equation (1.47) implies. after taking a covariant derivative. svaunetrizing 
in a’ and e’, and performing some spinor algebra, the equation 0° Vee Wabea = 0 
on J+. With the ae form of the conformal Weyl spinor on .4+ it follows 
after contraction with 7 


Vma—-279e=0 on #F, (1.49) 


By its definition the C? function a can be considered as a 0-form on O+(S) of 
spin weight —2, i.e. 


La=—2ia ono (S\: (1.50) 
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Equation (1.49) says that the covariant differential of a on Om (>) (ets[21)) 

vanishes on vector fields which project onto m. It can thus be expressed in the 
form 

(2p +7Ho\a=0 on .OT(), aes 


where for A = 1,2 we denote by H4 the horizontal vector field on O+( ) which 
projects at the point r € OF(S) onto the tangent vector r4 of Z. 

Suppose now that SY is diffeomorphic to the two-sphere S?. Because S? carries 
only one conformal structure the conformal scaling of g can be chosen near = 
such that (X’.h) can be identified isometrically with ($?,—do?). This allows 
us to identify OT(X’)) with SO(3), the isometry group of S?, such that there 
are left invariant vector fields Y;, 7 = 1,2,3, on SO(3) which satisfy under this 
identification Y; = Ho. Yo = Hy, Y3 = Z and bes A €ijk Ye, Where €j54% is 
totally anti-symmetric with €;23 = 1. Equations (1.50), (1.51) then imply the 
distributional equation 


1 ; 
a +Y¥7+Y/)a=a on O*F(Z). 


Since the operator on the left hand side is the Casimir operator with respect to 
the Killing form on SO(3), the solution space of this equation is well known (cf. 
(76|). It is spanned by the matrix elements of an irreducible three-dimensional 
unitary representation of the group SU(2) (in the notation of [38] the functions 
T2’ ;), which descends to SO(3). Because the only function in this space which 
satisfies (1.50) is a = 0. it follows that the Weyl spinor field vanishes on ’. Thus, 
Pabea Extends in a continuous fashion to .%*+ and, as a consequence, satisfies 
Sachs’ peeling property ({66], [73], [74]). 

Remarkable as it is that such a conclusion can be drawn from the special 
conformal covariance of the Bianchi equations, the fact that we are dealing with 
a spin-2 field, and the topological assumption on 2’, there remains the question 
whether it follows from the nature of the long time evolution by the field equa- 
tions that the smoothness assumptions made above and (1.48) can be satisfied 
and whether this is in fact the case for a sufficiently large class of solutions. 

There are two different issues here. We start with a discussion of the situation 
where the vacuum field equations with a cosmological constant A are satisfied 
locally near a point p of Y and where (2 and g are smooth. As seen earlier, the 
conformal field equations then imply V, 2V? 2 = —A/3. In particular, FY is a 
null hypersurface if \ = 0. In that case we can expect Y% to have two components 
I+ and p € .Y*. To get some idea of the class of solutions which are compatible 
with conditions (7) — (diz), we consider the asymptotic characteristic initial value 
problem for the metric conformal field equations where data are prescribed on 
two intersecting hypersurfaces which are to assume, by the arrangement of the 
initial data on them, the meaning of an outgoing null hypersurface NV which 
meets + in a space-like 2-surface J and the part .%,* of ¥* in the past of 2. 
This is essentially the problem underlying, the formal expansious studied in [9]. 
[61], [74]. 

All solutions for which the rescaled conformal Weyl tensor d’ jz; has a smooth 
limit on .%,* can be characterized in the analytical as well as in the CC case 
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({25], [57]) in the sense that for suitably given data the existence of a unique 
local solution near X. can be shown. The freedom to prescribe data on N and 
I+, which are in each case two components of d’ jet Teferred to as the null data, 
turns out to be the same as in the standard characteristic initial value problem 
for Einstein's vacuiun field equations (corresponding to the special geometric na- 
ture of the hypersurface .%,*, there is a slight difference with the latter problem 
concerning the data which may be prescribed in addition to the null data on the 
intersection of the two mull Lypersurfaces). [fas above. the teusor CD” aged > elitage= 
resented by the symmetric spinor @abea, then @abea L° 1° 1°44 and @abea 0% 0° Of 0% 
denote the null data on NV and .4* respectively. It is quite a remarkable prop- 
erty of the conformal ficld equations that they define the conformal boundary 
{2 = 0} in terms of one of their unknowns without restricting the freedom to 
specify smooth data there. 

The null data dgbeq 07 0° 0° 0% on -4* have a natural interpretation as the 
outgoing radiation field. Further important physical concepts can be associated 
with the hypersurface .4%* or subsets of it and the questions of interpretation 
have been extensively analyzed (cf. also [5], [49]). All indications suggest that 
we are on the right track. 

The situation is similar in the de Sitter-type case A < 0. Here null infinity 
is space-like. We ask whether we can characterize the solutions which admit a 
smooth conformal extension at past null infinity .4~ under the (natural) as- 
sumption that this hypersurface is orientable and compact as in the case of de 
Sitter space and the further assumption that d’ ;,; extends smoothly to 47. 
Again, for suitably given data on Y%~ there can be shown the existence of a 
unique solution to the conformal field equations. The freedom to specify data on 
¥~ is essentially the same as in a standard Cauchy problem with the exception 
that the mean intrinsic curvature of the initial hypersurface cannot be prescribed 
((29]). This appears natural, because .4~ is a very particular hypersurface with 
respect to the solution. Another peculiar feature consists in the fact that the 
Hamiltonian constraint becomes trivial on .4~. 

The situation where A > 0, in which case null infinity is time-like. differs in 
various aspects from the other cases. In this case the assumption of the smooth- 
ness of this limit has a different status than in the other cases. It appears that 
in general there would not even exist complete null geodesics if the field d* jx: 
tended to blow up sufficiently fast ‘far out’. However, there is available a detailed 
discussion of the existence of solutions for which d’ ;4; has a smooth limit to ¥ 
({35)). 

The solutions studied in these three situations are semi-global in the sense 
that in terms of the physical metric their domains are of infinite extent and even 
comprise asymptotic regions. However, this is not sufficient to answer the ques- 
tion posed above. Here comes in the second issue concerning the compatibility 
of asymptotic simplicity with the field equations. What we need to control is the 
behaviour of the solutions as they evolve towards null infinity. Thus, we cannot 
assume anything about the field d’ ;,) (except in the anti-de Sitter-type solutions 
where boundary data must be given at space-like and null infinity to characterize 
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the solutions uniquely) and it is not clear a priori whether it remains bounded 
near null infinity. We need to find out whether it behaves, together with the 
other unknowns in the conformal field equations, such that a conformal exten- 
sion (Af. g) of sufficient smoothness can be constructed. 

There exists a model case which illustrates the type of result we would like to 
have. In the case of the de Sitter space considered above (1 = —3) we consider 
the hypersurface S = {t = 0}. The Cauchy data induced by de Sitter space on 
S are given by the standard metric on S° and a vanishing extrinsic curvature. 
It turns out that data for the equation Ric|g] = Ag which are sufficiently close 
to the de Sitter data evolve into solutions which are asymptotically simple in the 
sense of definition (1.1). or, in other words, asymptotic simplicity is non-linearly 
stable (|30], {[32|). Here d’ ;,; attains a smooth limit at the conformal boundary as 
a consequence of the evolution process and the assumptions on the initial data. 
The fact that the Schwarzschild-de Sitter solution has time slices diffeomorphic 
to S? x S$! but develops horizons, singularities, and only patches of a smooth 
boundary shows that neither the compactness of the initial hypersurface nor the 
sign of the cosmological constant is sufficient for this behaviour. Remarkably, it 
has been shown recently that a solution with a compact Cauchy hypersurface can 
admit smooth conformal boundaries in the past as well as in the future only if 
the Cauchy hypersurface satisfies the topological restriction that its fundamental 
group be finite ([4], cf. G. Galloway, this volume, for further results concerning 
de Sitter-tvpe solutions). 

An analogous stability result in the Minkowski-type case A = 0 is still lacking. 
We shall see that a result of this simplicity cannot be expected. 


1.4. Asyimptotic Behaviour of Vacuum Fields 
with Vanishing Cosmological Constant 


For physical applications one would like to know how the sources interact with 
each other and with the gravitational field and to what extent properties of the 
far field reflect this interaction. For a first mathematical analysis of the general 
behaviour of the far fields details of the sources are irrelevant and it is natural 
to ignore them in a first study. Thus we are led to ask whether there exist other 
solutions to the Einstein equations Ric{g]) = 0 than Minkowski space which 
satisfy the requirements of definition (1.1). 

Two different types of initial value problems have been studied in this con- 
text. The most important one is the standard Cauchy problem where Cauchy 
data are prescribed on a space-like hypersurface S with one or several asymp- 
totically Euclidean ends. If there are several such ends we can expect black holes 
to develop and condition (iv) to be violated. Therefore, and because it is the evo- 
lution near an end we want to focus on, we will concentrate on the case S ~ R? 
with one end. Standard examples are the hypersurface {t = 0} in Minkowski 
space with the induced data or perturbations thereof. 

The other type of problem is the hyperboloidal initial value problem where 
data are prescribed on a hypersurface H with boundary S, which is thought of 
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as a hypersurface in an asymptotically simple space-time which extends to future 
null infinity .4*, intersects .7+ in Y’, and is space-like everywhere. The boundary 
Sean have several components. examples exist in the Schwarzschild-hruskal 
space-time (cf. B. Schmidt, this volume). Again we will concentrate on the case 
where only one asymptotic region exists such that H ~ {x € R®| |a| < 1} and 
XY ~ S*. The standard example of such a hypersurface is given by the extension 
of the space-like hyperboloid {t? —|z|? = 1,t > 0} in Minkowski space to ¥*. Its 
interior inherits from Minkowski space a metric of constant negative curvature 
which can be rescaled to become Euclidean. 

While the hyperboloidal initial value problem has been introduced initially 
as an intermediate step towards a treatment of the standard Cauchy problem 
({26]), it has gained in recent years an interest in its own as a basis for numerical 
calculations (cf. J. Frauendiener and S. Husa, this volume). It is intrinsically non- 
time-svmumetric. The future evolution will extend under suitable assumptions to 
null infinity while the past time evolution develops a Cauchy horizon which 
corresponds to a part N of an outgoing wave front. The domain covered by 
its evolution coincides with that which can be determined by the characteristic 
initial value problem where data are prescribed on N (if this set is sufficiently 
smooth). 


1.4.1 The Hyperboloidal Initial Value Problem 


Since, for reasons which will become clear later, the hyperboloidal initial value 
problem is much easier to analyze in the context of asymptotic simplicity than 
the standard Cauchy problem, it has been analyzed much earlier and much 
more is known about it. If one wants to construct its solutions by solving the 
conformal field equations, the first task is to provide conformal initial data. In 
the analyses available so far, in which a non-vanishing constant mean extrinsic 
curvature is assumed, certain data can be prescribed on H arbitrarily, certain 
data are obtained by solving elliptic equations which degenerate on Y. and the 
remaining data are obtained by differentiation and algebraic operations which 
involve divisions by the conformal factor, which vanishes on XY’. We give an 
outline of the results needed in the following discussion (for further information 
cf. L. Andersson, this volume). 

The subtleties arise at 2’. In [1], [3] free data are prescribed which extend 
smoothly to 2’. It turns out that (a) in general the remaining data have expan- 
sions in terms of powers of r and logr, where r denotes the conformal distance 
from 2 (i.e. they admit polyhomogeneous expansions at. X), while (b) all data will 
be smooth if the free data satisfy certain regularity conditions which require that 
a few functions derived from the free data vanish on ©. A much more general 
class of data is considered in [2]. In particular, (c) free data are prescribed which 
admit polyhomogeneous expansions at ¥’ and it is shown that the remaining 
data also admit such expansions. 

The conformal field equations have been used to study the evolution of some 
of these data. In the case (b) the data evolve into solutions which satisfy the 
first three conditions of definition (1.1) and which admit in. fact a conformally 
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regular point it ae teme-like infinity, analogous to the point i+ in the case of 
Minkowski space. if the data are sufficiently close to Minkowskian hyperboloidal 
data ((26]), [30], [32]). Recently also the existence of solutions to the conformal 
field equations for data of the type (a) has been shown on a manifold which 
contains a boundary hypersurface %' on which the unknown 2 of the conformal 
field equations vanishes. The solution is ‘rough’ at .%' and it is expected that it 
admits a polyhomogencous expansion there ({60}. cf. also [1 4}). The evolution of 
data of type (c) has not been studied in detail. 

While the basic idea underlying the Penrose proposal, namely to characterize 
‘the asymptotic behaviour of solutions in terms of conformal rescalings, is still 
being used i this study of asvinptotically rough data by employing the conformal 
field equations, this situation certainly forbids any straightforward application of 
definition (1.1). The result seems to indicate that the smoothness assumption in 
definition (1.1) may be too strong. However, before we can arrive at a conclusion 
here we need to answer the following question: of which physical relevance are 
data of type (a) and (c). are they needed to model the systems of interest and 
which are the ‘svstems of interest’? 

A clear answer could be given. if it could be shown that standard Cauchy 
data by necessity develop into solutions containing hyperboloidal data of type 
(a) or (c). The results for data of type (b) tell us that the decision about the 
smoothness of the conformal structure near null infinity is essentially made near 
space-like infinity. Thus we need to analyze the behaviour of the solution to the 
standard Cauchy problem there. 


1.4.2. On the Existence of Asymptotically Simple Vacuum Solutions 


We shall see below that the general analysis of the conformal structure of so- 
lutions to the Einstein equations near space-like infinity is quite complicated. 
On the other hand, static or, more generally, stationary asymptotically flat vac- 
uum solutions are known to admit smooth conformal extensions through null 
infinity (cf. {18]). Thus, to avoid the difficulties discussed below one could try 
to construct asymptotically flat standard Cauchy data (on R® say) which agree 
with stationary data near space-like infinity. The time evolution of these data 
would then be stationary near space-like infinity and clearly contain smooth hy- 
perboloidal hypersurfaces, Ove could then hope to combine this with the results 
of [30] to show the existence of solutions to the Einstein equations which satisfy 
all conditions of definition (1.1). 

The first attempt at this was made by Cutler and Wald who succeeded in con- 
structing smooth initial data for the Einstein-Maxwell equations with arbitrarily 
small ADM mass which agree with Schwarzschild data near space-like infinity 
({17]). Using the results of [32], they were able to show for the first time the 
existence of smooth solutions to the Einstein-Maxwell equations which satisfy 
the conditions of asymptotic simplicity. The vacuum case remained difficult. 

More recently Corvino developed a gluing construction by which an arbitrary 
smooth, time-symmetric, asymptotically flat solution (R°,h) to the constraints 
can be deformed on a certain annulus {zx € R?|0 < R < |z| < 2 R}, such that 
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it extends with a given finite differentiability to Schwarzschild data outside 2R 
while remaining unchanged inside the radius R and still satisfying the constraints 
everywhere ((16]). It turned out difficult, however, to keep the radius F fixed or 
to control its growth sufficiently if the construction is applied to families of initial 
data for which the ADM mass m is going to zero. This makes it impossible to 
obtain the desired result by an immediate application of [30]. 

Quite recently Chrusciel and Delay obtained a similar result based on a. mod- 
ification of Corvino’s technique in which the radius R as well as the differentia- 
bility class C* may be kept fized while m — 0 if they base their construction 
on initial data (R3,h) such that in the standard coordinates on R°* the parity 
condition h(x) = h(—x) is satisfied by the 3-metric ({15]). In this case it is easy 
to construct in a systematic way hyperboloidal hypersurfaces in the time evo- 
lution of the data which contain the part {z € R*!|z| < 2} of the initial 
Cauchy hypersurface as a subset and which extend into to future of the initial 
hypersurface in the Schwarzschild part of the evolution. It can be arranged that 
the induced data approach Minkowskian hyperboloidal data if h approaches the 
Euclidean metric on R® (cf. [41] for a construction based on conformal Gauss 
systems and [38] for the discussion of a smooth limit of Schwarzschild solu- 
tions to the Minkowski solution near space-like infinity). Since this can be done 
with sufficient smoothness, the results of {30| and the fact that the data are 
time-symmetric then imply the existence of non-trivial solutions to the vacuum 
field equations which satisfy the conditions of definition (1.1) with a finite dif- 
ferentiability of the rescaled metric which can be chosen to be large. For these 
solutions the rescaled conformal Weyl tensor is differentiable on the conformally 
extended space and there exist conformal extensions containing regular points i+ 
which represent future and past time-like infinity. This resolves a question which 
remained open and controversial for forty years. 

While it is reassuring to see that we are not discussing a class of solutions 
which consists only of Minkowski space, it is clear that the result does not 
answer all our questions. The solutions obtained here are very special. Being 
Schwarzschildean near space-like infinity, their NP constants vanish ([42], [62]). 
As a consequence the rescaled conformal Weyl tensor d* ;;; vanishes at i* ([46]. 
[63]). However, from the numerical calculation of solutions with a regular i+ 
we know that in general d! ;,; does not vanish at i+ ([54]). This suggests that 
modifying initial data sets to become Schwarzschild near infinity considerably 
reduces their radiation content. 

Hopefully, there will be developed generalizations of the method which will 
allow us to glue other stationary data to given data such that we prescribe 
multipoles moments and non-vanishing NP constants. Then the argument above 
will not be available any longer and the data will gain in interest in the modeling 
of physical systems. 

But this will still not help us answer the decisive question: what degree of 
restriction is implied by ‘asymptotic simplicity’ in the class of all (‘reasonably’ 
defined) asymptotically flat solutions. 
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1.4.3. The Regular Finite Cauchy Problem 


Under the conformal embedding of Minkowski space into the Einstein cosmos 
described above, the Cauchy hypersurface § = {t = 0} ~ R® with its interior 
Euclidean metric € is mapped conformally into the unit 3- sphere, S > S = 
{fg=0}=Su {i}, with its standard metric dw? and a point i with coordinates 
s =0, x = 7 which represents space-like infinity for (S, €). If more general data 
h, X satisfying the vacuum constraints are prescribed on S which are asymp- 
totically Euclidean in the sense that h suitably approaches the metric € near 
space-like infinity, it appears reasonable to conformally compactify (S,h) by 
suitably rescaling ho - h QO? and adding a point to Sas above. Depending 
on h, there may not exist coordinates 2® on S near i and a conformal factor Q 
such that the metric coefficients hag will be smooth at 7. But even if the data h, 
x are chosen such that h extends smoothly to i, in fact, even if ¥ = 0, it turns 
out that in coordinates adapted to h the rescaled conformal Weyl tensor behaves 
as 

dp =O(r |) as + > 0, (1.52) 


where r denotes the h-distance from i, unless the ADM mass of the data vanishes, 
i.e. h is flat. 

To let things not look utterly hopeless, we note that d,, is not an arbi- 
trary tensor with Weyl symmetry satisfying (1.52), that its structure near 7 is 
restricted by the assumption that A and x be asymptotically Euclidean, satisfy 
the constraints, and that d’_), is given by a specific formula as a functional of 
the initial data. We refer to [38] for explicit general expressions. 

In the case of Minkowski space the hypersurfaces .4*, which are swept out 
by the future resp. past directed null geodesics emanating from the point 7° (nat- 
urally identified with 7 € S). are characteristics for the conformal field equations 
in the conformally extended space-time. If we assume for a moment that a simi- 
lar picture can be established for the space-time which develops from non-trivial 
data h, x, then (1.52) makes us wonder why this strong singularity at 7 does not 
spread along the characteristics 4* and destroy the smoothness of the confor- 
mal structure there in the first place ! If such a contradiction does not arise, it 
can only be due to (a) specific features of the field equations and/or (b) spe- 
cific requirements on the data which are analogous to the regularity conditions 
observed in the hyperboloidal initial value problem. 

If features as referred to in (a) exist, they must lie beyond conformal regu- 
larity. If requirements such as those referred to in (b) exist we may wonder what 
kind of conditions could. in a situation where the conformal extension is only 
given by a point, replace the vanishing of certain functions on a 2-surface as re- 
quired in the hyperboloidal problem. Moreover, if one tries to analyze an initial 
value problem for the conformal field equations for data as singular as (1.52) 
the choice of a gauge becomes a delicate problem and there is little lee-way for 
rough estimates. 

Somewhat unexpectedly it turns out that for suitably chosen asymptotically 
flat initial data the standard Cauchy problem can be reformulated as a regular 
finite initial value problem for the general conformal field equations with data 
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given on a compact manifold with boundary. Moreover, the underlying setting 
also allows us to analyze to some extent the questions raised above. 

The underdetermined quasi-linear system of constraints imposes very weak 
conditions on the data. In particular, it requires very little with respect to the 
smoothness of the data at space-like infinity. Thus it is clear that we have to 
make assumptions concerning the precise behaviour of the data near 7. In [38], 
were the setting has been developed and worked out in detail as described below, 
it was assumed that the data are time-symmetric, that h extends smoothly to 2, 
and that h is in fact analytic in normal coordinates at 7. It follows in particular 
that ¥ = 0 and that the conformal factor 2 which relates h to the physical metric 
h = 2-7 h satisfies 2 € C?2(S)UC™(S \ {i}) with 2 = 0, d2 =0, Hess 2 = ch 
with c £ 0 at i, but 2 is not smooth at 7 unless the data have vanishing ADM 
mass. As a consequence we still have (1.52). It should be emphasized that our 
asstuuptions have been made for convenience becanse the strneture of the data 
near space-like infinity needs to be known in all details (cf. the remarks below). 
In particular, the assumption of analyticity can be dropped and replaced by a 
C@ condition. 


The cylinder at space-like infinity. In the following we shall describe the 
main considerations leading to the formulation of the regular finite initial value 
problem near space-like infinity. The general conformal field equations will be 
used here for several reasons. We want to obtain a formulation which is lead- 
ing to statements which depend as far as possible on the conformal structure 
itself and as little as possible on conditions ‘put in by hand’. The nature of the 
singularity at 7 forces us to carefully distinguish between the dependence of the 
fields on radial and angular directions at 7. The frame field in the formalism is 
readily adapted to this situation. Much more importantly, we want to avoid any 
gauge which depends on nuphicit wave equatious. because these might transport 
non-intrinsic singularities along null infinity. An example for this occurs if the 
conformal gauge in the metric conformal held equations is removed by prescrib- 
ing the Ricci scalar. Clearly, space-like infinity is not met by time-like conformal 
geodesics starting at points of S = S \ {i} and conformal Gauss systems should 
thus be unaffected by the singularity at i. Finally, the location of the set where 
the conformal factor vanishes will be known a priori. 

In [38] the general conformal field equations have been used in the spin frame 
formalism, because this leads to various algebraic simplifications. Here we will 
discuss the standard frame formalism, suppressing many details for which we 
refer the reader to [38]. 

Assuine a fixed choice of the conformal scaling for the initial data. Choose a 
fixed oriented h-orthonormal frame e,, @ = 1,2,3 at i. Any other such frames 
at 7 is then obtained in the form eg(s) = s°ae. with s = (s°,) € SO(3). For 
given s, we distinguish e3(s) as the radial vector at i and assume e,(s) to be 
parallelly transported with the Levi-Civita comnection of h along the geodesics 
with tangent vector e3(s) at i. We denote by p the affine parameter on these 
geodesics which vanishes at / and denote the frame obtained from ¢,(s) at the 
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value p by e,(p, s). It will be assumed that |p| < a, where a is chosen such that the 
metric ball B centered at i with radius a is a convex normal neighbourhood for h. 
Then |—a, a[x SO(3) 3 (p, 8) > ea(p,s) € SO(S) defines a smooth embedding of 
a 4-dimensional manifold into the bundle SO(S) of oriented orthonormal frames 
over S. 

We denote by B the image of the set [0,a[xSO(3), by I° its boundary {p = 
0} ~ SO(3), and by = the restriction to B of the projection of SO(S) onto 
S. For given s € SO(3) the vectors e3(ss’) are identical for s’ € SO(2), the 
subgroup of s = (s°,) € SO(3) for which s°3e. = e3, and all these vectors are 
parallelly transported along the same geodesic. It follows that the set B inherits 
from SO(S) an action of the subgroup SO(2) which implies a factorization B un 
B’ = B/SO(2) > B of the map = such that 7” maps the set n'(1°) ~ $7 onto i 
while it implies a diffeomorphism of B’ \ 1/(I°) onto the punctured ball B \ {i} 
which we could use to identify these sets. 

It turns out more convenient, however, to pull the initial data on B via 7 
back to B. use this set as the initial manifold and p and s as ‘coordinates’ on it. 
Questions of smoothness are then easily discussed and certain expressions sim- 
plify considerably. Since all fields have a well defined transformation behaviour 
(spin weight) under the action of SO(2) and this action commutes with the evo- 
lution defined by the propagation equations, no problem will arise from this. In 
[38] it is shown how to prescribe on the part of B where p > 0 a frame field X, 
Ca(p. 8). a = 1.2.3, where X is generated by the action of SO(2), the vector fields 
Ca(p, 8) satisfy T(7)ca(p, 8) = eg(p,s), and a frame formalism can be applied. In 
the coordinates p and s on B. which are essentially spherical coordinates, some 
frame vector fields and certain data derived from them are singular at p = 0. 

With a suitable choice of the initial data for the conformal geodesics the 
conformal factor and the 1-form d; take the form 


2 mei il 
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where w? = 292 |h°?Q., 2.,|~'/? and « is a function on B which we are free to 
choose. Any function f, in (1.53) is considered to be constant along the conformal 
geodesics and to agree with its given initial value f. In the conformal extension 
of Minkowski space in which space-like infinity is represented by the point 1° we 
would have « = O(1) as p — 0. For our purpose it will be much more useful 
to choose « in the form « = px’ with some smooth scalar (i.e. SO(2)-invariant) 


function «’ on B with zk’ = 1 on I° such that O|,=0 = a =") eas 0 10! 


K 
In this particular conformal gauge all data extend smoothly to I °C B and the 
coefficient functions O, d; in the general conformal field equations are smooth 
as well. 

We are free to choose x’. For definiteness we set K = w such that O = 0 
for tr = £1. If the resulting coordinates remain regular long enough, future 
and past null infinity will be represented near space-like infinity by the sets 
I+ = {r = +1}, while space-like infinity will now be represented by the cylinder 
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at space-like infinity which is given by the set I = {p = 0, |r| < 1}. It ‘touches’ 
null infinity at the sets I+ = {p = 0, 7 = +1}. What in the beginning was a 
Cauchy problem now looks like an initial boundary value problem. It turns out, 
however, that the boundary J 1s of a very special nature. 

If we write w = (e”%,1i% x, Lyk) and the unknown (1.38) in the form u = 
(w,z) with z= (ai Hane the symmetric hyperbolic reduced equations take the 
form 


A*(w) 0, z = H(w)z, Oow = Fue (1.54) 


(where we suppress the dependence of F on the conformal factor O and the 1- 
form d,). Extending the data on B as well as the evolution equations (preserving 
symmetric hyperbolicity) smoothly into the domain p < 0, standard results 
imply the existence of a smooth local solution in a neighbourhood of the initial 
hypersurface which contains a piece of [. The fact that @ = 0 on J then allows 
us to conclude from the details of the equations above that 


Be aca Ule ca (1.55) 


This implies that J is a total characteristic in the sense that the complete system 
(1.54) reduces on I to a symmetric hyperbolic system of inner equations on J. 
It follows that u is determined uniquely by its values on J°, that the solution 
obtained for p > 0 does not depend on the chosen extension of the data through 
I®, and that u extends smoothly to J (which can not be taken for granted in 
general initial boundary value problems, cf. [35]. [44]). 

The construction of J can be considered as attaching a boundary at space- 
like infinity to the physical space-time. However, we wish to emphasize that 
not the definition of a boundary but the analysis of the field equations is our 
main interest. We do not impose any conditions on the time evolution of the 
solutions except the field equations. The construction is defined in terms of 
general properties of conformal geometry, the conformal field equations, and the 
choice of the initial data for the gauge. 

While everything extends smoothly to J near [°, it should be observed that J 
is not a geometrical entity but that it is attained as a certain limit of geometric 
objects, namely the conformal geodesics defining our gauge. It is not a time- 
like hypersurface and some of the metric coefficients do in fact diverge at I 
in the given coordinates. This is consistent with the smoothness of the frame 
coefficients and the vanishing of the matrix A? on J. Since the wave equation for 
the rescaled conformal Weyl tensor would degenerate at I, it turns out important 
here that we extract the hyperbolic system from the first order Bianchi equation. 
It is remarkable that the blow-up procedure i° + I, the coordinate p which is 
adapted to the conformal scaling defined on S by 9, and the conformal gauge 
defined by © couspire to produce a regular finite problem. By a simple rescaling 
(different choice of k) and a corresponding redefinition of the coordinates the 
representation of space-like infinity in terms of the cylinder J can be converted 
into the conventional representation of space-like infinity by a point 7° ((38]). 
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The transport equations on the cylinder space-like infinity. The 


procedure described above, by which the point i° is replaced by the cylinder J, 
does not only give us regular data and equations but also leads to an unfolding 
of the evolution process near space-like infinity which allows us to analyze the 
process there at arbitrary order and in all details. Taking formal derivatives of the 
evolution equations with respect to p, restricting to the cylinder, and eee 
(1.55), one obtains transport equations on J for all the functions u? = OP u 
O.1..... on the evlinder. Expanding, w? ~ w?(z.s) in terms of a certain ny sgn 
Stem Lom & (wileee m = 0,1,2,...vamd i,k = 0,...,2m), on SO(3) (resp. 
on SU(2) in the case of the spin frame formalism used in [38]), these equations 
reduce to a hierarchy of ODEs along the curves | — 1,1[5 7 > (7,p = 0,8) € I, 
where the differential operator depends on p but not on the data while the right 
hand side of the equation for u?*+! depends quadratically on u°,...,u? and on 
the coordinates. 

The calculation of u on J allows us to determine A“(u) on I, which gives in 
particular 


A’ = diag(1 +7,1,1,1,1—7) on J. 


While the second of equations (1.54) is an ODE which is regular at J*, the 
matrix A’ occurring in the first of equations (1.54) degenerates precisely on 
I*. All the remaining open questions concerning the regular finite initial value 
problem near space-like infinity are related to this fact. 

This degeneracy (which is removed at the next order in p) has important 
consequences. It turns out that in general the quantities u?, in particular the 
expansion coefficients of the rescaled conformal Weyl tensor, contain terms which 
behave as (1 —7)* log’(1— 7) at I*. In the expressions which so far have been 
calculated explicitly only terms with the powers 7 = 0,1 occur, but due to the 
non-linearity of the equations other powers should arise as well. Because of the 
hyperbolicity of the reduced equations these singularities can be expected to 
spread along J*. The powers k and j observed in the explicit calculations then 
suggest that in general not all components of d* j1,, will be bounded at null 
infinity. In fact, in the spinor notation used in (1.47), (1.48) it appears that 
in general the rescaled Weyl spinor field will have an unbounded component 
Pabea * +? 1° 14 which behaves as log(1 — 7) at 4+, where 7 -> 1. 

This suggests that in general the conformal Weyl tensor will vanish on 4+ 
but will neither be differentiable there nor satisfy the assumption (1.48). 

Some care is required here, because the hyperbolicity does not extend to I~. 
However, if the whole setting developed in [38] is linearized at Minkowski space, 
a complete analysis of the situation can be given which confirms the conclusion 
(cf. J. Valiente-Kroon, this volume). 

Due to the geometric nature and the conformal invariance of our gauge con- 
ditions we are discussing here intrinsic features of the solutions. If the null in- 
finities of the solutions would admit smooth extensions of the conformal struc- 
tures, then the conformal geodesics, the conformal factor, and the frame would 
extend smoothly through null infinity. Also the components of the rescaled con- 
formal Weyl tensor in that frame would then extend as smooth functions of 7 
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through null infinity. Thus the observations above suggest that even under as- 
sumptions on the conformal data which cannot be improved from the point of 
view of smoothness there will in general occur logarithmere singularities at null 
infinity due to the evolution process. 


A conjecture. The class of logarithmic singularities determined in [38] have 
been found by solving the transport equations on I explicitly for certain compo- 
nents u’” of the functions u?, p = 0,1,2,..., in the decomposition with respect 
to the functions T>,, *,. Inspecting the initial data u% for these quantities on I 
and relating them to the free datum h on S, we find that the logarithmic terms 
determined in [38] for general data in our class do not occur in wu’ ? for p < qe +2 


if and only if h satisfies the regularity condition 
S(D;, sees EES B5,(2)) =” oR g= 0, I. 70 +3Qe, (1.56) 


where D denotes the connection and Bj, = 5 6; “ 1), Liz the Cotton tensor of 
h while S denotes the operation of taking the symmetric trace-free part of a 
tensor. 

Consistent with the fact that the free initial datum is given by the confor- 
mal structure of h, condition (1.56) is conformally invariant for given q. > 0. 
The condition has been found earlier in the quite different, though related, con- 
text of vanishing ADM mass ([31]). Although the derivation is much easier in 
that case and related to a geometric picture, we are still lacking a geometrical 
interpretation of condition (1.56). 

Since the condition is conformally invariant and it is easy to construct data 
which are conformally flat near space-like infinity, there exist many non-trivial 
data satisfying the condition. With the techniques of [15] and [16] such data 
can even be constructed so that they agree with prescribed data on a compact 
set. Moreover, there exists a large class of data which satisfy the condition in a 
non-trivial way ([38]). In fact, all data which are conformal to static data near 
space-like infinity satisfy (1.56) for all q,. ((31]). Since static data are analytic 
near space-like infinity ([6], [59]), it follows that condition (1.56) can be satisfied 
with Cotton tensors which do not vanish near space-like infinity ([38]). This is 
consistent with the fact that the static solutions represent the largest class of 
time-symmetric solutions which are known to admit near space-like infinity a 
smooth structure at null infinity. It would be interesting to know whether the 
results of [15] and [16] can be generalized to glue static ends to given data. 

For various reasons we expect condition (1.56) to be of a much wider signif- 
icance. 

Conjecture: There exists an integer k, > 0 such that for given k > ky 
the time ceolution of an asymptotically Euclidean. time-symmetric. conformally 
smooth initial data set admits a conformal extension to null infinity of class 
C¥ near space-like infinity, if the Cotton tensor satisfies condition (1.56) for a 
certain imieger gq, = q,.(k). 

If this conjecture can be shown to be correct, solutions for data which sat- 
isfy (1.56) for all q, will contain smooth hyperboloidal hypersurfaces. We expect 
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that the corresponding hyperboloidal initial data approach Minkowskian lyper- 
boloidal data in a continuous wav if the Cauchy data approach Minkowski data. 
This then can be used in conjunction with the results of [30] about the hyper- 
boloidal Cauchy problem to show the existence of solutions satisfying all the 
requirements of definition (1.1). Because of the degeneracy of the equations at 
I* the proof of the conjecture is not a standard problem and requires new ideas. 
However, we can split off an important and interesting subproblem. 

Subconjecture: [f condition (1.56) holds for a given q. > 0, the functions 
uP, p<q.4+2, extend smoothly to I*. 

In the formalism emploved in [38] the validity of the statement above can in 
principle be checked by a recursive calculation of the functions u?. In fact, such 
a calculation shows that the u? are smooth at J* for p < 3 if the corresponding 
regularity conditions hold (/38], [42]). The general proof essentially reduces to 
controlling the algebraic structure of the terms on the right hand side of the 
ODEs governing the transport of the u?, which, with increasing order, becomes 
quite complicated (cf. the discussion in [42]. [43]). It is most desirable to deter- 
mine terms of higher order by an explicit calculation, possibly with an algebraic 
computer program, to obtain an insight into the general structure of the func- 
tions u?. This will help with a general analytic proof of the subconjecture and 
also provide indispensable information for solving the regular finite initial value 
problem numerically. 


Problems and prospects. Condition (1.56) suggests that data for solutions 
satisfying the requirements of definition (1.1) have to satisfy at 7 conditions at 
all orders. Therefore, a generalization of the regularity condition to the case of 
data with non-trivial extrinsic curvature requires a general and very detailed 
investigation of the solutions to the constraints near space-like infinity. Such a 
study has recently been carried out (cf. S. Dain, this volume) and the general- 
ization of the analysis of [38] to a much larger class of data, which also requires 
new considerations concerning the gauge, is possible. 

The proof of our conjecture, or its generalization to the case of non-trivial ex- 
trinsic curvature, requires to show the existence of solutions to the finite regular 
initial value problem near J whose underlying manifolds contain a piece of the 
form {|T| < 1,0 < p < po}. Moreover, we need to obtain sufficient control on the 
smoothness of the solutions near 4 = {|r| = 1,0 < p < po}. The specification 
of the precise values of k, and q,(k), possibly referring to Sobolev spaces, should 
be part of this proof. In principle it is not only of interest to see whether the 
conjecture can be justified but we would also like to know how the logarithmic 
terms propagate along Lae if they do so, and what the role and meaning of 
these terms is. 

It would also be desirable to sort out for more general classes of free data 
the type of non-regularities which arise from solving the constraints and from 
solving the evolution equations. Since free data can be quite ‘rough’ at space- 
like infinity while still being asvimptotically Euclidean. there has to be made 
a reasonable choice. There is no point in striving for a generality which is not 
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required and of no use in modeling physical systems. However. already for quite 
natural looking free data the constraints can imply terms of the form p* log! p 
on § (cf. §. Dain, this volume). Clearly it is of interest to see to what extent 
our analysis can be generalized to handle such data even if our conjecture and 
its possible generalizations to more general data bear out. It will be the only 
way to assess the generality and the role of the solutions which admit a smooth 
structure at mull infinity in the class of all solutions arising from asvinptotically 
Euclidean data. 

If the smoothness of the conformal structure obtained at null infinity turns 
out to be much weaker than expected in systems which appear of ‘physical 
importance’!, we will have to reconsider definition (1.1). While it may not be 
applicable any longer in the desired geuerality. the underlying idea is viable 
because the conformal field equations may be used to control also solutions with 
a ‘rough’ asymptotic behaviour ([{14], {60], cf. also P. T. Chrusciel, this volume). 
If the solutions for suitable data admit polyhomogeneous expansions in T, we 
can expect to relate the coefficients of this expansion, which can be considered 
as functions on .47, again to the initial data. This should allow us to give some 
interpretation for these terms. 

In all such studies the insight into the equations gained by trying to establish 
the extremely sharp characterization of the fall-off behaviour of gravitational 
fields in terms of asymptotic simplicity will prove important. For instance, the 
general analytic proof of the subconjecture stated above will be of particular 
interest because it will provide a further understanding of the peculiar features 
of the field equations. The precise structure of the lower order terms in the 
equations, which is essentially determined by the fact that we are dealing with a 
soldered gauge theory (cf. the discussion of the general conformal field equations 
in the context of normal conformal Cartan connections in [35]), becomes critical 
here. Understanding its role in the context of the data dependent conformal 
singularity at space-like infinity may shed light also on the mechanism of the 
field equations in other singular situations. 

The concept of an isolated system is not part of the general theory but 
a matter of expediency (cf. the discussion in [36]). The final criterion for its 
definition is the possibility to model physical systems in a way which allows 
us to extract interesting information about physical processes. If the conjecture 
above bears out, the resulting space-times will allow us to perform very detailed 
discussions of all their physical aspects and the proof of the conjecture will 
provide information which reduces many discussions to direct calculations. 

An example for this is given by the calculation of the NP-constants in terms 
of the initial data in [42]. As neatly discussed in [20], these provide interesting 
restrictions ou the global structure of solutions. Another example is the reducibil- 
ity of the BMS group to the Poincaré group found in [42]. So far both results 
still rely on the correctness of our conjecture. In fact, many earlier studies of 


' Besides getting control on the mathematical possibilities, finding out which data are 
of ‘physical importance’ may turn out to be the most interesting part of the whole 
exercise. ‘The interpretation of initial data is still a wide open field. 
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physical concepts associated with the asvinptotic strneture will be put ona firm 
analytical footing. 

If logarithmic singularities at null infinity (or the coefficients of the loga- 
rithmic terms) turn out to be of any physical significance this will not only 
create problems for the concept of asymptotic simplicity but also for the con- 
ventional method of calculating gravitational radiation by solving numerically 
initial boundary value problems for Einstein’s field equations. In that approach 
the singularities and what might be lost by ignoring them cannot even be seen, 
unless the time-like boundary is moved in subsequent runs further and further 
out to infinity. While the initial data for the initial boundary value problem 
can be arranged not to be affected by the modification of the data near space- 
like infinity, with our present knowledge there appears to be no way, whatever 
boundary treatment in the numerical calculation is used. to control whether one 
is calculating a solution where the influence of such a modification enters through 
the boundary into the numerical solution (cf. [44] for the amount of freedom and 
control available in the analytic treatment of the initial boundary value problem 
for Einstein's field equations). 

On the other hand if the latter method makes any sense at all, it may for 
practical purposes be quite sufficient and of advamtage to calculate numerically 
asymptotically simple solutions for data with a Schwarzschild end if the pro- 
cedures in |15). [16] are amenable to a numerical treatment. It is quite simple 
to identify in the evolution of such data hyperboloidal hypersurfaces which in- 
tersect .%* in the Schwarzschild part of the evolution and which extend with 
the implied data smoothly as solutions to the conformal constraints across 4+ 
({41]). In fact. the corresponding hyperboloidal data for the conformal field equa- 
tions can be calculated by solving a system of ODEs ([38]). This would resolve 
a number of difficult problems occurring in the present numerical codes (cf. J. 
Frauendiener and S. Husa. this volume). 

Again. while this in the end may turn out sufficient for practical purposes, 
we have no possibility to decide on that before the existence of asymptotically 
simple solutions has been discussed under sufficiently general assumptions. In 
that case quite general complete maximal hyperbolic solutions together with 
their asymptotics may become calculable from standard Cauchy data and the 
interpretational framework associated with the concept of asymptotic simplicity 
may allow us to draw the desired conclusion. 

It appears that presently the conformal] field equations offer the only way 
to perform such calculations. In the case of the characteristic method, which 
also allows one to calculate numerically semi-global solutions, there may arise 
problems because null hypersurfaces have the tendency to develop caustics (an 
intrinsic feature which cannot be overcome by smoothing procedures, cf. [47] for 
a discussion of caustics in the context of the characteristic initial value problem 
and G. Galloway, this volume, for an illustration of the ubiquity of conjugate 
points on null geodesics). There are also problems in prescribing appropriate 
initial data. Assuming past time-like infinity to be represented by a regular point, 
one could think of prescribing null data on the set .4~ U {i } which only has a 
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very special and well understood ‘caustic’ at 7~. However, at present it is by no 
means clear how to prescribe these data such that they develop into a solution 
which admits an asymptotically flat Cauchy hypersurface. Similar difficulties 
occur if one tries to invent other ways of calculating complete space-times from 
characteristic data. 


1.4.4 Time-Like Infinity 


It is a remarkable feature of the conformal Einstein equations, which should not 
be taken for granted, that they force the null generators of .%* to meet in pre- 
cisely one regular point i+ of the conformal extension if the solution exists for 
long enough ina sufficiently vegidar fashion and the initial data are prescribed ap- 
propriately ({30]). In such a situation ‘time-like infinity’ has a clear-cut meaning, 
it is locally similar to that of Minkowski space, and it can ‘readily’ be attained 
in numerical calewlations (54). cf. also S. Husa. this volumes. The caledation of 
i+ provides an opportunity to test numerical codes in long range calculations of 
space-times and to perform studies of the non-linear interaction of gravitational 
waves under well controlled conditions, however, it is of course not a purpose in 
itself. 

To calculate the gravitational radiation emitted by the merger of two black 
holes we will have to consider solution which develop singularities and horizons. 
While it may appear wise in a numerical calculation to avoid. if possible, entering 
the horizon and hitting the singularity, such an attitude does not help in an 
analytical investigation and we do, in fact, consider it necessary to attack the 
situation head on. In fluid mechanics there exists a long tradition of studying 
singularities (shocks) and there have been developed methods to haudle them in 
munerical calculations. The singularities observed in general relativity. however. 
are in general much more complicated and severe from a conceptional point of 
view as wellj as from the point of view of actual analytical expressions. In spite of 
a considerable effort to come to grips with them analytically and. more recently. 
numerically (cf. D. Garfinkle, this volume, and also [7] and the literature given 
there, which discusses some remarkable achievements), we are still far from a 
situation where we could attain the desired information in sufficiently general 
situations. In fact. the ‘well-known’ Schwarzschild-Kruskal or Kerr solutions still 
pose difficulties. 

There exist several ways to discuss ‘singular points of space-times’ in an 
abstract way (cf. [71] and the references given there), however, there are no 
concepts available which would allow us to perform under general assumptions 
an analysis of singularities in the context of the field equations. While it is a 
central problem in singular situations to obtain detailed statements which are 
independent of any specific gauge, it is at least as difficult to develop gauge 
conditions which allow us to arrive at any interesting statement at all. The 
latter problem certainly does not have an universal solution. The best we can 
hope for is to find manageable conditions which by their general nature and by 
experience with specific solutions may be expected to work for certain classes of 
solutions. : 
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We have seen above that conformal Gauss systems have many nice local 
properties and the discussion of the regular finite Cauchy problem suggests that 
they also behave nicely near space-like infinity. It can also be shown that they 
can be used in calculations of i+ from hyperboloidal Cauchy data which are 
sufficiently close to Minkowskian hyperboloidal data. However, in all these situ- 
ations the gravitational field must be considered as weak and one would like to 
know whether conformal Gauss systems can also exist globally and with good 
asymptotic properties on asymptotically flat space-times which posses regions of 
strong curvature or even singularities and horizons. 

Caustics of congruences of metric geodesics arise because the latter obey 
equations of second order. Congruences of conformal geodesics are governed 
by equations of third order (cf. [64]) and are thus even more prone to caustic 
formation, in fact, different conformal geodesics may become tangent to each 
other. However. the same structural property which may be responsible for such 
severe caustics allows us to show that there exist conformal Gauss systems on the 
Schwarzschild-Kruskal solution which smoothly cover the entire space-time and 
extend smoothly and without degeneracy through .~* into any smooth extension 
of the space-time through null infinity (|41]). 

These systenmis are characterized by initial data for the conformal geodesics on 
the hypersurface S of the Schwarzschild-Kruskal solution which extends analyt- 
ically the hypersurface {t = 0} of the Schwarzschild space. The data considered 
in [41] are invariant under the space reflection symmetry in S and the rotational 
svmmetry and the congruence is orthogonal to S. On S are given the standard 
spherical coordinates @. @ and the isotropic radial coordinate r, 0 < r < ov, 
which is related to the radial coordinate 7 of the standard Schwarzschild line 
element gs = (1 — #2) dt? - (1 — 2)~' dr? — 7? do? on the subset 7 < 2m 
by r = 1/2(F —- m+ /7r (7 —2m)). The two asymptotically flat ends of S are 
at r =O andr = x. The coordinates @. 6, r are dragged along with the con- 
gruence and define together with the parameter 7 of the conformal geodesics a 
smooth coordinate system (ignoring here the singularity inherent in the spher- 
ical coordinates which in the present situation can be easily avoided) on the 
Schwarzschild-Kruskal space with S = {7 = 0}. The initial data are prescribed 
such that the conformal factor takes the form @ = (r—%)?(r+ #)~*( f(r)? —7?) 
where f(r) =r/(r? — 4). 

The coordinates stay regular, because of the specific choice of the 1-form 6 on 
S. The acceleration of the conformal geodesics, which is determined by 6, tends 
by our choice to spread out the curves such that no caustics can develop. This 
latter fact is established by analyzing an equation satisfied by the connecting 
vectors of the congruence of conformal geodesics which generalizes the Jacobi 
equation known for metric geodesics. We consider the fact, that such a geometric 
analysis is possible as particularly useful. 

It is well known that the Schwarzschild-Kruskal solution admits global dou- 
ble null coordinates (cf. B. Schmidt, this volume), however, these coordinates, 
or coordinates derived from them by simple algebraic relations, do not extend 
smoothly through .%* and they are very specific for the Kerr family. The discus- 
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sion above supports the hope that conformal Gauss systems can be coustructed 
in much more gcueral situations. Of course. while there are a few eeneral consid- 
eratious which may help bere. a good choice of the initial data for the conformal 
poeodesics will depend on the specific solution and one has to gather experience 
with this, as with any choice of gauge. If conformal Gauss systems are used in 
the context of the general conformal field equations to perform numerical calcu- 
lations. the tensor fields entering the generalized Jacobi equations are essentially 
calculated as one goes along and the possible tendency of the underlying con- 
gruence of conformal geodesics to form caustics can be monitored during the 
calculation. 

It should be noted that Gauss systems for which the initial tangent vector 
field on S$ and the pull back of the 1-form field b to S are identical, define the 
same congruence of curves, if these are considered as point sets. The parame- 
terizations of these curves, however, may be different and the systems will thus 
define different foliations. This freedom has hardly been explored yet. 

Since the space reflection in S is given by r + m?/4r, it is sufficient to discuss 
the conformal geodesics starting at the subset of S where r > m/2, which cover 
a full r > 2m part and two ‘halves’ (one in the past and one in the future of 
S) of the 7 < 2m part of the Schwarzschild solution. The conformal geodesics 
with @ = const., 6 = const., r = rz = (3+ V5)m/4, stay on a hypersurface 
{7 = 5m/2} of the Schwarzschild-Kruskal space and approach time-like infinity. 
denoted by it, as T > 7 = 2/V5m. The conformal geodesics starting with 
r > r4 run out to null infinity and arrive there as T — Tg = f(r). which is 
consistent with the expression above of the conformal factor. 

The curves starting with | <r <r, hit the singularity at fF = 0 as 7 


Sige 
Tsing = f(r) H(K(k),k), where k(r) = ae (1 +,/mr/2(r—- 2)) : K(k) = 
a — k? sin? x)—*/2 da, and 
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with Jacobi's elliptic function di. They pierce the horizon H~ {P= 2in) at 
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As to be expected, we find that 7,.,; > 7% as Tr r+ with r > rs and also 
Tsing» Thor > Tj AST > 74 With r< ry. 

Signals periodic in proper time of an observer approaching the horizon are 
received on .¥* at. Bondi-times which grow only logarithmically?. Consequently. 
a high resolution is required in a numerical calculation which aspires to probe 
the field near 2+ by following outgoing null geodesics which start on a Cauchy 
hypersurface and arrive at null infinity at very late Bondi-times. Therefore we 


~ Lowe much to discussions with P. Hiibner about this point. However, we both have 


to acknowledge the priority of W. Allen’s formula: eternity is very long, especially 
near the end. 
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consider it particularly important to acquire a detailed understanding of the 
characteristic features of the field near it. 

It is customary, and natural from the point of view of the causal structure 
(cf. 71). to denote time-like infinity in the schematic (conformally compactified) 
causal diagrams by one or several ideal points i+, but the specific structure of 
the field in the region close to them is little understood. In our representation 
of the Schwarzschild-Kruskal space the behaviour of the term (97)? do? of the 
metric 07 gs in the limit as 7 > 7; on the hypersurface if — 1) OF (r= 27) 
suggests that we should consider i+ as a point with coordinates 7 = 7;, r = 
r¢ (the coordinates @ and @ loosing their meaning there as at the origin of 
a polar coordinate system). Without further analysis, however, this can only 
be considered as a way of speaking. Contrary to what is observed in Minkowski 
space. 7* is not only approached by time-like geodesics and by the null generators 
of ¥*. but also by null geodesics originating from the interior of the space- 
time, namely those generating the event horizon and those which stay on the 
set {7 = 3m} or approach it in the future. Such phenomena do not occur for 
regular conformal structures and thus 7+ cannot be considered as a point in a 
suitably defined regular conformal extension. 

It is reasonable to expect that conformal geodesics of a regular conformal 
structure which approach a point p in the underlying manifold M can be ex- 
tended. perhaps after an admissible reparametrisation, through that point as a 
smooth solution to the conformal geodesic equation, and that the curve will be 
time-like at p if it was time-like before (while such a statement is known to hold 
for metric geodesics it still has to be shown for conformal geodesics). Assuming 
this to be true. we can observe an effect of the conformal singularity near it in 
our global conformal Gauss system. Since 07. ¢/Or converges to a finite negative 
number as r > rs. with r > r+, we see that .4+ approaches, as to be expected. 
the hypersurface {r = r,} near i* under a certain angle. In contrast, we find 


vz —-1 


that Oting/Or = (rz —r) VY? asr—ry with r < rx, such that the graph of 
Tsing, and with it also the graph of Tor, becomes tangent to {r =r} at i+. As 
a consequence, the conformal geodesics generating {r = r;} become tangent to 
the null geodesics generating H* when they approach 7+. 

Though this may look like a subtlety, one may wonder about its consequences 
if one tries to observe the Courant-Friedrichs-Lewy condition in a numerical 
calculation near i+. Moreover, the speed with which the singularity and the 
horizon approach the hypersurface {r = r;} may require special measures to 
sufficiently resolve these structures numerically. 

There are of course much more drastic effects. While the rescaled conformal 
Weyl tensor (expressed in suitably adapted coordinates or frame fields) extends 
smoothly to .4%*, it diverges along the null generators of the horizon like O-! near 
i+, and blows up like 1/7? near the singularity (if the conformal factor approaches 
a positive value there, as it does in our case), resulting in a non-uniformity with 
strong gradients near 7*. Moreover, slight changes in the data may lead to a Kerr 
solution with drastically different behaviour near i+, including a Canchy horizon, 
a completely different singularity structure, and causality violations (ef. iin ia 
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recent years considerable work has been done to understand what happens to 
these structures under perturbations of the data (cf. (56) and the references 
given there) but these studies supply surprisingly little precise information on 
the behaviour of the field in the close vicinity of i*. 

One may object to our discussion that we create unnecessary problems by 
insisting on conformal rescalings in a region where the field is usually consid- 
ered as weak. But the phenomena we discuss are present anyway, they are just 
brought out most succinctly by suitable rescalings. It is not so clear, though, 
what ‘suitable’ may mean here. In the case of space-like infinity we have seen 
that there are representations which allow us to see properties which are hard 
to analyse with other choices of the gauge. 

This raises the question whether there exists a kind of ‘resolution of the 
singularity at time-like infinity’ which makes the situation more amenable to a 
detailed analysis and to a numerical treatment. The situation near 7* is clearly 
quite different from that near i°. There is nothing near i? which compares with 
the singularity ‘{7 = 0}’ and the horizon H* and the way they meet with 4+ 
at i+. Because of these structures the singularity obtained in a conformal repre- 
sentation which makes time-like infinity a point is much less isotropic than the 
singularity obtained if space-like infinity is represented by a point. Moreover, 7* 
is causally differently related to the physical space-time than i°. A ‘resolution 
of the singularity at 7+’ must be compatible with a time evolution which essen- 
tially takes into account the complete information given by the initial data. It 
should be emphasized that we are not interested here in a formal definition of 
a space-time boundary which relies on more or less implicit assumptions of the 
time evolution of the field. We seek a construction which will help us analvse the 
latter. This construction can only be fruitful if it follows from the structure of 
the field equations in a similar sense as the cylinder at space-like infinity does. 

Looking again at the complicated behaviour of the fields near time-like infin- 
ity suggested in [56], this task may appear hopeless. However. it seems to be the 
accepted view that in the case of a gravitational collapse to a black hole some 
kind of universal behaviour can be expected near 77 in the sense that the field 
will in general approach near time-like infinity somehow that of a Kerr solution 
([68]). The recent proof of the Penrose inequality ({10]. [55]) lends some support 
to this, because the original argument leading to this inequality relied on the 
‘establishment viewpoint’ indicated above ([69]). 
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Abstract. A uniqueness theorem for Minkowski space and de Sitter space associated 
with the occurrence of null lines (inextendible globally achronal null geodesics) is pre- 
sented. This result is obtained as a consequence of the null splitting theorem, which is 
also discussed. 


2.1 Introduction 


The aim of this paper is to present some rigidity results for asymptotically 
simple space-times. By a space-time we mean a smooth connected time oriented 
Lorentzian manifold (AJ. g) of dimension > 3, having signature (— +---+). We 
use standard notation for causal theoretic notions, e.g., for A C M, I*(A,M), 
the time-like future of A in AJ (resp.. I~ (A, M), the time-like past of A in M), is 
the set of all points that can be reached from A by a future directed (resp. past 
directed) time-like curve in Af. For other basic definitions and results in space- 
time geometry and causal theory we refer the reader to the standard references 
(14. 19]. 

Penrose’s treatinent of infinity [18.20] in asymptotically flat space-times (and 
space-times with other asymptotic structures, as well) is based on his notion 
of asymptotic simplicity. A 4-dimensional, chronological space-time (M,qg) is 
asymptotically simple provided there exists a smooth space-time-with-boundary 
(AI. g) such that. 


(a) Af is the interior of M. and hence, M = MU, where ¥ = 0M, 

(b) g = 927g, where 2 is a smooth function on M such that (i) 2 > 0 on M and 
(ii) 2 =0 and d2Q #0 along -¥, and 

(c) every inextendible null geodesic in Af has a past and future end-point on -F. 


Condition (c) is a strong global assumption, which implies that M is null 
geodesically complete, and ensures that 7 includes all of null infinity. But it 
also rules out space-times with singularities, and black holes, etc. To treat such 
cases, condition (c) must be suitably weakened, cf. [8, 14, 22]. 

In this paper, we will be primarily interested in asymptotically simple space- 
times which obey the vacuum Einstein equation with cosmological term, 


Ric = dg. Ou 


If \ = 0 (the asymptotically flat case) then % is necessarily a smooth null 
hypersurface, which decomposes into two parts, +, future null infinity, and 


tr 
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¥-, past null infinity. If \ > 0 (the asymptotically de Sitter case) then we have 
a similar decomposition, except that Y is space-like. 

We present here a uniqueness theorem for Minkowski space and for de Sitter 
space associated with the occurrence of null lines. A null line in a space-time 
(\/.g) is an inextendible null geodesic which is globally achroual (Qneaning that 
no two points can be joined by a time-like curve). Arguments involving null lines 
have arisen in many situations, such as the Hawking-Penrose singularity theo- 
rems {Lf}. results on topological censorship tL. the Penrosc-Sorkin- Woolgar 
approach to the positive mass theorem [21,23] (and related results on gravi- 
tational time delay [13]), and most recently results concerning the AdS/CFT 
Correspondence {12}. 

Every null geodesic in Minkowski space and de Sitter space is a null line. At 
the same time, each of these space-times, and indeed any space-time satisfying 
equation (2.1) (regardless of the sign of A) obeys the null energy condition, 
Ric (X,X) = Ri; X'X? > 0, for all null vectors X. In general, it is difficult for 
complete null lines to exist in space-times which obey the null energy condition. 
The null energy condition tends to focus congruences of null geodesics, which 
can lead to the occurrence of null conjugate points. A null geodesic containing a 
pair of conjugate points cannot be achronal. Thus we expect a space-time which 
satisfies the null energy condition and which contains a complete null line to be 
special in some way. The following theorem supports this point of view. 


Theorem 2.1. Suppose Af ts an asymptotically simple space-tiune satisfying the 
vacuum Einstein equation (2.1) with AX > 0. If M contains a null line then Mf is 
isometric to Minkowski space (if \ = 0) or de Sitter space (if X > 0). 


Let us give an interpretation of Theorem 2.1 in terms of the initial value 
problem for the vacuum Einstein equation. in the case A > 0. According to the 
fundamental work of Friedrich [5. 7). the set of asvmptotically simple solutions to 
(2.1), with A > 0, is open in the set of all maximal globally hyperbolic solutions 
with compact spatial sections. Thus, by Theorem 2.1, in conjunction with the 
work of Friedrich, a sufficiently small perturbation of the Cauchy data on a 
fixed Cauchy hypersurface in de Sitter space will in general destroy all the null 
lines of de Sitter space, i.e., the resulting space-time that develops from the 
perturbed Cauchy data will not contain any null lines. While one would expect 
many of the null lines to be destroyed, it is somewhat surprising that none 
of the null lines persist. One is tempted to draw a similar conclusion in the 
A = 0 case. However, the nonlinear stability of asymptotic simplicity in this 
case has not been established, and, indeed may not hold. ef., [8.9] for further 
discussion. In fact at present. Minkowski space is the only known asymptotically 
simple solution to (2.1) with A = 0 (though evidence is mounting that there are 
solutions distinct from, but in a suitable sense, close to Minkowski space: by 
Theorem 2.1, such solutions would have no null lines). Finally, we note that an 
asymptotically simple and de Sitter space-time AZ, which does not contain any 
null lines, will not have any particle horizons, i.e., the “past null cones” 0J~ (p) 
will be compact for all p € AI sufficiently close to 4+. As all such null cones 


2 Asymptotically Simple Space-Times 53 


4 

in de Sitter space are non-compact. this further serves to illustrate the delicate 
nature of the causal structure of de Sitter space (see also [13, Corollary 1}). 

Theorem 2.1 is a consequence of the null splitting theorem obtained in [10]. 
This latter result establishes the rigidity in general of null geodesically complete 
space-times which obey the null energy condition. We discuss this result in the 
next section. In Sect. 2.3 we present the proof of Theorem 2.1. For results of 
related interest concerning the rigidity of asymptotically simple space-times. 
see, for example, [6, 15]. 


2.2 The Null Splitting Theorem 


The statement of the null splitting theorem involves null hypersurfaces. We recall 
briefly some facts about the geometry of null hypersurfaces; see e.g., [10, 14, 19] 
for more detailed discussions from slightly varying points of view. 

A smooth null hypersurface in a space-time (AJ. g) is a smooth co-dimension 
one submanifold S along which the Lorentz metric g is degenerate. Hence, S$ 
adits a smooth future directed null vector field A, which is unique up to a 
positive scale factor. As is well-known, the integral curves of A’, when suitably 
parameterized. are null geodesics, and are referred to as the null generators of S. 

The null expansion tensor (or null second fundamental form) © of S measures 
the variations in the spatial separation of the null generators of S. Let TS/K 
denote the tangent vectors to S mod K: for each p € S, T,S/K = {X : X € 
Ips}. where X = {Y € 7,5: Y = Xmodk}. TS/K is an n — 2 dimensional 
véetor bundle over S (n = dimmA/). For X. Y € T,5/K, define h(X.Y) = 
g(X.Y): h is a well-defined smooth Riemannian metric on T'S/K’. © is defined 
as. O(X.Y) = 9g(Vx K.Y). where V is the Levi-Civita connection of (AZ, g); © is 
a well-defined symmetric bilinear form on T.S/A, unique up to the scaling of K. 
By tracing © with respect to h, we obtain the null expansion scalar 6 = he Op 
which measures the divergence of the null generators towards the future. Along 
an affinely parameterized null generator. s > 7(s), the null expansion 6 = 6(s) 
satisfies (provided K is appropriately scaled) the Raychaudhuri equation for an 
irrotational null geodesic congruence. 

dé 


1 
= Rie (1,1) - 0° — 


ee 29 
ds n—2 ae 


where 02 = 0,,0%, and oq» is the shear tensor, dab = Fab — 14. 

We say that S' is totally geodesic if and only if the expansion tensor vanishes, 
6,» = 0, or, equivalently. if and only if the expansion scalar and shear vanish, 
6 = 0. oop = 0. This has the usual geometric meaning: A geodesic in M starting 
tangent to a totally geodesic null hypersurface S remains in S. Null hyperplanes 
in Minkowski space are totally geodesic, as is the event horizon in Schwarzschild 
space-time. 

We now state the null splitting theorem. 
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Theorem 2.2. Let Af be a null geodesically complete space-time which obeys 
the null energy condition, Ric(X,X) = Ri;X'X? > 0, for all null vectors X. If 
M admits a null line n then 1 is contained in a smooth achronal edgeless totally 
geodesic null hypersurface S. 


The simplest illustration of Theorem 2.2 is Minkowski space: Each null line 
¢ in Minkowski space is contained in a unique null hyperplane //. 

We make some comments about the proof, which is based on a maximum 
principle for C° null hypersurfaces, see {10] for details. First, by way of motiva- 
tion, note that the null plane I7 above can be realized as the limit of the future 
null cone OI+(zx) as x goes to past null infinity along the null line ¢. IZ can also 
be realized as the limit of the past null cone OJ~ (x) as x goes to future null 
infinity along the null line @. In fact, one sees that IJ = O17 (£) = OF (£). 

Thus, in the setting of Theorem 2.2, consider the achronal boundaries S, = 
OI+(n) and S_ = OI~(n). By standard causal theoretic results [19]. S, and S_ 
are achronal, edgeless, C° (but in general not smooth) hypersurfaces in M. Since 
7 is a achronal, it follows that S; and S_ both contain 7. For simplicity. assume 
S.. and S_ are connected (otherwise restrict attention to the component of each 
containing 7). The proof then consists of showing that S, and S_ agree and 
form a smooth totally geodesic null hypersurface. We give some indication as to 
how this works. 

By further properties of achronal boundaries (see especially [19. Lemma 
3.19]), each point p € S_ is the past end point of a null geodesic contained 
in S_ which is future inextendible in A7, and hence future complete, i.e.. S_ isa 
C°® null hypersurface ruled by future complete null geodesics. Similarly. S, is a 
C® null hypersurface ruled by past complete null geodesics. Now suppose S and 
S_— are actually smooth null hypersurfaces. Then by standard arguments, based 
on Raychaudhuri’s equation (eq. (2.2)), S_ must have null expansion 6_ > 0. 
Indeed, if 6. < 0 at some point p then the null generator through p would en- 
counter a null focal point in a finite affine parameter time to the future. forcing 
the generator to leave S_, which is impossible. (This is the basis of the proof 
of the black hole area theorem.) Time-dually, S, has null expansion 6, < 0. 
Now, let g be a point on both S; and S_. By simple causal considerations one 
observes that in the vicinity of g, S; lies to the future side of S_. Using the 
inequalities 0, <0 < 6_, and the fact that the null expansion scalar can be 
expressed as a second order quasi-linear elliptic operator acting on some func- 
tion related to the graph of the null hypersurface, one can apply the strong 
maximum principle to conclude that S; and S_ agree near q, c.f., [10, Theorem 
II.1}. Thus, the nonempty set SS, is both open and closed in S_, and in 
S,. Hence S_ = $4, and this common null hypersurface, call it S, must have 
vanishing null expansion, 0 = 0. Equation (2.2) then implies that the shear of 
the generators also vanishes, and hence S is totally geodesic. 

The principal difficulty in proving Theorem 2.2 is in showing that the argu- 
ments of the preceding paragraph extend to the C® setting. In fact it is possible 
to show that S, and S_ satisfy, 6, <0 < 6_, in a certain weak sense, namely, 
in the sense of smooth support null hypersurfaces. Then. ay an application of the 
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weak version of the strong maximum principle obtained in [2] (which includes 
a regularity assertion), it is again possible to show that S, and S_ agree and 


form a smooth null hypersurface with vanishing null expansion scalar, cf., [10, 
Theorem II1.4]. 


Zoe) EroOotl Of Theorem 2.1 


A proof of Theorem 2.1 in the case \ = 0 was given in [10]. Here we give a proof 
ef Theorem 2.1, different in a number of respects, which accommodates the case 
A > 0. We also correct a mistake in the proof given in [10]. The proof made use 
of the erroneous assertion that AJ~ = M U7 is causally simple (i-e., that the 
sets of the form J*(K.A—) are closed for all compact K C M7). As pointed 
out in [16], without some further assumption on .%, this in principle need not 
hold. In the proof presented here we circumvent the use of causal simplicity. 

The first, and main step in proving Theorem 2.1, is to show that (M,g) 
has constant curvature. Let 7 be the assumed null line in M, and let S be the 
component of OJ*(7. 1) containing 7. By Theorem 2.2, S is a smooth totally 
geodesic null hypersurface in AZ. The null line 7 acquires a past end point p on 
#~ and a future end point g on .%*. We examine the structure of S near p. (A 
sinular structure will hold near g.) For this purpose it is convenient to extend 
Afl~ = MU.¥%~ slightly beyond its boundary. Thus, without loss of generality, we 
nay assume that A/~ is contained in a space-time (without boundary) P such 
that %~ separates P. It followsthat 4% isa globally achronal null hypersurface 
in 2. 

Observe that I*(7. Mf) = I* (p, P), from which it follows that OIT(n,M) = 
OI*(p.P) OM (where OI+(A.X) refers to the boundary in X). Asymptotic 
simplicity then implies that the generators of 0J*(n,M) must have past end 
points on .Y~ at p. (A generator + of Ol* (p, P) starting in M either extends to 
p, or else is past inextendible in P, while remaining in OI‘ (p, P). In the latter 
case, y meets .Y~ transversely and enters I~ (.4~, P), violating the achronality of 
Y-.) The generators of S C O/*(n, Af) must coincide with those of OI*(n, M), 
and hence have past end points on .%~ at p, as well. Let U be a convex normal 
neighborhood of p, and let A be the “null cone” in U generated by the future 
directed null geodesics in U emanating from p. A is a smooth null hypersurface 
in U, except for the conical singularity at p. We can choose a smooth space-like 
hypersurface in U, passing slightly to the future of p, which meets A in a 2-sphere 
x. By invariance of domain, and the fact that S is closed in M, it is easily seen 
that the subset © 9S of & AM is both open and closed in 1 M. It follows 
that all the null geodesics forming A correspond precisely to the generators of 
S, except. in the asymptotically flat case, for the generator yp of ¥%~ with past 
end point p. Note in particular, this implies that S = OF (yy. 

Now, set N, = S U 4p in the asymptotically flat case, and N, = SU {p} 
in the asymptotically de Sitter case. From the above, N, is made up of all the 
future inextendible null geodesics in P emanating from p. In the asymptotically 
de Sitter case, %~ is space-like, so OJ*(p, P) meets %~ only at p. It follows 
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from statements above that N, = OI*(p,P). Suppose, in the asymptotically 
Hat case, that OI+(p, P) meets .%~ at a point x, say. Then there exists a null 
geodesic y C 01+ (p, P) with future end point x which either extends in the past 
to p or is past inextendible in MU-%~. In the latter case, Lemma 4.2 in [16] 
implies that M C I*(y7), from which it follows that M C I*(p,P). But this 
contradicts the achronality of 7. It follows that OJ*(p. P).%~ = 7p, and again 
we have N, = OI*(p, P). Thus, N, is an achronal boundary, and hence is an 
achronal edgcless C° hypersurface in P. Moreover, since the future directed null 
geodesics in P emanating from p do not cross and, being achronal, do not have 
points conjugate to p, N, \ {p} is the diffeomorphic image under the exponential 
map exp: O C T,P > P of (Af \ {0}) NO, where AF is the future null cone in 
TpP and O is the maximal open set on which exp is defined. Thus. apart from 
the conical singularity at p, N, is a smooth null hypersurface. We are justified 
in thinking of N, as the future null cone in P at p. 

The shear tensor d,» of S in the physical metric g vanishes. and so, since the 
shear is a conformal invariant, the shear tensor d,s of N, \ {p} vanishes in the 
unphysical metric g. Then by the well-known propagation equation for the shear 
tensor [14, Eq. 4.36], the components Gare (with respect to an appropriately 
chosen frame in which €9 is aligned along the generators) of the conformal tensor 
of g vanish on N, \ {p}. We can now invoke an argument of Friedrich [6] used 
in essentially the same situation to prove a cosmic no-hair theorem. By use of 
the regular conformal field equations, specifically the divergencelessness of the 
rescaled conformal tensor. 
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Friedrich shows that the full rescaled conformal tensor d’,, vanishes on the fu- 
ture domain of dependence D*(N,, P) of N,. Hence. the conformal tensor with 
respect to the physical metric vanishes on D*(N,.P)9 M. Together with equa- 
tion (2.2), this implies that (/,g) has constant curvature on D*(N,. P)N AZ. In 
a precisely time-dual fashion (A/,g) has constant curvature on D7 (Ng.Q)N AM, 
where Q is an extension of AJU.%* analogous to P. and N, is the past null cone 
in @ at gq. 

To conclude that M is everywhere of constant curvature we need to show 
that Mc D™(N,, P)L D7 (Nj, Q). Since S = OI+(n. M) = OF “(n. AL), M can 
be expressed as the disjoint union. 


M =I-(S,M)USUIT(S.M). (2.3) 


This decomposition follows from [19, Proposition 3.15], but can be easily shown 
directly as follows. Let x € AM \ S. There exists a curve o in M (not necessarily 
causal) from x to y € S that meets S only at y. Either oA I (S,M) 4 @ or 
oNIt(S, M) # 0. If the latter holds and o is not contained in 1*(S, M1), then o 
meets O1*(S, M) at some point z ¢ S. But since [+ (S,M) = E*(Ol* (7, Aa 
I*(n, M), z € OI*(n,M) = S, which is a contradiction. Hence, o C i*(Saviee 
and so x € IT(S,M). Similarly, 7 I~ (S. Mf) # @ leads to x € I~(S,M), which 
establishes (2.3). 
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We now show that each term in (2.3) is a subset of DE Nee UD-(N«@), 
Trivially, S C Np C Dt(N,,P). Consider I+(S,M) ¢ J*(Ny,P) AM. We 
claim that J*(N,,P)9M Cc D*(N,, P) NM. If not, then H+(N,, P)AM £6. 
Choose a point « € H*(N,, P)O A, and let v be a null generator of SN) 
with future end point x. Since N, is edgeless, v remains in H (Napa easit is 
extended into the past. By asy aiotie sunplicity, y must meet .%~. In fact, v 
must meet %~ transversely (even in the asymptotically flat case, since v starts 
in M) and then enters J~(.%~, P). But this means that v has left J+(N>,, P), 
which is a contradiction. Hence, 1+(S.M) C Dt(N,,P), and by the time-dual 
argument, J~ (SoNf) C D-(N,.Q). 

Thus, Af is globally of constant curvature. By the uniqueness of simply con- 
nected Lorentzian space forms. Theorem 2.1 will follow once we show that M is 
simply connected and geodesically complete. In the asymptotically flat case, it 
is shown in [16] that M is simply connected (in fact, is homeomorphic to R*). 
Simple connectivity in the anti-de Sitter case may be established as follows. Each 
generator of S has a past end point at p and a future end point at g. By the 
structure of S near p and gq established above, it follows that SU {p, q} is homeo- 
morphic to the 3-sphere. Perturbing SU {p,q} slightly near p and q, we obtain a 
smooth achronal 3-sphere So in Af. By an argument similar to one given above, 
one can show that H*(So9,P)Q M = H*(S9.Q)NM = 9, from which it follows 
that So is a Cauchy surface for Af. (Alternatively, it follows from Proposition 
2.1 in [1] that Af is globally hyperbolic. Then, since Sp is compact and achronal 
it must be a Cauchy surface.) Thus Af has topology R x Sg, and so is simply 
connected. 

It remains to show that AJ is geodesically complete. Being asymptotically 
simple. we know that A/ is null geodesically complete, which is essential to the 
proof of full completeness. Let Af denote Minkowski space in the case A = 0, 
and de Sitter space in the case A > 0. By standard results, for each « € M and 
x € M. there is a neighborhood of x isometric to a neighborhood of Zz. Since Af 
is simply connected, these local isometries can be pieced together, by an analytic 
continuation type argument, to produce a local isometry ¢: M — M, see, for 
example, Theorem 8.17 in [17]. (The assumption in [17, Th. 8.17] that M is 
complete is not needed to produce the local isometry; it is used only to conclude 
that @ is a covering map.) 

Let x be any point in MM, and let = d(x). Then, from the fact that @ is a 
local isometry and M is null geodesically complete, it follows that any (broken) 
null geodesic seginent in A/ starting at % can be lifted uniquely via @ to a (broken) 
null geodesic segment in Af starting at x. From this it follows that @ is onto: 
Fix x € M and let & = @(xr). Let v be a broken null geodesic in M from & to 
any other point y. Let v be the lift of v starting at 2, and let y be its final end 
point; since v covers 7, we must have ¢(y) = y. 

To establish geodesic completeness, it is sufficient to show that any unit 
speed time-like or space-like geodesic 7 : [0,a) + M, t — y(t), continuously 
extends to t = a. Let y = $07; 7 can be Senden to a complete geodesic in M 
which we still refer to as 7. Fixing ug € [0,a) sufficiently close to a, one easily 
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constructs a C° homotopy of curves {G,}, uo < u < a, from 7(0) to 7(a), where, 
for each u € [ug,@), T, consists of the segment | [o,u); followed by a suitably 
chosen two-segment broken null geodesic v, from 7(u) to 7(a), such that the 
length of », (in some background Riemannian metric) goes to zero as U > a. 
The broken null segments i, can be constructed from the two families of null 
geodesics foliating a totally geodesic time-like 2-surface containing ¥|[u9,a]- By 
the nature of the lifting procedure, the homotopy {@,}, uo < u < a can be 
lifted to a C° homotopy {o,,}, uo < u < a, where, for each u, oy consists of the 
segment |0,uj, followed by a two-segment broken geodesic ,, covering ,. The 
curves ¢,, must have a common final end point q, say. Since the length of , goes 
to zero (in the lifted Riemannian metric) as u — a, it follows that 7(u) — q as 
u— a, ie., y is extendible to g. This completes the proof of Theorem 2.1. 


2.4 Concluding Remarks 


It is possible to formulate a version of Theorem 2.1 applicable to anti-de Sit- 
ter space. However, since in this case -¥ is time-like, the characteristic initial 
value problem encountered in the proof of Theorem 2.1 would become an initial- 
boundary value problem, and it would be necessary to impose boundary data 
(namely the vanishing of the conformal tensor) on -%. In this case one might ex- 
pect to establish the uniqueness of anti-de Sitter space without the assumption 
of a null line. 

We believe that one should be able to generalize Theorem 2.1 in certain 
directions. For example, in the asymptotically flat case. we expect that the vac- 
uum assumption could be weakened to allow for the presence of matter. For 
instance, if we assume space-time A/ satisfies the null energy condition. and is 
vacuum in a neighborhood of -%, then the proof of Theorem 2.1 implies the 
existence of open sets near scri which are flat. If the vacuum region is analytic 
then it follows that a neighborhood of scri is flat, and so AJ should have van- 
ishing mass. By a suitable version of the positive mass theorem, AJ should be 
isometric to Minkowski space. Thus. we conjecture that. in the asymptotically 
flat case, the vacuum assumption can be replaced by the null energy condition 
and a requirement that the space-time Ricci tensor falls off at an appropriate 
rate on approach to ¥%. It may also be possible, in the asymptotically flat case. 
to prove a version of Theorem 2.1 for weakly asymptotically simple space-times, 
which allows for the occurrence of black holes. By imposing suitable conditions 
on the domain of outer communications [~(.47)NI* (4) (e.g., that the DOC 
be globally hyperbolic) one might expect to be able to show that the DOC is 
flat. To accomplish this, one may be able to exploit the fact that the proof of 
the null splitting theorem does not actually require the full null completeness 
of space-time. As the discussion of Theorem (2.2) shows, if 7 is the null line, it 
is sufficient to require that the generators of O[~(n) (respectively, OI+(7)) be 
future (resp., past) complete. 

We mention in closing that the null splitting theorem has recently been used 
[1] to obtain restrictions on the topology of asymptotically simple and de Sitter 
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space-times obeying the null energy condition. It is shown that the Cauchy 
surfaces of such space-times must be compact and have finite fundamental group. 
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Abstract. This paper is concerned with several not-quantum aspects of black holes, 
with emphasis on theoretical and mathematical issues related to numerical modeling of 
black hole space-times. Part of the material has a review character, but some new re- 
sults or proposals are also presented. We review the experimental evidence for existence 
of black holes. We propose a definition of black hole region for any theory governed by 
a symmetric hyperbolic system of equations. Our definition reproduces the usual one 
for gravity. and leads to the one associated with the Unruh metric in the case of Eu- 
ler equations. We review the global conditions which have been used in the scri-based 
definition of a black hole and point out the deficiencies of the scri approach. Various re- 
sults on the structure of horizons and apparent horizons are presented, and a new proof 
of semi-convexity of horizons based on a variational principle is given. Recent results 
on classification of stationary singularity-free vacuum solutions are reviewed. Two new 
frameworks for discussing black holes are proposed: a “naive approach”, based on coor- 
dinate systems, and a “quasi-local approach”, based on timelike boundaries satisfying 
a null convexity condition. Some properties of the resulting black holes are established, 
including an area theorem, topology theorems, and an approximation theorem for the 
location of the horizon. 


3.1 Introduction 


Black holes belong to the most fascinating objects predicted by Einstein’s theory 
of gravitation. Although they have been studied for years,’ they still attract 
quite a lot of attention in the physics and astrophysics literature and, in fact, an 
exponential growth of the number of related papers can be observed.” It turns 
out that several field theories are known to possess solutions which exhibit black 
hole properties: 


e The “standard” gravitational ones which, according to our current postu- 
lates. are black holes for all classical fields. 
e The “dumb holes”, which are the sonic counterparts of black holes, first 


discussed by Unruh [127]. 


* Partially supported by a Polish Research Council grant # KBN 2 PO3B 130 16. 

1 The reader is referred to the introduction to [27] for an excellent concise review of 
the history of the concept of a black hole, and to [26, 82] for more detailed ones. 

2 A search on the key word “black holes” on 2.11.2001 reveals 213 papers on gr-qc for 
the current year and 773 papers from 1991, date of the beginning of the archive; the 
figures on astro-ph and hep-th are very similar. 
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e The “optical” ones - the black-hole counterparts arising in the theory of 
moving dielectric media, or in non-linear electrodynamics (95, 111]. 

e The “numerical black holes” - objects constructed by numerical general rel- 
ativists. We shall argue below that this leads to the need of introducing, and 
studying, new frameworks for the notion of black holes; two such frameworks 
(“naive black holes” and “quasi-local black holes”) will be introduced and 
studied in Sects. 3.8.1 and 3.8.2 below. 


(An even longer list of models and submodels can be found in [9].) In this 
work we shall discuss various aspects of the above. The reader is referred to 
(21.51. 77.83. 113.133] and references therein for a review of quanti aspects of 
black holes. Let us start with a short review of the observational status of black 
holes in astrophysics. 


3.2 Experimental Evidence 


While there is growing evidence that black holes do indeed exist in astrophysical 
objects. and that alternative explanations for the observations discussed below 
seem less convincing, it should be borne in mind that no undisputed evidence 
of occurrence of black holes has been presented so far. The flagship black hole 
candidate used to be Cygnus X-1, known and studied for years (cf.. e.g., [27]). 
Its published mass has been going up and down over time: an optimistic inter- 
pretation of this phenomenon is that there has been mass accretion during the 
ascending periods. and Hawking radiation during the descending ones: a more 
realistic one is that there is still considerable uncertainty in the determination 
of this mass. Table 3.1° lists a series of very strong black hole candidates in 
X-ray binary systems; Mf, is mass of the compact object and M, is that of its 
optical companion; some other candidates, as well as references. can be found 
in [103,109]. The binaries have been divided into two families: the High Mass 
X-ray Binaries (HAIXB). where the companion star is of ¢relatively) high mass. 
and the Low Mass X-ray Binaries (LMXB), where the companion is typically 
below a solar mass. The LMXB’s include the “X-ray transients”, so-called be- 
cause of flaring-up behaviour. This particularity allows to make detailed studies 
of their optical properties during the quiescent periods, which would be impos- 
sible during the periods of intense X-ray activity. The stellar systems listed have 
X-ray spectra which are neither periodic (that would correspond to a rotating 
neutron star), nor recurrent (which is interpreted as thermonuclear explosions 
on a neutron star’s hard surface). The final selection criterion is that of the mass 
M, exceeding the Chandrasekhar limit Mc ~ 3 solar masses Mz.* According to 
the authors of [27], the strongest black hole candidate in 1999 was V404 Cygni, 
which belongs to the LMXB class. 

Table 3.1 should be put into perspective by realizing that, by some esti- 
mates [99], a typical galaxy such as ours — should harbour 107 — 108 stellar 


° The recent review [109] lists thirteen black hole candidates. 
4 oO . . * 
See [103] for a discussion and references concerning the valueof Mc. 
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Table 3.1. Stellar mass black hole candidates (from [99]) 
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Type Binary system M./Mo M./Mo 

HMXB: Cygnus X-1 ieee Alk 24 -42 
LMC X-3 5.6-7.8 20 
LMC X-1 >A4 4-8 

LMXB: V 404 Cyg 10-15 OG 
A 0620-00 o-L7 0.2-0.7 
GS 1124-68 (Nova Musc) 4.2-6.5  0.5-0.8 


GS 2000+25 (Nova Vul 88) 6-14 = 0.7 
GRO J 1655-40 

H 1705-25 (Nova Oph 77) 
J 04224432 6-14 


black mass holes. We note an interesting proposal, put forward in [28], to carry 
out observations by gravitational microlensing of some 20 000 stellar mass black 
holes that are predicted [105] to cluster within 0.7 pc of Sgr A* (the centre of 
our galaxy). 

It is now widely accepted that quasars and active galactic nuclei are pow- 
ered by accretion onto massive black holes [101,135]. Further, over the last few 
years there has been increasing evidence that massive dark objects may reside 
at the centres of most, if not all, galaxies [100,120]. In several cases the best 
explanation for the nature of those objects is that they are “heavyweight” black 
holes, with masses ranging from 10° to 10!° solar masses. Table 3.2° lists some 
supermassive black hole candidates; some other candidates, as well as precise 
references. can be found in [87, 103, 104. 119]. The main criterion for finding can- 
didates for such black holes is the presence of a large mass within a small region; 
this is determined by maser line spectroscopy, gas spectroscopy, or by measuring 
the motion of stars orbiting around the galactic nucleus. The reader is referred 
to [108] for a discussion of the maser emission lines and their analysis for the 
supermassive black hole candidate NGC 4258. An examiple of measurements via 
eas spectrography is given by the analysis of the Hubble Space Telescope (EST) 
observations of the radio galaxy MST [126] (compare (LOT): A spectral analysis 
shows the presence of a disk-like structure of ionized gas in the innermost few 
arc seconds in the vicinity of the nucleus of M 87. The velocity of the gas mea- 
sured by spectroscopy (cf. Fig. 3.1) at a distance from the nucleus of the order of 
6 x 10!" m, shows that the gas recedes from us on one side, and approaches us on 


5 The table lists those galaxies which are listed both in [104] and [87]; we note that 
some candidates from earlier lists [119] do not occur any more in [87, 104]. Nineteen 
of the observations listed have been published in 2000 or 2001. 
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Table 3.2. Twenty-nine supermassive black hole candidates (from [87, 104]) 


dynamics of host galaxy M;,/Mo host galaxy Mn/Me 


water maser discs: NGC 4258 4x 10° 


gas discs: IC 1459 2x10® M 8&7 3x 10° 
NGC 9787 4x10’ NGC es 2x 10° 
NGC 4261 5x10% NGC 4374 4x 10° 
NGC 5128 210° “GN@@e251 6x10 
NGC W052 3x 10" 


stars: NGC 821 4x10’ NGC 123 4x10" 

NGC 2778 Ise10" NOC 3s ~ foie 

NGC 3377. Dxi0° "NEC 3305 1 <a 

NGC 3384 1x10’ NGC 3608 l#av 
NGC 4291 2x10 NGC 43420 3>xa0° 
NGC 4473 1x10® NGC 4486B 5x 10° 
NGC 4564 6x10’ #NGC 4649 2.x 10° 
NGC 4697 2x10® NGC 4742 1.x 10° 
NGC 5845 3x10° NGC 7457 4x 10° 
Milky Way 2.5 x 10° 


the other, with a velocity difference of about 920 km s~ . This leads to a mass 
of the central object of ~ 3 x 10° Mo, and no form of matter can occupy such 
a small region except for a black hole. Figure 3.2 shows another image, recon- 
structed out of HST observations, of a recent candidate for a supermassive black 
hole the (active) galactic nucleus of NGC 4438 [85]. To close the discussion of 
Table 3.2, we note that the determination of mass of the galactic nuclei via direct 
measurements of star motions has been made possible by the unprecedentedly 
high angular resolution and sensitivity of the HST. There seems to be consensus 
[S7. LO4. 120] that the two most convincing supermassive black hole candidates 
are the galactic nuclei of NGC 4258 and of our own Milky Way. 

There is a huge gap between the masses of stellar mass black holes and 
those of the supermassive black holes and, in Bromley’s terminology [20], “mid- 
dleweight” candidates would be welcome. Such a tentative black hole with M of 
the order of 460M has been identified in M 82 by A. Ptak and R. Griffiths [117]. 
E. Colbert and R. Mushotzky [48] give a list of compact X-ray sources which 
could include some further black holes with masses in the 10? — 104Mo range. 
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Let us close this section by pointing out the review paper [25] which discusses 
both theoretical and experimental issues concerning primordial black holes. 


3.3 Causality for Symmetric Hyperbolic Systems 


The usual, Scri based, definition of a black hole proceeds as follows: one starts 
by introducing a preferred asymptotic region — this is usually taken to be a con- 
formal boundary. Then the black hole region is defined as the set of points which 
cannot send information to the asymptotic region: we will return to the details 
of this construction in Sect. 3.4 below. The key ingredient here is the notion of 
“not being able to send information” this is usually defined using the metric 
together with the postulate that the propagation speed for objects carrying infor- 
mation is bounded from above by that of null geodesics. The aim of this section 
is to provide a precise mathematical version of this notion, via Proposition 3.1 
below, for any symmetric hyperbolic system of differential equations, without 
introducing any supplementary postulates. The point is that every physical the- 
ory defines its own causality via the corresponding system of equations. We will 
then show in Sect. 3.3.1 how the “Unruh metric” arises in the application of our 
; 


cons ct tc 1 equations 


Let. thas. L be a qnasi-linear. svninetric livperbolic. first order partial dif- 


7 o . . 7 =) . \ 
ferential operator acting on sections y of a bundle E, with scalar product (-,-), 
OVE manifold .@: in a loc vialization over a coordinate patch Za we 


Spectrum of Gas Disk in Active Galaxy M87 


Approaching 


Receding 


Hubble Space Telescope « Faint Object Spectrograph 


i 
Wie ——— 


Fig. 3.1. Hubble Space Telescope observations of spectra of gas in the vicinity of the 
nucleus of the radio galaxy M 87, NASA and H. Ford (STScI/JHU) [123] 
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Active Galaxy NGC 4438 
Hubble Space Telescope « WFPC2 


ASA and J Kenney (Yale University) - STSci-PRCOO-27 


Fig. 3.2. Hubble Space Telescope observations ‘85° of the nuclens of the galaxy NGC 
4438, from the STScI Public Archive [123] 


have 


Lily] := A“ (y, 27) 0,9 + B(y) (3.1) 


where the A#’s are endomorphisms of the fibers of E, symmetric with respect to 
(-,-). Given a section y of EF (defined perhaps on a subset of .@), a hypersurface 
SY is said to be space-like® if one of its fields of co-normals n,, satisfies 


AP (op) 5D) tp) 0, per 
this is understood in the sense of strict positive definiteness of endomorphisms. 


By definition of a symmetric hyperbolic system, every point of the domain of 
definition of y lies on some space-like hypersurface. For p € .@ we set 


D _ mn ‘ me : ee 
op = {a € T >. | A* (y(p),p) a, is positive definite} C T*.Z , (3.2a) 
6 = ZF? C{aeTl.a@ | A*(p(p),p)a, is non-negative definite} C T*.Z , 
(3.2b) 
and 
P= Useal, CTA, CE Ueee =F . (3.3) 


The bundle -7? is thus the bundle of covectors normal to space-like hypersurfaces. 
Because positive definite matrices form a convex set, each set .Z% is a convex 


D 


6 . . j os mt . . . . 1 . 
’ In quasi-linear theories, in which the coefficients of the highest derivatives depend 


upon the fields, the notion of space-likeness will of course depend upon the given set 
of fields. 
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cone in T,-4@. The bundles 7 c T.d, respectively ! C TW , of time-like, 
respectively causal, vectors are defined by duality: 


Tp :={X ETM Wae FZ Xa, > 0}, (3.4a) 
Ch= Fp ={XeTA Nae FZ Xa, > 0}. (3.4b) 


Recall that all standard classical field equations, i.e., Euler’s equations, the scalar 
wave equation, the wave map equation, Maxwell’s equations, Yang-Mills equa- 
tions, or Einstein’s equations, can be written as a symmetric hyperbolic system 
(cf., e.g., [118] or [125, Vol. IV]). For example, the wave equation for a scalar 
field u on a Lorentzian manifold (.#,g) can be written in the form (3.1) by 
introducing a new set of variables 


Sa) ) - 


where the e,,’s, 4 = 0,...,n, form an ON-frame for g. In this case 7* coincides 
with the bundle of time-like future pointing vectors of the metric g (where the 
future direction is determined by that of e9), @" coincides with the bundle of 
causal future pointing or vanishing vectors of g, while 7’ and @ are, modulo 
sign (we are using the signature (—,+,...,+)), “7* and @ with indices lowered 
using the metric”. The same remains true for wave maps, for linear electrody- 
namics (considered as a first order system for HF and B), for the Yang-Mills 
equations in the Lorentz gauge, and for the usual symmetric hyperbolic reduc- 
tion of Einstein’s equations based on harmonic coordinates. (See the end of this 
section for more comments about the Einstein case.) 

We emphasize that the bundles 7", etc., are defined solely by the system of 
equations under consideration, independently of any metric. They can be used 
to determine the causality properties of a given symmetric hyperbolic system 
by mimicking the usual metric constructions [14,73, 112,115]: time-like future 
directed paths are defined as piecewise differentiable maps y from I to .@, where 
I C Ris an interval, with the property that the tangent ¥ is in 7* wherever 
defined: causal future directed paths are defined as Lipschitz continuous paths 
such that 7 is in @* wherever defined. Past directed paths are paths which are 
obtained from future directed paths by a reversal of parameterization. The time- 
like future I+(92), respectively the causal future J*(Q2), of a set 2 C @ is 
defined as the set of points which can be reached form {2 by following a future 
directed time-like, respectively causal, path. Causal and time-like futures J~ 
and J~ are obtained form the above definition by replacing “future” by “past”. 
Notions such as global hyperbolicity, and so on, can be defined in the usual way. It 
might be convenient to write I*(Q,L), etc., to emphasize the dependence upon 
the system of equations L, if ambiguities can arise. We note that for semi-linear 
systems by definition, these are the systems in which the coefficients A’ in 
(3.1) do not depend upon ¢ ~ the resulting causal constructs are independent of 
the solution y under consideration; however, this will not be the case in general. 

We are ready now to address the issue of main interest in this work - the 
notion of a black hole. Given a set 2 C .@ and a symmetric hyperbolic system 
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L we define the black hole region Aa(L) of 2 as 
Boh = A\ J (2). (375) 


The object so defined depends upon the set 2, and acquires its full meaning 
when 2 is naturally distinguished by the problem at hand. 

In several cases, some of which have already been mentioned, the causality 
theory constructed above arises out of a metric; we will show in Sect. 3.3.1 below 
that this holds also for the Euler equations. The intuitive meaning associated to 
the notion of a black hole region is that no information from Ag(L) can reach 
Q. This is made precise by the following result, the proof of which proceeds by 
causality arguments which are known in principle: 


Proposition 3.1. Let y be a solution of 
Ly] = J, (3.6) 


where L is symmetric hyperbolic operator (3.1) on a manifold M, and suppose 
that there exists a Lorentzian metric g such that the sets @* defined in (3.4b) are 
future light cones of g. Assume that (.@.g) is globally hyperbolic with Cauchy 
surface SY and consider a set 2 C MH such that Bo(L) #9. If y’ is a solution 
of 

Llp] =’ with gly =¢'ly, (3.7) 


and if the difference of the source terms J — J’ is supported in Ag(L), then 
y=o ond (2,£). 


We believe that the conclusion above is true without the assumption that 
causality is determined by a metric, but we are not aware of any studies of this 
question in the current context; it would be of interest to settle this. The reader 
is referred to [97] for an analogous analysis of strictly hyperbolic systems, and 
to [30] for that of second order Lagrangean hyperbolic systems. 

We close this section by mentioning that care has to be taken when inter- 
preting the notions above for systems of equations which are not directly in first 
order symmetric hyperbolic form: it can happen that the physical equations can 
be then rewritten in several different symmetric hyperbolic forms, leading to dif- 
ferent notions of pasts, futures, black hole regions, etc. This does indeed happen 
for the Einstein equations: in [57, Sect. 4.1] a symmetric hyperbolic system is 
presented which can be used to solve the Einstein equations and in which the 
causal cones, as defined above, differ from the metric ones: see the discussion 
after Equation (4.25) there. Another example of this kind arises if the T-vector 
of the system of equations given in Sect. 5.2 of [55] is chosen to be space-like. 
This is related to the acausal (in the usual metric sense) propagation of gauge 
degrees of freedom in the associated systems, and does of course not affect the 
propagation of any physically relevant quantities. Given a system of equations, 
say (5), a simple way out of this problem is to define the physical black hole 
region as the intersection, as LZ runs over the set of those symmetric hyperbolic 
systems L the solutions of which include solutions of (S$), of the associated black 
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hole regions @g(L). We note that the existence of exact solutions such as the 
pp-waves. where nonlinear perturbations propagate along null geodesics. euaran- 
tees that every symmetric hyperbolic system L which reproduces the Einstein’s 
equations will necessary contain the metric light cone as its causal light cone 
associated to L. It follows that the above prescription does indeed reproduce the 
usual metric definition of a black hole region for the vacuum Einstein equations. 


3.3.1 Dumb Holes 


Let us illustrate the considerations of the previous section in the case of the 
Euler equations 
piv+v-Vv)+ Vp(p)=0. 
pa Viev) =O" (3.8) 


For strictly positive p’s (3.8) can be rewritten as a symmetric hyperbolic system 
of the form (3.1) with B = 0, for a field y = (v’, p), by introducing the matrices 


id; 3 0 : vu! idps p's 
4° — pldR 7 |, Ai= P ity io 1) (3.9) 
0 'p Pp 0; Wis 


which are clearly symmetric with respect to the standard scalar product on 
R° x R 5 (v,p). Straightforward algebra shows that A“n,, is strictly positive if 
and only if p > 0. dp/dp > 0 and 


—(no + v'n;)? + p’ Day = 05g ny 0 (3.10) 


i 


where the Unruh metric g is defined as [127, 129] 


ieee —y p 
: Cp Nae 02649 — yy) Guy Cc 


This metric exhibits a typical black hole behaviour for stationary solutions in 
which the speed v of the fluid velocity meets the speed of sound c, across a 


smooth hypersurface. 
The original argument of Unruh leading to (3.11) was a perturbational one, 


for irrotational flows: = 
pV Pe (2) 


Small perturbations ¢ = 6@ of @ satisfy then a scalar wave equation ple), 
On(V—gg"" 0,9) = 0, 


in the metric (3.11). Our discussion above shows that neither the irrotationality 
of the flow, nor the perturbative character of the argument are essential for the 
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problemi at hand. Phe fact that cansality for the full non-linear Evler’s equations 
is governed by a metric can essentially be found in Courant and Hilbert, and is 
certainly well known to some researchers (FE Friedrich. private communication). 

There was renewed interest in the above because of the recent experiments 
with the Bose-Einstein condensates. Reeall that in the Madehimg formulation. 
the Gross-Pitaevskii equation governing the dynamics of the condensates can be 
rewritten in Euler form. There have been suggestions that some of the effects 
associated to black-hole type cansality. including the analogue of the Hawking 
radiation, could be observed in such systems, see [10, 83, 131] and references 
therein. While the resulting black holes are still referred to as sonic, this is rather 
misleading as the underlying Gross-Pitaevskii equation does not have anything 
to do with sound propagation in liquid or gaseous physical media. 


3.3.2 Optical Holes 


According to M. Visser [128], in a dielectric fluid “the refractive index n, the 
fluid velocity e. and the background Minkowski metric 7 can be combined alge- 
braically to provide an effective metric g” 


PA 
ia = Tv — OO 


This leads to black-hole effective geometries for refractive indices which exceed 1 
in some regions. Phenomenological models for this behaviour have been proposed 
by U. Leonhardt and P. Piwnicki, cf. [95] and references therein’. Similarly, a 
(different) effective metric is obtained in nonlinear electrodynamics, leading — 
according to [111] — to models which sometimes contain closed time-like curves. 
The status of these “analogous models” seems to be somewhat less clear than 
that of the sonic ones. 


3.3.3 Trapped Surfaces 


We shall close this section by noting the discussion in [96,130] concerning the 
notion of trapped surfaces® for black hole geometries - such surfaces are useful 
detectors of black hole regions in GR with matter fields carying positive energy. 
It should be borne in mind that while causality concepts can be introduced for 
any symmetric hyperbolic system, the existence of a trapped surface signals the 
presence of a black hole region only when causality is governed by a metric satis- 
fying an energy positivity condition (and, if in a Scri context, when Scri satisfies 
various regularity conditions, see Sect. 3.4 below). In the non-gravitational black 
hole models the metric is the one arising out of the causality structure of the 
theory, and there are no reasons in general to believe that its Ricci tensor should 
have any preferred properties; to start with, it is defined only up to a conformal 
factor anyway. In addition, the “trapped surface” terminology is used in [130] 
for objects which are completely unrelated to the usual differential geometric 
context, which is extremely misleading and obscures the problems at hand. 


i See also URL http://www. st-and.ac.uk/~www_pa/group/quantumoptics. 
® Cf. Sect 3.6 for the differential-geometric definition of this notion. 
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3.4 Standard Black Holes 


The standard way of defining black holes is by using conformal completions: A 
pai (7. g) is called a conformal completion of . M.g) if. @ is a manifold with 
boundary such that: 


1. .@ is the interior of .#. 
2. There exists a funetion 2. with the property that the metric q. defined to be 
79 on M@, extends by continuity to the boundary of with the extended 
- metric still being non-degenerate throughout. 
3. {2 is positive on ./@, ditferentiable on .#, vanishes on .%, with dQ nowhere 
vanishing on F. 


We emphasize that no assumptions about the causal nature of Scri are made 
so far. The boundary of .# will be called Scri, denoted .Y. In the usual text- 
books [73, 132} smoothness of both the conformal completion and the metric g 
is imposed, though this can be weakened for many purposes. We set 


I*={nEF|I-(p: M)1MFD}. 


Assuming various global regularity conditions on .@, to which we shall return 
in Sect. 3.4.1, one then defines the black hole region & as 


eae) | I”). Baby 
Let us point out some drawbacks of this approach: 


e Non-equivalent Seri’s: Conformal completions at null infinity do not have 
to be unique. an example can be constructed as follows: the Taub-NUT 
metrics can be locally written in the form [106] 


—U-"dt? + (2L)?Uoj + (0? + L?)(o3 + 0), ete) 
Oe au (3.15) 


where 01, 0 and 03 are left invariant one-forms on SU(2) = S°. The con- 
stants L and m are real numbers with L > 0. Parameterizing S° with Euler 
angles (1,0, yp) one is led to the following form of the metric 


g = —U~'dt? + (2L)?U (dp + cos Ody)? + (t? + L?)(d0? + sin? Ody?) . 


The standard way of performing extensions across the Cauchy horizons t4 := 
M+ JM? + L? is to introduce new coordinates 


7 
; (t, 2,9,p) > (t, H+ / [(2LU(s)]~*ds, 9, ) , (3.16) 
J to 


which gives 


gt = £41 (du + cos Odip)dt 
+(2L)?U (du + cos Ody)? + (t? + L*) (dé? + sin? @dy2). (3.17) 
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Each of the metrics g4 can be smoothly conformally extended to the bound- 
ary at infinity “t = oo” by introducing 


Hoge by 
so that, (3.17) becomes 
ga = 0? ( FAL (dp + cos Bdp)de 


+(2L)2x?U (du + cos Ody)? + (1 + L?x?)(d6? + sin? ody”) ) (3.18) 


In each case this leads to a Scri diffeomorphic to S*. There is a simple 
isometry between g, and g_ given by 


(z, L, 6, ~) = (2 —#H. 6, —) 


(this does correspond to a smooth map of the region t € (t;, 00) into itself. 
cf. [42]), so that the two Scri’s so obtained are isometric. However, in addition 
to the two ways of attaching Scri to the region t € (t;,oc) there are the 
two corresponding ways of extending this region across the Cauchy horizon 
t = t,, leading to four possible manifolds with boundary. It can then be seen. 
using ,e.g., the arguments of [42], that the four possible manifolds split into 
two pairs, each of the manifolds from one pair not being isometric to one from 
the other. Taking into account the corresponding completion at “t = —oo”, 
and the two extensions across the Cauchy horizon t = t_, one is led to 
four inequivalent conformal completions of each of the two inequivalent [42] 
time-oriented, maximally extended, standard Taub-NUT space-times. 

Under mild completeness conditions in the spirit of [66], uniqueness of 
YT as a point set in past-distinguishing space-times should follow from the 
TIP and TIF construction of [67]; however, uniqueness of Scri’s differentiable 
structure within that framework is far from being clear. 

Yet another approach to uniqueness has been proposed by Geroch [65): 
A completion as defined at the beginning of this section is said to be a 
regular asymptote if, given any point p € -¥, and any non-zero null vector 
£€ Ty.@ such that the maximally extended null geodesic with tangent £ 
does not meet. p, then there are neighbourhoods Y C .M@ of pand¥V Cc TU 
of £ such that no maximally extended null geodesic with tangent in V meets 
M@. This regularity condition is not satisfied by the Taub-NUT completions 
described above. Supposing that the set of regular asymptotes is non-empty, 
Geroch [65, Theorem 2, p. 14] gives an argument for existence of a maximal 
regular asymptote, unique up to well behaved conformal transformations. 
Now, we have not been able to fill in the details? of some of the arguments 


® It is not completely clear that the map y defined by Geroch in his proof is simultane- 


ously differentiable for all regular asymptotes, as asserted in [65, p. 14]. The regularity 
condition guarantees Hausdorffness of the maximal regular asymptote constructed 
in [65, p. 14], but does not seem to guarantee its differentiability in any obvious way. 
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suggested in [65], but the construction given is plausible enough so that we 
expect that it might actually be correct. Whatever the case, Geroch’s regu- 
larity requirement is a global condition which seems to be difficult to control 
in general situations.!° In particular it could happen that many space-times 
of interest admitting conformal completions do not admit any regular ones. 
It should be borne in mind that one of the main applications of the  frame- 
work is the possibility of uniquely defining global charges such as mass, angu- 
lar momentum, etc. (cf. [43] for a new approach to this question), in which 
issues about global behaviour of all geodesics seem completely irrelevant. 
The fact that there is no suitable uniqueness result for the differentiable 
structure of conformal completions is a serious gap in our understanding of 
objects such as the Trautman-Bondi mass. 

We note that uniqueness of a class of Riemannian conformal completions 
at infinity has been established in (41, Section 6]; this result can probably be 
used to obtain uniqueness of differentiable structure of Lorentzian conformal 
completions for Scri’s admitting cross-sections. Further partial results on the 
problem at hand can be found in [121]. 

e Poorly differentiable Scri’s: In all standard treatinents (65. 73, 132] it is 
assumed that both the conformal completion M = USF and the extended 
metric g are smooth, or have a high degree of differentiability [114]. This 
is a restriction which excludes most space-times which are asymptotically 
Minkowskian in light-like directions, see [5,90] and references therein. Poor 
differentiability properties of 4 change the peeling properties of the gravi- 
tational field [44]. but most ~ if not all ~ essential properties of black holes 
should be unaffected by conformal completions with, e.g., polyhomogeneous 
differentiability properties as considered in [6,44]. It should, however, be 
borne in mind that the hypothesis of smoothness has been done in the stan- 
dard treatments. so that in a complete theory the validity of various claims 
should be reexamined. Some new results concerning existence of space-times 
with a poorly differentiable Scri can be found in [94]. 

e The structure of i+: The current theory of black holes is entirely based 
on intuitions originating in the Kerr and Schwarzschild geometries. In those 
space-times we have a family of preferred “stationary” observers which follow 
the orbits of the Killing vector field Q in the asymptotic region, and their 
past coincides with that of .%*. It is customary to denote by 7* the set con- 
sisting of the points t = oo, where t is the Killing time parameter for those 
observers. Now. the usual conformal diagrams for those space-times [73, 107] 
leave the highly misleading impression that i* is a regular point in the con- 
formally rescaled manifold, which, to the best of our knowledge, is not the 


10 Globally hyperbolic conformal completions (in the sense of manifolds with bound- 
ary) should satisfy Geroch’s condition. Nevertheless, it should be borne in mind that 
good causal properties of a space-time might fail to survive the process of adding 
a conformal boundary. For example, adding a Cauchy horizon to a maximal glob- 
ally hyperbolic space-time sometimes leads to space-times which are not globally 
hyperbolic in the sense of manifolds with boundary. 
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case. In dynamical cases the situation is likely to become worse. For exam- 


ple, one can Dnagine black hole space-timnes with a conformal diagram which. 
to the future of a Cauchy hypersurface t = 0, looks as in Fig. 3.3. In that 


singularity 3B 


Fig. 3.3. An asymptotically flat space-time with an unusual a 


diagram the set i* should be thought of as the addition to the space-time 
manifold .@ of a set of points “{t = oo,q € @}”, where t € [0,00) is the 
proper time for a family of observers @. The part of the boundary of 4 
corresponding to zt is a singularity of the conformally rescaled metric, but 
we assume that it does not correspond to singular behaviour in the physical 
space-time. In this space-time there is the usual event horizon 6, correspond- 
ing to the boundary of the past of .%*, which is completely irrelevant for 
the family of observers @, and an event horizon 62 which is the boundary of 
the true black hole region for the family @, i.e., the region that is not acces- 
sible to observations for the family @. Clearly the usual black hole definition 
carries no physically interesting information in such a setting. 


e Causal regularity of Scri: As already pointed out, in order to be able 


to prove interesting results the definition (3.13) should be complemented by 
causal conditions on .@. The various approaches to this question, discussed 
in Sect.3.4.1, are aesthetically highly unsatisfactory: it appears reasonable 
to impose causal regularity conditions on a space-time, but why should some 
unphysical completion have any such properties? Clearly, the physical prop- 
erties of a black hole should not depend upon the causal regularity — or 
lack thereof —- of some artificial boundary which is being attached to the 
space-time. While it seems reasonable and justified to restrict attention to 
space-times which possess good causal properties, it is not clear why the 
addition of artificial boundaries should preserve those properties. or even be 
consistent with them. Physically motivated restrictions are relevant when 


dealing with physical objects, they are not when non-physical constructs are 
considered. 
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e Inadequacy for numerical purposes: Several!!! numerical studies of black 
holes have been performed on numerical grids which cover finite space-time 
regions [1, 2, 19.86]. Clearly, it would be convenient to have a set-up which 
is more compatible in spirit with such calculations than the Scri one. 


We will suggest, in Sects. 3.8.1 and 3.8.2 below, two approaches in which the 
above listed problems are avoided. Before doing this. let us complete the presen- 
tation of the usual, Scri based, approach to black holes. 


3.4.1 Scri Regularity Conditions. and the Area Theorem 


It is easily seen that the definition (3.13) is not very useful without some com- 
pleteness conditions on .%*. For instance. denote by .@ the standard conformal 
completion!? of the Minkowski space-time R!3, with %+ ~ R x S?, where the 
R factor is parameterized by a Bondi coordinate u, with u = t—r on R!3. One 
can obtain a new completion .@2 by replacing .4* by an open subset thereof, 
e.g. restricting the range of u's to (—oc.0). This will give a non-empty black hole 
region ¥ in R! 3. 


se ees al (0) 


which is clearly a completely uninteresting statement. A way out of this problem 
(as well as of some other related ones, discussed in [66]) has been proposed!8 
in [66]. for space-times which are vacuum near the conformal boundary, assuming 
that the cosmological constant is zero: R. Geroch and G. Horowitz introduce a 
preferred family of conformal factors 2 such that the matrix Hess 22 of second 
covariant derivatives of 92 vanishes at -¥. It is then required that both .4* and 
Y~ be diffeomorphic to R x S*. with the R factor corresponding to integral 
curves of V2. which are assumed to be complete. 

Let us pass to a presentation of the causal regularity conditions which are 
imposed in Hawking and Ellis’s approach [73]. Now. a set of conditions is only 
useful insofar as it allows to prove something. Since the “area theorem”! is 
one of the landmark theorems in the theory of black holes, we shall concentrate 
on the set of conditions from Hawking and Ellis as used in their treatment of 
the area theorem: we follow the presentation of [38, Appendix B]. One of the 
conditions of the Hawking Ellis area theorem [73, Proposition 9.2.7, p. 318] is 
that space-time (.4,q) is weakly asymptotically simple and empty (“WASE”, [73, 
p. 225]). This means that there exists an open set Y C .@ which is isometric 


11 The numerical simulations in [12.16.70] cover regions extending all the way to in- 
finity, within frameworks which seem to be closely related to the “naive” framework 
of Sect. 3.8.1 below. 

12 Introduce coordinates u = t — Tr, x = 1/r, 6, y on R* \ {r = 0}, with (7,6,y) the 
usual spherical coordinates on R®, and set .4* := {x = 0} in those coordinates. 

13 The “WASE setup” of [73], presented below, does not solve the problem, cf. [66]. 

14 Recall that the area theorem is the statement that the area of cross-sections of event 
horizons is non-increasing towards the future. One possible precise version of this 
theorem can be found in Theorem 3.6 below. 
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to U' AM’, where Y' is a neighborhood of null infinity in an asymptotically 
simple and empty (“ASE”) space-time (.4', 9’) [73, p. 222]. It is further assumed 
that .W admits a partial Cauchy surface with respect to which M is future 
asymptotically predictable ({73], p. 310). This is defined by the requirement that 
* is contained in the closure of the future domain of dependence D*(.7; @) 
of YY, where the closure is taken in the conformally completed manifold @ = 
MI I* UI-, with both %+ and 4 being null hypersurfaces. Next, one 
says that (.@,g) is strongly future asymptotically predictable ([73], p. 313) if it 
is future asymptotically predictable and if J°C7) 0 J7 (7 72.) is contained 
in Dt(.S;.M@). Finally ([73], p. 318), (4,g) is said to be a regular predictable 
space if (.%.g) is strongly fiture asymptotically predictable aud if the following 
three conditions hold: 


(a) YNI~(.4+;M) is homeomorphic to R*\(an open set with compact closure). 
(3) SY is simply connected. 
(y) The family of hypersurfaces -Y (7) constructed in [73. Proposition 9.2.3,p. 313] 


has the property that for sufficiently large 7 the sets SANIT ( Ft) 
are contained in J*(.4—;.@). 


It should be clear at this stage that this set of conditions is rather intricate. 
As it turns out, it is not clear whether or not it does suffice for a proof of 
the area theorem, as asserted in [73, Proposition 9.2.7, p. 318]: indeed, in the 
proof of [73, Proposition 9.2.1, p. 311] (which is one of the results used in the 
proof of [73, Proposition 9.2.7, p. 318]) Hawking and Ellis write: “This shows 
that if W is any compact set of .Y, every generator of %+ leaves J+(W; 1).” 
The justification of this given in [73] is wrong. If one is willing to impose the 
sentence In quotation marks as yet one more regularity hypothesis on 47, then 
the arguments given in [73] apply to prove the area theorem for black holes with 
a piecewise smooth event horizon; the results in [38] show that this remains true 
with no supplementary conditions on the differentiability of the horizon. 

Not only is the above set of hypotheses aesthetically unappealing, it is far 
from being unique. An alternative way to guarantee that the area theorem will 
hold in the “future asymptotically predictable WASE”™ set-up of [73] is to impose 
some mild additional conditions on Y and . There are quite a few possibilities, 
one such set of conditions has been described in [38. Appendix B]: Let yy: Y 
U' 1 M' denote the isometry arising in the definition of the WASE space-time 
Mé. First, one requires that ~ can be extended by continuity to a continuous 
map, still denoted by 7, defined on %. Next. one demands that there exists a 
compact set K Cc .@' such that, 


WIT(A;.M) NOW) CIT KM’) , (3.19) 


see Fig. 3.4. Under those conditions the area theorem does again hold. 
Several other proposals how to modify the WASE conditions of [73] to obtain 
sufficient control of the space-times at hand have been proposed in [47, 89, 110]. 
A completely different, and considerably simpler, treatment of the question of 
regularity of Scri needed for the area theorem, has been praposed in [38]: A point 
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Fig. 3.4. The set 2 = J*(.A%: 4) 0 and its image under w. 


qinaset A C B is said to be a past point of A with respect to B if J~(q; B)NA = 
{q}. One then says that .%* is # regular if there exists a neighborhood O of 
such that for every compact set C C O satisfying I+(C; M1) N.4+ # O there 
exists a past point with respect to .%+ in OI*(C: Al) .%+. The condition of 
HA regularity of .Y* is precisely what is needed for the arguments of the area 
theorem to go through. This condition is somewhat related to the i9-avoidance 
condition used by Galloway and Woolgar [63]. 

Yet another approach has been advocated by Wald [132]: there one considers 
globally hyperbolic completions in a set-up that includes 7°. While the conditions 
of [132] do lead to a coherent set-up for the validity of the area theorem, they 
introduce several new difficulties related to the low differentiahility of the con- 
formally rescaled metric at 7”. not to mention the question of mere existence of 
such completions. This can actually be relaxed to the related weaker requirement 
of global hvperbolicity of .@ U.%* (in the sense of a manifold with boundary) 
which enforces # regularity of .7* [38]. so that the area theorem again holds. 


3.5 Horizons 


A key notion related to the concept of a black hole is that of an event horizon, 
Cree. . (3.20) 


(Actually. when @ is not connected some care is required for a useful defini- 
tion. but this does not affect the discussion that follows.) Event horizons are 
a special case of a family of objects called future horizons: by definition, these 
are closed topological hypersurfaces # threaded by null geodesics, called gen- 
erators. with no future end points. and possibly with past end points. At the 
latter. differentiability of # breaks down in general: a necessary and sufficient 
condition for this breakdown has been given in [13]. It seems that most authors 
have been taking for granted that horizons are nice. piecewise smooth hypersur- 
faces. This is. however. not the case, and examples of nowhere C 1 horizons have 
been constructed in [40]. Further. nowhere C' horizons are generic in the class of 
convex horizons in Minkowski space-time [23]. This leads to various difficulties 
when trying to study their structure, e.g., attempting to prove results such as 
the area theorem discussed in Sect. 3.4.1, compare Theorem 3.6 below. Horizons 
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are always locally Lipschitz-continuous topological hypersurfaces [115] (compare 
Corollary A.1 below), i.e., they are locally graphs of functions satisfying 


|o(z) — o(y)| < Clz— yl. 


In spite of the potential low differentiability, the usual optical scalars can be 
defined almost everywhere in an Alexandrov sense, as follows: A function is said 
to be semi-conver if it is the sum of a C? function and of a convex function. It has 
been shown in [38]1° that future horizons are semi-convex. We give an alternative 
proof of this result in an appendix: the new argument has some interest on its 
own, as it proceeds via a variational principle for horizons, which could be useful 
for numerical applications. The interest of the semi-convexity property relies on 
the following theorem of Alexandrov: 


Theorem 3.1. (Alexandrov [52, Appendix E]) Sem-conrer functions f : 
B- Rare “twice-differentiable” almost everywhere in the following sense: there 
exists a set By, with full measure in B such that 


Va2e Ba 1Q € (R”)* © (R?)* such that Vy Ee B 
fw flo -Glae eesOCr yc ee re 


with ro(x,y) = o(|z—y|*). The symmetric quadratic form Q above will be denoted 


by 5D? f(x), and will be called the second Alexandrov derivative of f at x. 


Points in By, will be referred to as Alexandrov points of B. 

One can now use Theorem 3.1 to define the equivalent to the usual divergence 
6 of the horizon, by writing # locally as the graph of a function f, and using 
the second Alexandrov derivatives of f to define (almost everywhere on #%) 
the divergence 9,4; of the horizon. More precisely, let p = (t = f(q).q) be an 
Alexandrov point of # and let e;, i= 1,2,3 a basis of T,# such that 


é3 = Ky (p)dz* = —di + df(q) , gle1.e1) = (€2.€2) = 1, g(ei.e2) =0. 
One then sets 
Vikj =D2f-THK,, 0a =(ejel + bel)ViK; - 


where the Hessian matrix De f above is that of second Alexandrov derivatives. 
This reduces to the standard definition of @ when f € C?. 

Several results of causality theory go through with 6 replaced by @.4,, though 
the standard arguments sometimes have to be replaced by completely different 
ones, the reader is referred to [38] for details. In particular the Raychaudhuri 
equation, as well as the remaining optical equations, hold on almost all generators 
0) ae 

Somewhat surprisingly, event horizons in smooth, stationary, globally hyper- 
bolic, asymptotically flat space-times satisfying the null energy condition are 
always smooth null hypersurfaces, analytic if the metric is analytic; this is a 
corollary of the area theorem of [38]. 


‘8 Some further results concerning differentiability properties of horizons can be found 
ines 3 9). 
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3.6 Apparent Horizons 


In spite of their name. apparent horizous are not horizons. They ave usually [73] 
defined on space-like hypersurfaces Y C .M@, as follows: let QC mM be the set 
covered by (future) trapped surfaces: by definition, those are compact, bound- 
aryless, smooth surfaces S C .Y with the property that 


A(S) = A- (94 —n'n)) Ki; <0 , (3.21) 


where A is the (outwards) mean extrinsic curvature of S in .Y, n@ is the outwards 
pointing nait nermal to S in .7%. and AL, iSseehiemontrinei: curvature of in 7. 
There is no reason for §2 to be nonempty in general; on the other hand, in 
appropriately censored space-times, a non-empty {2 implies the existence of a 
black hole region. Hawking and Ellis define the apparent horizon &/ as 


= O82 (3.22) 


and argue that 
Dias) = 0. (S285) 


Their argument is correct if one assumes that is C?. However, & could be 
a priori a very rough set. with @ not even defined, in which case the arguments 
of [73] do not apply. Probably the simplest way out is to use (3.23) as the defi- 
nition of apparent horizon. and forget about 2. The existence of a C? compact, 
boundaryless surface satisfying (3.23) does again imply the existence of a black 
hole in a Scri framework. assuming appropriate causal properties of 4 *. 

We note that if A;; = 0, then (3.22) is the equation for a minimal surface. 
Now, in the course of their proof of the Penrose inequality, G. Huisken and 
T. Imanen {80} prove that the outermost minimal (in the sense of calculus of 
variations) surface is always smooth, which supports the validity of (3.23) at 
least for the outermost component of </. However, they provide examples which 
show that this outermost minimal surface might not be the boundary of §2 in 
general. This illustrates another deficiency of the definition (3.22). Some partial 
results concerning the differentiability properties of < have been obtained by 
M. Kriele and S$. Hayward in [88]. R. Howard and J. Fu have recently shown [79] 
that O00 satisfies (3.22) in a viscosity sense this is defined as follows: Let D be 
an open set, and let p € OD. Then U is an inner (outer) support domain if U 
is an open subset of D (of CD), OU is a C* hypersurface and p € OU. One says 
that 6(0D) < 0 (respectively 6(0D) > 0) in the viscosity sense if for any point 
p € OD and for any inner support (outer support) domain we have 

G(OU)(p) < 0 (respectively @(0U)(p) > 0). 
This coincides with the usual inequality 6 < 0 (@ > 0) on any subset of OD which 
is C2. Finally 6(0D) = 0 in the viscosity sense if for any point p € OD we have 
both 6(0D) <0 in the viscosity sense, and AOD) > 0 in the viscosity sense. 

It is tempting to conjecture the following: if 2 is the set covered by smooth 
compact S’s satisfying 

O(S):=A+(g% —n'n!) Ki <0 , 
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then any outermost connected component: of 092 is smooth, separating, and 
satisfies (3.22). When K;; == 0 this statement is known to be true by the already 
mentioned result of G. Huisken and T. Ilmanen. 

We refer the reader to [3, 72] and references therein for a numerical treatment 
of apparent horizons. 


3.7 Classification of Stationary Solutions 
(“No Hair Theorems” ) 


Uniqueness theorems for stationary solutions have been one of the central fields 
of research in the theory of black holes, the reader is referred to [33.34] and 
references therein for a review, as well as lists of open problems: cf. also [75, 76]. 
Actually the perspective here is somewhat larger. as one is interested in classify- 
ing all solutions, not only those that contain black holes. Since the time of writing 
of (33, 34] some progress has been made, both for zero and non-zero cosmological 
constant: it is convenient to discuss various cases separately. Throughout this 
section, stationary means that there exists an action of R on .# by isometries, 
with the orbits of the group being time-like sufficiently far away in an asymp- 
totic region; strictly stationary means that the orbits are time-like everywhere. 
Stationary black hole solutions are never strictly stationary. 


A = 0: The following fundamental theorem has been recently proved by M. An- 
derson: 


Theorem 3.2 (Anderson [4]). The only qeadesically conmplete strictly station- 
ary solutions of the vacuum Einstein equations which do not contain closed time- 
hke curves are the Minkowski space-time and quotients thereof. 


This is a milestone result in general relativity. involving only the natural 
geometric conditions of completeness together with absence of closed time-like 
curves. This should be contrasted with the version of this result originating in 
Lichnerowicz’s work, the state-of-the art form of which. as based on previous 
techniques, assumes in addition global hyperbolicity, and asymptotic flatness. 
and existence of a compact interior. Last but not least. the paper introduces 
techniques which have not been used in mathematical general relativity so far, 
and which are likely to be useful tools in future work. 

In the black hole case, the only significant progress made since the review 
paper [34] is for static black holes: In [36] the classification of static vacuum black 
holes which contain an asymptotically flat space-like hypersurface with compact 
interior has been, essentially,’® finished. This problem has a long history, start- 
ing with the pioneering work of Israel [81]. The most complete result existing 


‘© Some comments about the qualification “essentially” are in order: uniqueness theo- 
rems usually proceed in two steps, the first being the reduction of the problem to a 
Riemannian one, the second consisting of a uniqueness theorem for the Riemannian 
problem. The latter part of the proof in [36] seems to be optimal; one could consider 
improving the former, see {36] for a detailed discussion. 
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in the literature prior to [36] was that. of Bunting and Masood-ul-Alam [24] 
who showed. roughly speaking. that all appropriately regular such black holes 
which do not contain degenerate horizons belong to the Schwarzschild family. 
In [36] the condition of non-degeneracy of the event horizon is removed, show- 
ing that the Schwarzschild black holes exhaust the family of all appropriately 
regular black hole space-times. The proof requires an extension of the positive 
mass theorem which applies to asymptotically flat complete Riemannian mani- 
folds, proved in [11]. The paper [37] contains an improvement of similar previous 
results concerning the electro-vacuum black holes, under the restrictive condi- 
tion that all degenerate components of the black hole carry charges of the same 
sign. This seems a reasonable condition from a physical point of view: oppo- 
site charges would attract, which added to the gravitational attraction should 
prevent the configuration from being static. However, a proper mathematical 
treatment which would transform this argument into a proof is still missing. 


A > 0: The natural boundary conditions for stationary solutions with A > 0 are 
the “no boundary ones”: one considers globally hyperbolic space-times contain- 
ing compact. boundaryless spatial surfaces. In this case there is no asymptotic 
region, and stationarity is defined by the requirement that the set of points at 
which the Killing vector field is time-like is non-empty. In |92] J. Lafontaine and 
L. Rozoy have announced a complete classification of static space-times with a 
compact (boundaryless) totally geodesic space-like hypersurface .”, under the 
assumption that the Lorentzian norm / TeX” of the Killing vector field 
is a Morse-Bott function, and that of analyticity!” of the metric on Y. The 
hypothesis that Y is totally geodesic is the usual hypothesis of staticity. This 
is the first result of such generality in this context. The proof is an extension 
of an argument of R. Beig and W. Simon [15] done in a related context, and 
proceeds by proving that the metric on “ must be conformally flat; one can 
then conclude using [91]. 

Uniqueness results under the completely different hypothesis of existence of 
a conformal completion have been previously established by H. Friedrich [54] 
and by Boucher [17]. 


A < 0: Our understanding of the class of stationary space-times with a negative 
cosmological constant is much poorer than that of the A = 0 ones. It seems 
that the only results available so far concern static space-times. To start with, 
the question of boundary conditions which should be imposed in the asymptotic 
region are far from being understood, a beginning of a systematic analysis of this 
question can be found in [45]. A uniqueness arguinent for the de Sitter metric 
in the strictly stationary case has been proposed in [18]. It is only recently that 
complete proofs of the required positive energy theorem have been given (41, 134, 


17 This is a condition on the analyticity of the metric at the set of points at which 
the Killing vector vanishes or becomes null, since the metric is necessarily analytic 


elsewhere. 
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136): the results in [1] do actnally lead to a tiqueness resilt under nmch weaker 
asvinptotic conditions than originally suggested iPS}. It should be pointed out 
an the nature of the corresponding Riemannian problem is completely different 
from that of the asymptotically flat case: here one needs to analyze the set of 
solutions of the equations for a Riemannian metric g and a function V ona three 
dimensional manifold 7, 


AVA. (3.24) 
Jai = V-'1D;D,V aia AGi; - (3.25) 


and it is customary to assume that (.%, g) can be conformally compactified. Now, 
the uniqueness theorems mentioned require that V~*g extends by continuity to a 
smooth metric on the conformal boundary, with constant scalar curvature there. 
No reasons are known why this should be the case. and it is conceivable that 
more general static solutions would exist which do not satisfy this condition. It 
would be of interest to construct such solutions, or to prove their non-existence. 

The topology of the boundary of the conformally compactifiable solutions of 
(3.24)-(3.25) does not have to be spherical. as is the case for the anti-de Sitter 
metric, while the uniqueness result mentioned above assumes that the boundary 
at infinity 0,..Y is a sphere. When 0,.-% is a torus. a strictly static solution has 
been found by Horowitz and Myers [78]. The metric in n + 1 > 4 space-time 
dimensions is 


n-—2 
ds* = —r*dt? + vi yar” +V(r)do? +r? S“(dy')? , (3.26) 
ie 
sil 
where V(r) = S (1 - a), i — a) and p is a constant. Regularity de- 


mands that @ be identified with period G9 = _ The periods of the y’’s are 
arbitrary. The space-time metric is “asymptotically locally anti-de Sitter” with 
boundary at conformal infinity foliated by space-like (n — 1)-tori. The time slices 
of space-time itself, when conformally completed. have topology D? x T"~?, 
which in dimension 3+1 is a solid torus. Under a convexity condition on the con- 
formal boundary, G. Galloway, S. Surya and E. Woolgar have proved a unique- 
ness theorem for the corresponding metrics [62]. 
The above mentioned results concern the strictly static case, and the ques- 
tion of classification of black holes with a Killing vector which is not time-like 
everywhere is essentially open. In {45] an argument has been presented which 
shifts the problem of proving uniqueness of a class of such black holes to that 
of proving a Penrose-type inequality!’ for conformally compactifiable Rieman- 
nian manifolds with minimal boundary, and with scalar curvature bounded from 
below by a negative constant. While there is some hope that some such results 
could be proved by extending the arguments of [80], this remains to be seen. 


'“ A version of such an inequality has been originally proposed by Gibbons [69]; the 
inequality proposed there is not quite correct, see [45] 
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3.8 Black Holes Without Scri 


There has been considerable progress in the numerical analysis of black hole 
solutions of Einstein's equations: here one of the objectives is to write a stable 
code which would solve the full four dimensional Einstein equations, with initial 
data containing a non-connected black hole region that eventually merges into a 
connected one, Oue wishes to be able to consider initial data which do not possess 
any symmetries, and which have various parameters such as the masses of the 
individual black holes. their angular momenta, as well as distances between them 
~ which can be varied in significant ranges. Finally one wishes the code to run to 
a stage where the solution settles to a state close to equilibrium. The challenge 
then is to calculate the gravitational wave forms for each set of parameters, 
which could then be used in the gravitational wave observatories to determine 
the parameters of the collapsing black holes out of the observations made. This 
program has been being undertaken for years by several groups of researchers, 
with steady progress being made [1, 2, 12. 16. 19.70.71, 86, 93].!° 

There is a fundamental difficulty above, of deciding whether or not one is 
dealing indeed with the desired black hole initial data: the definition (3.13) of 
a black hole requires a conformal boundary -¥ satisfying some — if not all 
properties discussed in Sect. 3.4.1. Clearly there is no way of ensuring those 
requirements in a calculation performed on a finite space-time grid.?° 

In practice what one does is to set up initial data on a finite grid so that 
the region near the boundary is close to flat (in the conformal approach the 
whole asymptotically flat region is covered by the numerical grid, and does not 
need to be near the boundary of the numerical grid; this distinction does not 
affect the discussion here). Then one evolves the initial data as long as the 
code allows. The gravitational waves emitted by the system are then extracted 
out of the metric near the boundary of the grid. Now, our understanding of 
energy emitted by gravitational radiation is essentially based on an analysis of 
the metric in an asymptotic region where g is nearly flat. In order to recover 
useful information out of the numerical data it is thus necessary for the metric 
near the boundary of the grid to remain close to a flat one. If we want to be sure 
that the information extracted contains all the essential dynamical information 
about the system, the metric near the boundary of the grid should quict down to 
an almost stationary state as time evolves. Now, it is straightforward to set-up 


19 Some spectacular visualizations of the calculations performed can be found at the 
URL http: //jean-luc.aei.mpg.de/NCSA1999/GrazingBlackHoles. 

2" The conformal approach developed by Friedrich (cf., e.g., [56] and references therein, 
as well as S. Husa’s and J. Frauendiener’s contributions to this volume) provides an 
ideal numerical framework for studying gravitational radiation in situations where 
the extended space-time is smoothly conformally compactifiable across i*, since then 
one can hope that the code will be able to “calculate Scri” globally to the future of 
the initial hyperboloidal hypersurface. It is not clear whether a conformal approach 
could provide more information than the non-conformal ones when i* is itself a 

singularity of the conformally rescaled equations, as is the case for black holes. 
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aanathematical framework to deseribe such situations without having to invoke 
conformal completions, this is done in the next section. 


3.8.1 Naive Black Holes 


Consider a globally hyperbolic space-time .@ which contains a region covered by 
coordinates (t, 2’) with ranges 


ris eG tian Ti hight aT <= 2a (3.27) 


such that the metric g satisfies there 
(Gu Dice s Gr.” < C2 ; rau 0 (3.28) 


for some positive constants C),C2,a; clearly C2 can be chosen to be less than 
or equal to C; Rj". Making Ry larger one can thus make C2 as stall as desired. 
e.g. 


Cy=10 7, (3.29) 


which is a convenient number in dimension 3 + 1 to guarantee that objects 
algebraically constructed out of g (such as g#”, \/det g) are well controlled: (3.29) 
is certainly not optimal, and any other number suitable for the purposes at hand 
would do. To be able to prove theorems about such space-times one would need 
to impose some further, perhaps not necessarily uniform. decay conditions on a 
finite number of derivatives of g: there are various possibilities here. but we shall 
ignore this for the moment. Then one can define the exterior region -Wex:, the 
black hole region & and the future event horizon & as 


Mick — Cie a (S2m,) aa J (Ui re) ; (3.30) 
B= \ He, C =Car (Soh) 

where 
Op Ry ee ee (382) 


We will refer to the definition (3.27)-(3.32) as that of a naive black hole. 

In the setup of (3.27)-(3.32) an arbitrarily chosen Rg has been used: for this 
definition to make sense & so defined should not depend upon this choice. This 
is indeed the case, as can be seen as follows: 


Proposition 3.2, Let 6, C R® \ B(0, Ro), a= 1,2, and let Y CM be of the 
form {(t > To —Rot+r(a),x) ,@ € Oy} in the coordinate system of (3.28). Then 


I-(%W) = J-(%) = I-(%) = I7(M). 


Proof. If I’ is a future directed causal path from p € @ to q = (t,x) € M%, then 
the path obtained by concatenating I with the path [0,1] 3 s > (t(s) := t+ 
8, 2(s) := &) is a causal path which is not a null geodesic, hence can be deformed 
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to a time-like path from p to (t+ 1a) € %. It follows that I~(@%) = Jay): 
clearly the same holds for %. Next, let a, € O,, and let y: (0, 1] > R°\ B(O, Ro) 
be any differentiable path such that 7(0) = ay and (1) = we. Then for any tp > 
To — Ro +1(x1) the causal curve [0,1] 3 s > P'(s) = (t:= Cs + to, Bs) = y(s)) 
will be causal for the metric g by (3.28) if the constant C is chosen large enough, 
with a similar result holding when a, is interchanged with a2. The equality 
I~ (&@) = I~(@) easily follows from this observation. © 


Summarizing, Prop. 3.2 shows that there are many possible equivalent definitions 
of :M@ex1: in (3.30) one can replace J~ (S;,R,) by J~(S;.R,) for any R; > Ro, but 
also simply by J~((t+7.q)). for any p = (t.q) € .@ which belongs to the region 
covered by the coordinate system (t..r’). 

The following remarks concerning the definition (3.30)-(3.31) are in order: 


e For vacuum, stationary. asymptotically flat space-times the definition is 
equivalent to the usual one with 4 [46, Footnote 7, p. 572]; here the re- 
sults of [49.50] are used. However, one does not expect the existence of a 
smooth .%* to follow from (3.27)-(3.28) in general. 

Suppose that .@ admits a conformal completion in the sense defined at the 
beginning of Sect. 3.4. and that -¥ is semi-complete to the future, in the sense 
that the Geroch-Horowitz condition of the beginning of Sect. 3.4.1 holds with 
I ~= Rx S? there replaced by Y D Rt x S?. Then for any finite interval 
(To. T;] there exists Ro(To.T)) and a coordinate system satisfying (3.28) and 
covering a set r > Ro(To.7T,), To — Ro < t < T, — Ro. This follows from 
the Tamburino-Winicour construction of Bondi coordinates (u,7r,@,y) near 
I~ |124], followed by the introduction of the usual Minkowskian coordinates 
t=ut+r,r©=rsiné cosy, etc. The problem is that R(T), 72) could shrink to 
zero as T> goes to infinity. Thus. when .47* exists, conditions (3.27)-(3.28) are 
uniformity conditions on .%* to the future the metric remains uniformly 
controlled on a uniform neighbourhood of .4* as the retarded time goes to 


infinity. 

e It should not be too difficult to check whether or not the future geodesically 
complete space-times of Friedrich [53,58] and of Christodoulou and Klain- 
erman [31], or the Robinson-Trautman black-holes [32], admit coordinate 
systems satisfving (3.27)-(3.28). 

It is not clear if asymptotically flat space-times in which no such control is 
available do exist at all; in fact, it is tempting to formulate the following version 
of the (weak) cosmic censorship conjecture: 


The maximal globally hyperbolic development of gencric*!, 


cally flat, vacuum initial data contains a region with coordinates satis- 
fying (3.27)-(3.28). 


asymptoti- 


21 The examples constructed by Christodoulou [29] with spherically symmetric gravi- 
tating scalar fields suggest that the genericity condition is unavoidable, though no 
corresponding vacuum examples are known. 
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Whatever the status of this conjecture, one can hardly envisage numerical sim- 
nlations leading to the ealenlation of an essential fraction of the total energy 
radiated away in space-times in which some uniformity conditions do not hold. 


3.8.2 Quasi-local Black Holes 


As already argued, the naive approach of the previous section should be more 
convenient for numerical simulations of black hole space-times, as compared to 
the usual one based on Scri. It appears to be even more convenient to have a 
framework in which all the issues are localized in space; we wish to suggest such 
a framework here. When numerically modeling an asymptotically flat space- 
time, whether in a conformal or a direct approach, a typical numerical grid 
will contain large spheres S(R) on which the metric is nearly flat, so that an 
inequality such as (3.28)-(3.29) will hold in a neighbourhood of S(R). On slices 
t = const the condition (3.28) is usually complemented with a fall-off condition 
on the derivatives of the metric 


lOegmirster "==; (3:33) 


however condition (3.33) is inadequate in the radiation regime. where retarded 
time derivatives of the metric are not expected to fall off faster than r—*. It turns 
out that there is a condition on derivatives of the metric in null directions which 
is fulfilled at large distance both in space-like and in null directions: let Ka, 
a = 1,2, be null future pointing vector fields on S(A) orthogonal to S(R), with 
kK, inwards pointing and K2 outwards pointing: these vector fields are unique up 
to scaling. Let @, denote the associated null second fundamental forms defined 
as 


V X,Y €8S(R) vaX.Y) =a. (3.34) 


It can be checked, e.g. using the asymptotic expansions for the connection coef- 
ficients near %+ from [43, Appendix C], that x; is negative definite and x is 
positive definite for Bondi spheres S(R) sufficiently close to .%*: similarly for 
4. This property is not affected by the rescaling freedom at hand. Following 
G. Galloway [60]. a two-dimensional space-like submanitold of a four-dimensional 
space-time will be called weakly null convex if x; is semi-positive definite, with 
the trace of y2 negative.?? The null convexity condition is easily verified for 
sufficiently large spheres in a region asymptotically flat in the sense of (3.33). 
It does also hold for large spheres in a large class of space-times with negative 
cosmological constant. The null convexity condition is then the condition which 
we propose as a starting point to defining “quasi-local” black holes and horizons. 
The point is that several of the usual properties of black holes carry over to the 
weakly null convex setting. In retrospect, the situation can be summarized as 
follows: the usual theory of Scri based black holes exploits the existence of con- 
jugate points on appropriate null geodesics whenever those are complete to the 


2 Galloway defines null convezity through the requirement of positive definiteness of 
x1 and negative definiteness of x2. However, he points out himself (60, p. 1472] that 
the weak null convexity as defined above suffices for his arguments to go through. 
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future: this completeness is enaranteed by the fact that the conformal factor goes 
to zero at the conformal boundary at an appropriate rate. Galloway’s discovery 
in (60! is that weak null convexity of large spheres near Seri provides a second, 
in principle completely independent. mechanism to produce the needed focusing 
behaviour. 

Throughout this section we will consider a globally hyperbolic space-time 
(.@.g) with time function t. Let 7 C .@ be a finite union of connected time- 
like hypersurfaces .%, in .@. we set 


== FH TAL, Flr)iH FN. (3.35) 


For further purposes anything that happens on the exterior side of Z is com- 
pletely irrelevant. so it is convenient to think of 7 as a boundary of .4; global 
hyperbolicity should then be understood in the sense that (.W :=.@U Z,q) is 
strongly causal, and that J+ (p:.@)N J (q;.@) is compact in @ for all p,q € @. 
Recall that the null convergence condition is the requirement that 


Ric(X.X)>0 forall XETM. (3.36) 


We have the following topological censorship theorem for weakly null convex 
time-like boundaries: 


Theorem 3.3 (Galloway [60]). Suppose that a globally hyperbolic space-time 
(.4.g) satisfying the null convergence condition (3.36) has a time-like boundary 
FT = U!_,% and a time function t such that the level sets of t are Cauchy 
surfaces. with each section Y(t) of Z being null conver. Then distinct Z%,’s 
cannot communicate with each other: 


a # 3, I (Tg) I~ (73) = 9. 
As is well known, topological censorship implies constraints on the topology: 


Theorem 3.4 (Galloway [60]). (under the hypotheses of Theorem 3.3 suppose 
further that the cross-sections %,(7) of Z, have spherical topology.2? Then the 
a-domain of outer communication 


OC erate ALL a0 iam S09) (3.37) 


is simply connected. 


It follows in particular from Theorem 3.4 that MM can be replaced by a sub- 
set thereof such that Z is connected in the new space-time, with all essential 
properties relevant for the discussion in the remainder of this section being un- 
affected by that replacement. We shall not do that, to avoid a lengthy discussion 
of which properties are relevant and which are not, but the reader should keep 


23 The reader is referred to [61] and references therein for results without the hypoth- 
esis of spherical topology. The results there, presented in a Scri setting, generalize 
immediately to the weakly null convex one. 
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inamind that the hypothesis of connectedness of -7 can indeed be done without 
any loss of generality for most purposes. 

We define the quasi-local black hole region @z,, and the quasi-local event 
horizon &g,, associated with the hypersurface -% by 


Bo = MN IM(Gx),  O7, = OB9,. (3.38) 


If 7 is the hypersurface U,>7,S7.r, of Sect. 3.8.1 then the resulting black hole 
region coincides with that defined in (3.31), hence does not depend upon the 
choice of Ry by Proposition 3.2; however, 4z, might depend upon the chosen 
family of observers .Z, in general. It is certainly necessary to impose some further 
conditions on Y to reduce this dependence. A possible condition, suggested by 
the geometry of the large coordinate spheres considered in the previous section, 
could be that the light-cones of the induced metric on -7 are uniformly controlled 
both from outside and inside by those of two static, future complete reference 
metrics on 7. However. neither the results above, nor the results that follow, 
do require that condition. 

The Scri-equivalents of Theorem 3.4 [22, 46, 59. 61, 63, 84] allow one to control 
the topology of “good” sections of the horizon, and for the standard stationary 
black-holes this does lead to the usual $* x R topology of the horizon [46.73]. In 
particular, in stationary, asymptotically flat, appropriately regular space-times 
the intersection of a partial Cauchy hypersurface with an event horizon will 
necessary be a finite union of spheres. In general space-times such intersections 
do not even need to be manifolds: for example, in the usual spherically symmetric 
collapsing star the intersection of the event horizon with level sets of a time 
function will be a point at the time of appearance of the event horizon. We refer 
the reader to [38, Section 3] for other such examples. including one in which the 
topology of sections of horizon changes type from toroidal to spherical as time 
evolves. This behaviour can be traced back to the existence of past end points 
of the generators of the horizon. Nevertheless. some sections of the horizon have 
controlled topology - for instance, we have the following: 


Theorem 3.5. Under the hypotheses of Theorem 3.3, consider a connected com- 
ponent Z of J such that &z7, #0. Let 


6a(T) = OJ" (FZ, (7)) . 


If G(T) Ez, is a topological manifold, then each connected component thereof 
has spherical topology. 


Proof. Consider the open subset .@, of .W defined as 
Mr = 1" (G(1): MOT (Ta) C (Ta) - 


We claim that (.4,,9|.w,) is globally hyperbolic: indeed, let p,q € .&%,: global 
hyperbolicity of .@ shows that J~(p;.@) J+ (q;.@) is a compact subset of #, 
which is easily seen to be included in .@,. It follows that J~(p;.@-) J+ (q; M) 
is compact, as desired. By the usual decomposition we thus have 


aM, =RxS, 
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t 
where S is a Cauchy hypersurface for. /-. Applying Theorem 3.4 to the globally 
hyperbolic space-time .#, (which has a weakly null convex boundary AN {t > 
T}) one finds that ./@, is simply connected, and thus so is S. Since €(7) and 
Gq are null hypersurfaces in ./, it is easily seen that the closure in .#@ of the 
Cauchy surface {0} x S intersects & precisely at G(T) NE 7,,- It follows that 
S is a compact, simply connected, three dimensional topological manifold with 
boundary, and a classical result [74, Lemma 4.9] shows that each connected 


component of OS is a sphere. The result follows now from 0S ~ @,(T)M &z,. 
Oo 


‘et another class of “good sections” of &z can be characterized?‘ as follows: 
suppose that ((.7,)) 7.4%, is a submanifold with boundary of .# which is, more- 
over, a retract of ((.%)). Then ((%)) 1S, is simply connected by Theorem 3.4, 
and spherical topology of all boundary components of ((.%,)) 0.74, follows again 
from [74, Lemma 4.9]. It is not clear whether there always exist time functions 
¢ such that the retract condition is satisfied; similarly it is not clear that there 
always exist 7’s for which the conditions of Theorem 3.5 are met for metrics 
which are not stationary (one would actually want “a lot of 7’s”). It would be 
of interest to understand this better. 

We have an area theorem for &7: 


Theorem 3.6. Under the hypotheses of Theorem 3.3, suppose further that Gz # 
@. Let Y,, a = 1,2 be two achronal space-like embedded hypersurfaces of C? 
differentiability class, set Sg = %aNEz. Then: 


1. The area of Sq is well defined. 
ae ti 
Shi Gag iets 


then the area of Sg is larger than or equal to that of S,. (Moreover, this 
is true even if the area of S; is counted with multiplicity”? of generators 
provided that S,M Sg = 0.) 


We note that point 1 is less trivial as it appears, because horizons can be 
rather rough sets. and it requires a certain amount of work to establish that 
claim. 


Proof. The result is obtained by a mixture of methods of {38] and of [60], and 
proceeds by contradiction: assume that the Alexandrov divergence 64) of &7 is 
negative, and consider the S,.»,5 deformation of the horizon as constructed in 
Proposition 4.1 of [38], with parameters chosen so that 6¢.7,5 < 0. Global hyper- 
bolicity implies the existence of an achronal null geodesic from Se,n,6 tO some cut 
TF (r) of Z. The geodesic can further be chosen to be “extremal”, in the sense 
that it meets Z(t) for the smallest possible value of ¢ among all generators of 
the boundary of J+(S_.,,5) meeting 7. The argument of the proof of Theorem 1 


24 T am grateful to G. Galloway for useful discussions concerning this question, as well 
as many other points presented in this section. 
25 See [38] for details. 
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of [60] shows that this is incompatible with the null energy condition and with 
weak null convexity of 7(r). It follows that 64; > 0, and the result follows from 
(38, Proposition 3.3 and Theorem 6.1]. © 


[t immediately follows from the proof above that. under the hypotheses of Theo- 
rem 3.3, the occurrence of twice differentiable future trapped (compact) surfaces 
implies the presence of a black hole region. The same result holds for semi-convex 
compact surfaces which are trapped in an Alexandrov sense, that is, (3.21) holds 
with A there defined in a way which should be clear from the discussion following 
Theorem 3.1. It is. however, not known if the existence of marginally trapped 
surfaces whether defined in a classical, or Alexandrov, or a viscosity sense 
does signal the occurrence of black hole; it would be of interest to settle that. 

In summary, we have shown that the quasi-local black holes, defined using 
weakly null convex time-like hypersurfaces, or boundaries, possess several prop- 
erties usually associated with the Scri-based black holes, without the associated 
problems. We believe they provide a reasonable alternative. well suited for nu- 
merical calculations. In the next section we address the question of numerically 
finding the resulting horizons. 


3.8.3 Finding Horizons 


Consider the large coordinate spheres S,p, of Sect. 3.8.1: under reasonable 
restrictions on .@ one would expect that 0J~(S;.p, ) converges as T > 2 - €.g. 
in Hausdorff topology — to the event horizon & of (3.31). Similarly. the achronal 
boundaries 0J~(.7(7r)) should sometimes converge to the event horizon & 7. 
Whenever that is the case, the 0J~ (S,.r,)’s or the 0J~ (-7(r))’s can be taken 
as good approximations of the event horizon when 7 is chosen to be large enough. 
This is of practical significance, as it provides a way of approximately locating 
the horizon in numerical simulations. Let us establish one such approximation 
result, for the 0J~ (.7(7))’s; clearly the corresponding result for the J~ (S;.z, )’s 
follows by specialization. We assume that .@ is spatially compact and globally 
hyperbolic, which seem rather natural assumptions in the context of numerical 
simulations of space-times: 


Theorem 3.7. Consider a globally hyperbolic space-time (.@.gq) with compact 
Cauchy hypersurfaces , and time-like boundary 7, and suppose that 


Bo #%V. (3.39) 
Then for any rT we have 
OJ (F(G)) eee eee 
where the convergence is in Hausdorff distance. 


Proof}. Under the usual identification of “W with R x .A%, let f be the graphing 
function of 0.J~(.7(c)) over the projection pro& of € on .~: pr2é is an open 
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subset of “9 by the invariance-of-the-domain theorem. If p = (t, a) is such that 


t < f(x), then there exists a causal curve from p to 7, hence ped (F(a)) for 
some a. It follows that 


pra o)) . 
Let fc be the graphing function of 0J~(7(c)) over pryJ~(7(c)) CA; clearly 
Prod (7 (c)) CpraJ7(F(a’)) a <o"," 


which shows that f and all the f,/’s are defined on pryJ~(Z(c)) for o’ > 0. The 
f,’s are uniformly Lipschitz and bounded over any compact subset K C proé of 
.7y, and hence for any sequence 7; there exists a subsequence such that the f,, ’s 
converge to a Lipschitz function h. Since f, < f for all r we have h < f\x. Sup- 
pose that there exists x such that h(a) < f(x), then p = ((h(a) + f(x)) /2, x) 
is in J (.7), hence in J~(.7(c)) for some a, so that (h(x) + f(x)) /2 < f,(x) 
which is not possible; we thus have h = f|x. It follows that the f,’s converge 
pointwise to f. The f,’s are monotonously increasing as 7 increases, and Dini’s 
theorem implies that the f;’s converge uniformly to f over any compact set. The 
result follows now by elementary considerations using the fact that 67 N.Y, is 
compact, being the intersection of a closed set with a compact one. 0 


Theorem 3.7 gives partial justification for the numerical analysis of Anninos [7], 
Libson et al. [98], or Mass6 et al. [102],2° where the event horizon @ is taken to 
be 

& =~ OJ~(S;.R,), 7 as big as the computer simulation allows . 


Jn those works OJ) (S-oy4, 7) is farther munerically approximated as the solution of 
an eikonal equation, which leads to difficulties at past end points of the genera- 
tors of 0J~ (S;.z,). We conjecture that a more stable method of locating objects 
such as 0J~(S,.p,) is provided by the following straightforward modification 
of the Fermat-type variational principle presented in the Appendix below, see 
(3.43): let P(a)(x) be defined as in the paragraph preceding (3.43), with 4 
there replaced by S,,p,, and let 7 be the null lifts of paths 7 as defined in the 
paragraph preceding (3.15). Au argument similar to that of the proof of Corol- 
lary A.1 shows that in globally hyperbolic space-times the set OJ~(S;,r,) is a 
graph of a function f such that 

f(x)= sup t(7(a)). (3.40) 

VEP(x)(x) 

Such a maximization over null lifts 7 of paths y which have image in a fixed 
space-like hypersurface should be easy to perform mumerically by, c.g., Newtou’s 
method. The variational principle above automatically takes care of the past 
end-points of the horizon. 


26 We note that the claim in [7, 98], that the horizon acts as an attractor for backwards- 
directed null geodesics, does not seem to be justified. In fact, such a statement is 
coordinate-dependent: it is easy to introduce coordinate systems in the Schwarzschild 
space-time where backwards-directed null geodesics will be actually repelled by the 


horizon. 
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Appendix A: Future Horizons Are Semi-convex 


A hypersurface # C M will be said to be future null geodesically ruled if ev- 
ery point p € # belongs to a future inextensible null geodesic  C #; those 
geodesics will be called the generators of #. We emphasize that the genera- 
tors are allowed to have past endpoints on .#, but no future endpoints. Past 
null geodesically ruled hypersurfaces are defined by changing the time orienta- 
tion. Examples of future geodesically ruled hypersurfaces include past Cauchy 
horizons D~ (2°) of achronal sets © {115, Theorem 5.12] and black hole event 
hoxizons O./- (7) [73.@. 512). 

Let dimAf = n+ 1 and suppose that O is a domain in R”. Recall that 
a continuous function f : O —> R is called semi-convex if there exists a C? 
function ¢ : O —+ R such that f+ is convex. We shall say that the graph of f is 
a semi-convex hypersurface if f is semi-convex. A hypersurface # in a manifold 
M will be said semi-convex if # can be covered by coordinate patches U, such 
that NU, is a semi-convex graph for each a. 

Consider an achronal hypersurface # 4 @ in a globally hyperbolic space-time 
(M, gq). Let ¢ be a time function on M which induces a diffeomorphism of Af with 
R x J in the standard way [64, 122], with the level sets 0, = {p|t(p) = 7} of t 
being Cauchy surfaces. As usual we identify % with X’, and in the identification 
above the curves R x {gq}, q € 2’, are integral curves of Vt. Define 


“yw — {q< ©\R x {gq} intersects #7} . (32) 


For q € Lv the set (I x q) 4 is a point by achronality of #4, we shall denote 
this point by (f(q),q). Thus an achronal hypersurface # in a globally hyperbolic 
space-time is a graph over Xv of a function f. The invariance-of-the-domain 
theorem shows that Xj is an open subset of 3. We have the following: 


Theorem A.1l. Let 4 = W be an achronal future null yeodesically ruled hyper- 
surface in a globally hyperbolic space-time (M =Rx X,q). Then # is the graph 
of a semi-conver function f defined on an open subset yw of ES, in particular 
H 1s semi-conver. 


Proof. As discussed above. # is the graph of a function f. The idea of the proof 
is to show that f satisfies a variational principle, the semi-concavity of f follows 
then by a standard argument. Let p € # and let O be a coordinate patch in a 
neighborhood of p such that 2! = ¢. with O of the form J x B(3R). where B(R) 
denotes a coordinate ball centered at 0 of radius R in R3, with p = (t(p), 0). 
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Here I is the range of the coordinate x°, we require it to be a bounded interval 


the size of which will be determined later on. We further assume that the curves 
I x {x}, x € B(3R), are integral curves of Vt. Define 


Uy = {x € B(3R)| the causal path J 5 t — (t,x) intersects #} . 
We note that U% is non-empty, since 0 € Up. Set 
Op ee tees (3.42) 


and choose o large enough so that O c I~ (¥,). Now p lies on a future inexten- 
sible generator I’ of #, and global hyperbolicity of (M,g) implies that [A , 
is nonempty. hence # is nonempty. 

For « € B(3R) let P(x)(x) denote the collection of piecewise differentiable 
future directed null curves I": [a.b] + M with [’(a) € R x {x} and I'(b) € %. 
We define 

SUD. tna) (3.43) 
PP ae iy) 
We emphasize that we allow the domain of definition [a,b] to depend upon I, 
and that the “a” occurring in t(/’(a)) in (3.43) is the lower bound for the domain 
of definition of the curve I’ under consideration. We have the following result 
(compare [8, 68, 116}): 


Proposition A.1 (Fermat principle). For x € Uo we have 


Proof. Let I be any generator of # such that [°(0) = (f(x),x), clearly I € 
P(x)(x) so that r(x) > f(a). To show that this inequality has to be an equality, 
suppose for contradiction that r(a) > f(a), thus there exists a null future di- 
rected curve I such that t(J'(0)) > f(x) and P’(1) € #4 C #. Then the curve 
T obtained by following R x {x} from (f(x), z) to (t(1'(0)),a) and following [ 
from there on is a causal curve with endpoints on # which is not a null geodesic. 
By [73. Proposition 4.5.10] I can be deformed to a time-like curve with the same 
endpoints, which is impossible by achronality of #. 0 


The Fermat principle, Proposition A.1, shows that f is a solution of the vari- 
ational principle (3.43). Now this variational principle can be rewritten in a 
somewhat more convenient form as follows: The identification of M with R x 
by flowing from ¥’p = Y along the gradient of t leads to a global decomposition 
of the metric of the form 
g = a(—dt? + hy) , 

where h, denotes a t-dependent family of Riemannian metrics on 27. Any future 
directed differentiable null curve I'(s) = (t(s), y(s)) satisfies 


dt(s) / me 
= h s OBh sy 
Ae t( 1G) y) 
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where ¥ is a shorthand for dy(s)/ds. It follows that for any  € P(x)(zx) it holds 


that 
b 
t(P(a)) = t(P(b)) — / od 


ly 
i \/ hey (4. >) ds : 


This allows us to rewrite (3.43) as 


r(@)=o =e), — we) = int a) [ha (4,4) (3.44) 


We note that in static space-times j:(x) is the Riemannian distance from x to 
H#,. In particular Equation (3.44) implies the well known fact, that in globally 
hyperbolic static space-times Cauchy horizons of open subsets of level sets of t 
are graphs of the distance function from the boundary of those sets. 

Let y : [a,b] > © bea piecewise differentiable path, for any p € Rx {7(b)} we 
can find a null future directed curve ¥ : [a,b] + M of the form 4(s) = (o(s), y(s)) 
with future end point p by solving the problem 


(b) = t(p) , , 
= = y/ hos) (¥(s), V5) - 


The path 4 will be called the null lift of y with endpoint p. 
As an example of application of Proposition A.1 we recover the following well 
known result {115}: 


Corollary A.1. f is Lipschitz continuous on any compact subset of its domain 


of definition. 


Proof. For y,z € B(2R) let K C Rx B(2R) be a compact set which contains all 
the null lifts Py,z of the coordinate segments [y. z] := {Ay+(1—A)z, r€ [0, 1]} 
with endpoints (r(z), z). Define 


C = sup{,/hp(n,n)|p € K,|nl5 = 1} , (3.46) 


where the supremum is taken over all points p € K and over all vectors n € TaN. 
the coordinate components 7! of which have Euclidean length 1 5 equal to one. 
Choose I to be a bounded interval large enough so that K C Ix B (2R) and, as 
before, choose o large enough so that I x B(2R) lies to the past of dig. Let yz 
B(2R) and consider the causal curve P (f(s). 7 (s)) obtained by following the 
null lift Fy, in the parameter interval s € [0,1], and then a generator of # 
from (7(z),2) until #% in the parameter interval s € [1,2]. Then we have 


wa)= fray Fias 
1 
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Further I € P(x)(x) so that 


2 
ily) < | his) (4, ¥)ds 
1 V Pel ) 
1 2 
=f hus Das + f 4/ hers) (4,7) ds 
| t(s)( Heyy 7) 


< Cly — 2|5 + u(z) , (3.47) 


where |-|s denotes the Euclidean norm of a vector, and with C defined in (3.46). 
Setting first y = 2, 2 = a +h in (3.47) and then z = a, y = 2 +h, the 
Lipschitz continuity of f on B(2R) follows. The general result is obtained now 
by a standard covering argument. 


Returning to the proof of Theorem A.1, for « € B(R) let I, be a generator of 
Fee Wat Phy f(y). aml. if we write [,(s) = ae, oa s. then 
we require that yz2(s) € B(2R) for s € [0.1]. For s € [0,1] and h € B(R) let 
Ya.+(s) € ©’ be defined by 


“2 tt) = 4e(s) + (1 — 5)h = 8y0(s) + (1 — 5)(Ye(s) +h) € B(2R) . 
We note that 
Yn 10) Sa cm ad Og Sree) = ~el) 3 Bae — Ve = Fh. 


Let fy.4 = (0+(S),¥xz.4) be the null lifts of the paths yz, with endpoints 
I,(1). Let K be a compact set containing all the [,.4’s, where z and A run 
through B(R). Let [ be any bounded interval such that J x B(2R) contains Kk. 
As before, choose o so that J x B(2R) lies to the past of X,, and let b be such 
that I,(b) € #,. (The value of the parameter b will of course depend upon 
vc). Let Po be the uni curve obtained by following [7.4 for parameter values 
s € [0,1], and then I, for parameter values s € [1,}]. Then Ty, € P(x)(@ + h) 
so that we have 


1 b 
p(a@th)< i hos (s) Va,£: Yo,+)08 + [ he.(s) (Ya, Ya)as 
Jo Jy 
Further ’ 
— i hba(s) (Yar Ya )ds ; 
Jo 
hence 
Bee >) _ (2) < 
2 
1 fy [Rx(e) Gets tet) + heats) Fete) = 
0 


(3.48) 
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Since solutions of ODEs with parameters are differentiable functions of those. 


we can write 

$4(8) = da(s) + yils)hitr(s,h), — [r(s,h)| < CAIs , (3.49) 
for some functions w;, with a constant C which is independent of a, he B(R) 
and s € {0,1]. Inserting (3.49) in (3.48), second order Taylor expanding the 
function heste) Vets Ye.+)(s) in all its arguments around CARA AG) 


and using compactness of kK one obtains 


p(w +h) + u(x —h) 
2 


p(x) < Clhig , (3.50) 
for some constant C’. Set 


o(a) = p(x) —Clal5 . 
Equation (3.50) shows that 


Va,heB(R) w(x)> ee 


A standard argument implies that w is concave. It follows that 
f(x) + Clal§ = 7T(@) + Cla\s = 0 Syn) Cla\? =o-—7(z) 


is convex, which is what had to be established. 0 
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Abstract. By a series of examples, we illustrate some rather remarkable and sur- 
prising (at least to some) relationships between (1) all three-dimensional conformal 
Lorentzian manifolds and a wide class of 3rd order ODEs (all 3rd order ODEs with 
vanishing Wunschmann invariant) and (2) all four dimensional conformal Lorentzian 
manifolds and a wide class of pairs of 2nd order PDEs (all pairs of 2nd order PDEs 
with vanishing generalized Wunschmann invariant and satisfying a simple inequality). 
In addition, we study the relationship between the equivalence classes of differential 
equations under the group of contact transformations and the construction of null 
surfaces in the Lorentzian manifolds. General theorems are stated without proof. 


4.1 Introduction 


It is the purpose of this note to describe a rather remarkable connection between 
Lorentzian conformal geometry on both three and four-dimensional manifolds 
and large classes of differential equations. In particular we will discuss (1) the 
relationship between a// three-dimensional conformal Lorentzian geometry and 


3rd order ODEs of the form 
ee pe aac ee AL 
s' ne ds? y cy 


where F(u,u’,u”,s) is a smooth function of its variables satisfying a differential 
condition (the vanishing of the Wunschmann invariant, W[u] = 0 [1-3]) and (2) 
the relationship between all four-dimensional conformal Lorentzian geometries 
and the pair of 2nd order PDEs of the form 


O7u ange du Ou O7u ru ae , Ou Ou O*u 

hap = §, 5, Lian! (Aa =) AAS 

Os? (s Os’ 08’ Os08"’ O05? Os’ 05’ A808 
where u is a real function of the complex conjugate pair (s,s). The pair of 
complex conjugate functions, ($,S) must be chosen (7) to satisfy integrability 
conditions, (ii) to satisfy the inequality 


1S Sa 0, (4.3) 


), (4.2) 


which can be shown to imply that the solution space is defined by four indepen- 
dent parameters and (iii) to satisfy a certaim differential condition (the vanishing 


of the generalized Wunschmann invariant, M/[S, S] [4]). 
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The relationship between the differential equations and the Lorentzian mani- 
folds in each case is established by first noting that for Eq.( 1.1). the local coordi- 
nates of the Lorentzian manifold are given by the three constants of integration. 
zx’, (i = 0,1, 2), defining the solution space, I3,, so that solutions are expressed 
as 

u = 2(z’,s), (4.4) 
while for Eq.(4.2), the solutions space, 924, is defined by four constants of inte- 
gration, x?, (a = 0,1, 2,3), so solutions have the form 


u = 2(Gemaes (4.5) 


In addition, it has been shown [4] for both cases, that a conformal Lorentzian 
metric, {g], can be defined on My and My by, respectively, 


g'3 (x*)0;20;z = 0, (4.6) 
g(a" \0, 2092 — 0. 


In other words, the solutions, (4.4) and (4.5), of Eqs.(4.1) and (4.2), both define 
(conformal) Lorentzian metrics on respectively, My, and M,. aud sunmultaneously 
are interpretable as one and two parameter solutions to the eikonal equation as- 
sociated with that metric, i.e., the solutions are complete integrals of the eikonal 
equations; the level surfaces, u = constant, are null or characteristic surfaces for 
each value of the independent parameters. 

There is a further interesting issue that connects the theory of differential 
equations with the Lorentzian geometries, namely the connection between the 
theory of equivalence classes of differential equations under the variety of trans- 
formations, point transformations, fiber-preserving transformations and contact 
transformations. We will see that there is a simple but elegant geometric inter- 
pretation of these transformations in terms of geometric structures (the charac- 
teristic surfaces) on the associated Lorentzian manifolds. 

Since many of the ideas and detailed proofs of the claims just referred to, have 
already appeared in the literature [5], [4], and involve lengthy and unattractive 
calculations, in this work we will, for the purpose of simplicity and clarity, re- 
strict the discussion essentially to one example — namely flat three dimensional 
Minkowski space - which illustrates the entire theory - and then explain how 
it generalizes to arbitrary three and four dimensional Lorentzian manifolds. In 
the process, we will reverse the point of view just expressed; we will begin with 
the Lorentzian manifolds and their conformal metrics and derive the differential 
equations rather than start with the differential equations. 

In particular, we will use, as an example, three-dimensional flat Lorentzian 
space-time. We introduce the “flat” coordinates, x’ = (t,x, y) and conformal 
metric, 

g = 2? diag(1, —1, -1) = 2°? — da* = dy?) 
and then show how the equation 
d°u 
ds3 
and a family of similar equations naturally arise. 


= 0. 
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Before beginning the detailed discussion we want to point out that the idea of 
associating geometric structures to equivalence classes of families of differential 
equations goes back many years to the classical papers of Cartan and Chern. To 
a large extent the material reported here and in our earlier papers turns out to 
be a different formulation of some classical results of Cartan and Chern in the 
3d case, and a generalization in the 4d case. Our motivation and point of view 
are, however, quite different from that of Cartan and Chern. 


4.2 Example of Contact-Envelope Transformation 


We begin with the flat three dimensional manifold S03 with metric 
g— ieee =b == 07 dr — dr? — dy’) (4.7) 


and consider one-parameter solutions to the eikonal equation, (referred to as 
complete integrals) 
Go0,2 = 0. (4.8) 


The simplest such solution is the one-parameter family of (level) surfaces 
given by 
ii = z(x.y,t.p) = (1+p*)t + 2pa + (1 — p?)y (4.9) 


where (t.z,y) are the Minkowski coordinates. For any fixed value of p, the level 

surfaces u = constant. are null surfaces or characteristic surfaces of the metric 

(4.7). This function, obtained as a solution of the eikonal equation on Sts can 

alternatively be thought of as a solution of a third order ODE in the variable p. 
By differentiating (4.9) three times with respect to p we obtain 


ce 


Ge, 
Ts = (4.10) 


If we had started with (4.10), instead of the Eikonal equation, (4.8), its gen- 
eral integral would have been (4.9), but now with (¢, x, y) interpreted as constants 
of integration. By going further and substituting (4.9) into the Eikonal equation, 
the metric (4.7) could have been recovered. In other words the conformally flat 
Lorentzian geometry is contained or embodied in (4.10). 

Though we have shown this for the simple case of (4.10), the result can be 
generalized to any Lorentzian Iz or Wy. 

An immediate question arises; what are the consequences of choosing different 
solutions (complete integrals) of the flat-space eikonal equation, solutions more 
general than (4.9). One simple and obvious way to obtain new complete integrals 
is to define a new independent variable and change the dependent variable by 


s = f(p), (4.11) 


eye 


106° Simonetta Frittelli, Niky Kamran, and Ezra T, Newman 


a change that is referred to as a fiber preserving transformation. An example is 


u 2p 
a = Tee cos § = 1 +p?’ (4.12) 


so that the new solution of the eikonal equation becomes 
u* =t+2coss+ysins, (4.13) 


another representation of plane uull waves. Either by taking three derivatives of 
(4.13) and eliminating the (t,x,y) or transforming the ODE (4.10) via (4.12), 
we obtain the new ODE 


(is a * 
i (4.14) 
ds? ds 
whose general 3-parameter solution is (4.13). 
Another example is the simple rescaling of (4.13): 
; (4.15) 
sin s 
or 
i —2eots | oe (4.16) 


sins’ 
again a representation of null waves but now satisfying a different third order 
ODE p F Pp 

qgt = 27,U— 8a au cots (4.17) 


when the (t,x, y) are eliminated. 

What we have shown, by the three examples, is that the three very similar 
(geometrically identical) plane-wave complete solutions of the eikonal equation. 
(4.9),(4.13) and (4.16) are related to three different ODEs all obtained from 
each other by simple fiber preserving transformations, (4.11). The question then 
is whether there is a relationship between the ODEs when the solutions of the 
eikonal equation are geometrically completely different: e.g., what is the rela- 
tionship between the ODEs when one goes from the plane wave null surfaces to 
light-cones? 

If we define the two-parameter family of light cones by 


(a —y)? + (3-2)? -# =0, (4.18) 


for fixed (@. 5) and then treat this as an implicit one-parameter family of solutions 
(complete) of the eikonal equation, 


eet Sees 


then it is easy to see that eliminating (t, 7, y) from the 3rd derivative, we obtain 
the new 3rd order ODE 


com = 3 2 ae = : 
ds* 1 + (47)? ds- (7 : (4.19) 
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Eq.(4.19) can not be obtained from any of our earlier ones by means of a fiber 
preserving transformation but it can be obtained by a beautiful ecneralization of 
them. This generalization has two apparently different statements or descriptions 
that on inspection turn out to yield exactly the same transformation. Though 
this generalization applies to the transform of any complete solution to any 
other complete solution, we will illustrate it with the example above __i.e., the 
transform from the plane waves to the null cones. 

We begin with the classical procedure [6], (an envelope construction), ap- 
plicable to either the Eikonal or the Hamilton-Jacobi equation, where from a 
complete solution one can construct any other solution. 

This procedure, which we will use to go from one complete solution of the 
eikonal equation to another, is as follows: Assume that u = 2z(t,2,y,s) is a 
complete solution of the Eikonal equation, then by taking an arbitrary function, 
V(s, z(t. 2. y.s).5) and then writing 


alanis) se (ts 7.8) .8 ys (4.20) 
with s = J(+.r, y.8). given by the implicit (the envelope) relationship, 


A . 
= OVO. «032 =0. (4.21) 
ds? 
It is easy to check that the new 2(t..r. y,5) also satisfies the Eikonal equation for 
als: 
If we begin with the plane waves, (4.16), u = xcots+y+ >+., and choose 


Vise 2. y.8).s) = 2— Scots 


or 


z(t.z,y.8) =(x—%8)cots+ - 
faGiies | —= (2 — 8) Co Le core 


which, with the envelope condition, (4.21). 


(s— @) 
f 


COS S = 
we obtain the family of null cones. 
Gace et 0, 
As we saw. the a defined implicitly here, satisfies the ODE, (4.19). 


Remark 4.1. This constitutes S. Lie’s construction of three-dimensional Min- 
kowski space as the space of all circles in the Euclidean plane. 


An alternate means of performing this transformation is to concentrate on the 
3rd order ODEs, (4.17) and (4.19), and completely forget about the space-time 
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itself. Any third order ODE involves differential relations between the variables 
(s,u,u’, wu”), in the sense that 


Du du d?u 

Gee gee 4.22 
ds? 2 ds’ ds? 5) ( ) 
du du " du tok Teer 

re — u', ae =U, ee = F(u, U,U mee (4.23) 


We are interested in the transformation of these equations induced by changes 
in the variables. Though there are a wide variety of transformations that one 
could consider, we will consider only two classes: 

a. Fiber preserving transformations, that we mentioned earlier (using a dif 
ferent notation), 


3 = f(s), (4.24) 


git, se 


b. Contact transformations (i.e., transformations just among the variables 
(s,u,u’), technically, the first jet bundle over s) that are given in terms of a 
generating function, H, having the form H(u.%u, s,s). The transformation. 


(s:u,u ) (eam) 
is given by the implicit relations [7], 
H(w,t.s,8) =0, AH, -un, =O) “He+u A, — 0. (4.25) 


with the assumption that the contact transformation is not a prolonged point 
transformation. 


Remark 4.2. This class of transformations was first studied and applied, by So- 
phus Lie. to the problem of the equivalence classes of ditferential equations under 
a variety of transformations. 


Returning to our example, by choosing 
H(u,U, s,5) = (UW —u)sins+5coss. (4.26) 


and using (4.25) we obtain the explicit contact transformation 


u =u-— Scots, (4.27) 
$ = —sin’ s- du/ds, 
du/ds = —cot s, 


which transforms (4.17) into (4.19). By substituting into (4.27), the explicit form 
for u, ie., (4.16), one sees that the transformations though involving different 
variables, really are identical. 
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More generally, With a bit of thought, it is not difficult to see that (4.20) 
with (4.21), is actually the same transformation as (4.25) just using different 
variables. 

To summarize this section, we have seen, by example, that given a 3-dim- 
ensional Lorentzian manifold, and any complete integral (a one-parameter family 
of solutions) of its eikonal equation, there is a third order ODE with the param- 
eter as independent variable, whose three-constant of integration solution is the 
same as the complete integral. Furthermore, all complete integrals can be ob- 
tained from any one, by a classical envelope construction: and the associated 
third order ODEs are related by contact transformations. In each of the cases, 
by direct calculation, the Wunschmann Invariant vanishes. 

In the next section we will state the generalizations of these results. 


4.3. Generalizations 


What we have shown by example. can be greatly generalized. In the first part 
of this section we will give the main results of the generalizations for three- 
dimensional conformal Lorentzian geometries while in the second part, it is ex- 
tended to four-dimensional conformal Lorentzian spaces. We state the results as 
local theorems. No proofs will be given here other than brief explanations 

detailed proofs have been given elsewhere [4,5]. The examples in the previous 
section are intended to give a heuristic argument for the truth of the theorems. 


4.3.1 Three-Dimensional Conformal Lorentzian Geometries 


Theorem 4.1. Given any (local) three-dimensional Lorentzian metric on IN 
and any complete integral (a one-parameter, s, family of solutions) of the asso- 
ciated eikonal equation. there 1s a unique 3rd order ODE with vanishing Wun- 
schmann Invariant (whose independent variable is the parameter s) that was ob- 
tained by eliminating the three local coordinates of Nz, whose solutions contain 
three constants of integration, which in turn can be taken as the local coordinates 
of Ns and is identical to the complete integral. All other complete integrals can 
be obtained from any one complete integral by means of an envelope construction; 
the 3rd order ODEs associated with the complete integrals are transformed among 
each other by means of contact transformations. In other words, the equivalence 
classes of these 3rd order equations under the group of contact transformations, 
all have the same conformal Lorentzian geometry. 


Theorem 4.2. (The converse of 4.1): Given any 3rd order ODE, with a van- 
ishing Wunschmann Invariant, there is a local manifold M3 given by the three 
constants of integration, on which there exists a unique conformal Lorentzian 
metric. This conformal metric is obtained from the demand that the solution to 
the ODE also be a solution of an eikonal equation with some unknown ~— to be 
determined — metric on M3. Each member of the equivalence class of ODEs un- 
der the group of contact transformations yields, via this construction, the same 
conformal Lorentzian metric. 
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Note that in either Theorem 4.1 or 4.2, if the contact transformation is re- 
stricted to a fiber preserving transformation, then the 3rd order ODE can be 
very much changed but the basic geometry of the associated null surfaces re- 
inains unchanged. [f the vanishing of the Wruschimeain Taivariant is not satisfied 
there still remains a rich geometry [2-4]. 


Corollary 4.1. Given a conformal Lorentzian 3-manifold, 23, with a confor- 
mal metric [g] having n conformal isometries and given a third order ODE, (any 
member of the equivalence class), whose solution yields a one parameter family 
of characteristic surfaces of the conformal metric |g]: 

Then, (a) the dimension of the symmetry group of the ODE (the contact 
transformations that preserve the ODE) is n. 

(b) the solutions of the ODE, (as characteristic surfaces in Nz), transform 
in Ms via the conformal isometries. 


4.3.2 Four-Dimensional Conformal Lorentzian Geometries 


In four dimensions the theorems are quite similar though they must be some- 
what modified. The proofs however are very much more difficult and technically 
involved. 


Theorem 4.3. Given (locally) any four-dimensional manifold, Ns. with a (con- 
formal) Lorentzian metric and any complete integral (a two-parameter family of 
solutions) of the associated eikonal equation, then there will be a unique pair of 
2nd order PDEs with vanishing generalized Waesehinann Invarunt ‘ohtarmned 
by eliminating the four local coordinates of M4 from the first and second deriva- 
tives with respect to the two-parameters). This pair of 2nd order equations form 
an overdetermined set so that the solution space is a four-dimensional mani- 
fold that we take as N4. The solutions are identical to the complete integrals. 
All other complete integrals can be obtained from any one complete integral by 
means of an envelope construction; the pair of 2nd order PDEs associated with 
the complete integrals are transformed among each other by means of contact 
transformations. In other words, the equivalence classes of these 2nd order equa- 
tions under the group of contact transformations, all have the same conformal 
Lorentzian geometry. 


Theorem 4.4, (The converse of 4.3): Given any pair of 2nd order PDEs, (4.2) 
with vanishing [generalized] Wunschmann Invariant [4], satisfying a certain in- 
equality, (4.3), then the solutions depend on four constants of integration, defin- 
ing the local solution space, N4. On My there exists a unique conformal Lorentz- 
tan metric. This conformal metric is obtained from the demand that the solution 
to the pair of 2nd order PDEs also be a solution of an eikonal equation with some 
unknown — to be determined — metric on M4. All members of the equivalence 
class of pairs of 2nd order PDEs under the group of contact transformations, 
yield, via this construction, the same conformal Lorentzian metric. The confor- 


mal Lorentzian metrics are invariant under the contact transformations applied 
to the PDEs. 
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Corollary 4.2. Corollary 4.1 generalizes. ina straightforward manner. from 
the three dimensional Lorentzian manifolds Mz to M4. 


Remark 4.3. Notice that Theorem 4.4 (and Theorem 4.2) allows one to adopt 
a radically different view towards differential geometry — with no implication 
that it is better or worse then the standard approach — just different: 

Local coordinate patches of manifolds are defined as the solution spaces of 
differential equations in a completely coordinate independent manner. In a re- 
gion where the solution breaks down (e.g., caustics or wave front singularities 
of the eikonal equation), one could construct overlap regions (without mention- 
ing coordinates) where one chooses other differential equations from the same 
equivalence class. The change of one solution of the eikonal equation to another 
plays the role of standard coordinate transformations. In other words, an entire 
equivalence class of pairs of 2nd order PDEs, _ satisfying the conditions of The- 
orem 4.4 — under the group of contact transformations, simply is the definition 
of a four-dimensional manifold. 


Remark 4.4. Since, from Theorem 4.4, we can obtain by appropriate choice of 
the pairs of 2nd order PDEs any conformal Lorentzian 4-metric, one could then 
ask for further conditions on the PDEs so that the conformal Lorentzian metrics 
are conformally related to Einstein metrics. 

In this manner, one could hope to study the Einstein equations via a version 
of the conformal Einstein equations. A first step (necessary, but not sufficient) 
in this direction would be to see how the PDEs could be restricted so that the 
solutions yield a conformal metric having a vanishing Bach tensor. Work on this 
problem a very difficult one —_ has begun. In the case of asymptotic flatness, 
the vanishing of the Bach tensor is probably both necessary and sufficient for 
the metric to be conformally Einstein. 


Note added in proof. There are further developments in the geometry of 3rd 
order ODEs so that one has. in a natural manner, the existence of a Cartan 
normal conformal connection on the solution space, arising from any 3rd order 
ODE with a vanishing Wunschmann invariant. This will be reported in a future 
paper by S.Frittelli, C.Kozameh, E.T. Newman and P. Nurowski. 
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Abstract. A brief description is provided, of the present status of the twistor encoding 
of a general asymptotically flat Ricci-flat space-time M, in terms of the complexifica- 
tion C.¥* of its conformal infinity. The construction of the twistor space JT is given 
explicitly, this generalizing the 1976 picture, which gave a “non-linear graviton con- 
struction” for anti-self-dual (complex) Ricci-flat space-times. The (suggested) converse 
determination of the space-time itself from 7 is indicated only. 


5.1 Non-linear Gravitons 


One of the major aims of twistor theory is to find a natural description of a 
general vacuum space-time, encoded into the structure of a deformed twistor 
space. This is taken as an essential step towards finding the appropriate union 
between Einstein's gravitational theory and quantum-theoretic principles, in ac- 
cordance with the basic tenets of twistor theory. For about a quarter of a century 
a construction has been known which indeed translates the general (complex) 
anti-self-dual (ASD) vacuum space-time into a curved twistor-space structure. 
This has been known as “the non-linear graviton” construction [14], but since 
it encodes only the graviton of left-handed helicity (i.e. ASD), I refer to it here 
as the leg-break graviton construction (“leg-break” being a cricketing term, for 
a ball bowled with a left-handed spin). The full non-linear graviton would in- 
volve right-handed helicity also. This involves the solution of the problem of 
finding a corresponding twistor representation of the general self-dual (SD) vac- 
uum space-time. which has been referred to as the googly problem (again a term 
from cricket, a “googly” being a right-spinning ball bowled with a leg-break-like 
action). 

Twistor space has an inherently chiral character, and this underlies the qual- 
itative difference between the coding of ASD and SD vacuums. By passing to the 
dual twistor space the chirality would be reversed so we could, if we wished, use 
the original 1976 construction to encode SD complex space-times. But this does 
not help us, because the full graviton, which includes both helicities, requires that 
we use the same twistor space to incorporate both. The googly construction is 
therefore needed, so as to allow for this combination of helicities. | should remark 
that the ambitwistor approach, based on the space of complex null geodesics and 
modeled on a canonical hypersurface in the product of twistor and dual twistor 
spaces [1,9, 10], does not fit in with the general “graviton” philosophy of twistor 
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theory, being (even if fully successful) more akin to a classical than a quantum 
description. 

According to the philosophy that is being adhered to for the twistor construc- 
tions. the description of a “eraviton” indeed requires the full non-linear (vacuiuin) 
Einstein equation to be solved, rather than just the linearized versions of this 
equation that conventional treatments use (see [14]). Further restrictions that 
we ought to demand (for a freegraviton), over and above Ricci-flatness for the 
complex-Riemannian 4-manifold, would be appropriate conditions of asymptotic 
flatness and (though not discussed here) positive frequency. These would be the 
normal restrictions for the more conventional descriptions of gravitons in terms 
of solutions of the linearized Einstein equation. 

The appropriate condition of asymptotic flatness seems to be the existence 
of a sufficiently extensive conformal infinity .%+ [13], but where this must be 
taken as a complex null 3-space. In fact, the original “non-linear graviton con- 
struction” arose from considerations of ordinary real asymptotically flat vacuum 
space-times, via the H-space concept of Newman [11]. Later work showed that 
the leg-break construction applied more generally, no assumption of asymptotic 
flatness for the ASD “complex space-time” being needed. Newman's construc- 
tion, as applied to a real analytic asymptotically flat vacuum M. takes the 
“ASD-part™ My, of M. by defining the points of My, to be the “good cuts” of 
the complexification C.Y7+ of M’s .%*. These “cuts” are complex cross-sections 
of C.¥+, where C.¥T is taken as. in effect. a (mutilated) complex line bundle 
over a thickened-out anti-holomorphic diagonal $(= S$?) of CP’ x CP’. To be 
~good”!, such a cut C must have vanishing asymptotic shear o (where a is the 
“freed-up” complex conjugate o° of the asymptotic complex shear of a complex 
null hypersurface meeting C.%* in C, cf. [8.11.12.18]). and there is (in normal 
circumstances} a holomorphic 4-complex-dimensional family of such cuts, con- 
sistently with M, being a complex 4-space. Newman's remarkable definition of 
the metric gz of My can be expressed as (with S being the surface area 2-form) 


Sree $ ys (5.1) 


Here V is a (non-null) vector in Mz ,. at a point p of M,, where p is defined by 
a certain good cut C of C.Y* and where V specifies the displacement v(6.@), on 
C.~ (along generators of C.Y+) from C to a “neighbouring” good cut C’, “ ¢~ 
denoting integration over an appropriate 2-dimensional contour on C. With this 
definition, it turns out that not only is gz a (holomorphic) complex-Riemannian 
metric on My. but it is automatically ASD and Ricci-flat. 


' In Newman's original definition, a “good cut” would have vanishing o, rather than 
&@. which would result in an SD complex vacuum space rather than an ASD one. 
I am reversing his descriptions here, so as to be consistent with the usual twistor 
conventions. 
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52 the Rea taablencce of gt 


Before relating this to twistor theory, it is appropriate to address the issue of 
the existence of .%*, for an asymptotically flat space-time M. Some people have 
expressed unease with the notion of .%*, even for very well behaved asymptot- 
ically flat space-times. However, the mere existence of %+ for a space-time M 
that is asymptotically flat. even in a very weak sense, is not an issue of serious 
dispute, since the points of .7* can be defined in terms of TIPs (terminal in- 
decomposable past-sets: cf. [7.19]). What is at issue is the degree of smoothness 
that can be assigned to #7. 

Now it is clear that there are many analytic space-times M that are asymp- 
totically flat and vacuum in the asymptotic region, for which M(= M U.%t) 
would have low differentiability at .4* (e.g. where the conformal metric is C° 
but not even C'). Such could be the case if there were a tail of incoming ra- 
diation with logarithmic fall-off. or with some other rate of fall-off having an 
amplitude that is not adequately smooth (at w = 0) in a parameter w which 
is the reciprocal of advanced time. This is easily seen in the case of linearized 
general relativity. The issue is not whether regularity at 4+ covers all situations 
that we would like to call “asymptotically flat”: it is whether this regularity con- 
dition allows all the freedom that we need in order to describe radiating isolated 
systeins in general relativity. 

We know from the work of Friedrich [3.4] that vacuum space-times exist for 
which M is even analytic at .%+, and also at future time-like infinity i+, for 
which there is the full functional freedom of outgoing radiation. This is what 
we shall need for the twistor construction referred to in Sect. 5.1 and which I 
shall outline in a little more detail in Sects 5.3 and 5.4. This analytic case does 
not include “time-bomb” type behaviour for the outgoing radiation, but we can 
guarantee that there are analytic solutions that are as close as we wish to such 
behavior. We are thus assured of the existence of large class of space-times, of 
the kind that we shall need. which cover what is physically required for the study 
of systems in which there is outgoing gravitational radiation. 

A significant question does remain. however, concerning the appropriateness 
of the assumption of a smooth conformal infinity, namely the generality of an 
assumption of the coexistence of a sufficiently smooth (say analytic) behaviour 
at both .Y* and .Y~. This is all tied up with the choice of appropriate conditions 
that should be imposed at space-like infinity 2°. There is much current interest 
in this question (see {5]), but the matter appears to be unresolved at the present. 
time. Fortunately, the twistor construction that I wish to describe does not 
depend upon its resolution. 


5.3 The Construction of Projective Twistor Space PT 
from 47 7 


Let us assume. in accordance with the discussion of Sect. 5.2, that our real 
space-time M is vacuum and analytic, with analyticity holding throughout 
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M = MU.¢+ Uit (with i+ now included in the definition of M). We can 
thus form the complexification C.Y*, which need only be some small extension 
(cthickening”) of % + into the complex. By the usual discussion [19.20]. we find 
that the complex 3-space C.4+ has a degenerate conformal metric, of rank 2, 
where C.%+ can be regarded as being composed of a family of a-planes (SD com- 
plex 2-planes). or alternatively of a family of j-planes CASD complex 2-planes). 
where the intersection of an a-plane with a plane (except when vacnons which 
can occur when they are “too far apart” for a particular thickening C.7*) will 
be a complex generator of C.¥*, which is a null geodesic on C._¥* whose tan- 
gent directions are the null directions n of the singular metric of CW +. There 
are also other complex null geodesics on C.¥*. These lie either in 3-planes, and 
are called a-curves (or twistor lines), or in a-planes, and are called J-curves (or 
dual twistor lines). but not both. Only the generators can be real, but generators 
can also be complex. The a-curves constitute a holomorphic 3-parameter family. 
and so do the @-curves. There is a holomorphic 2-parameter family of a-curves 
on each (-plane, the G-planes themselves forming a holomorphic 1-parameter 
family, and similarly for the G-curves on a-planes. The generators form a holo- 
morphic 2-parameter family. 

The “finite” part P7o, of the projective twistor space PT, is the complex 
3-manifold whose points represent the a-curves on C.Y*. To obtain the full 
projective space PT, we have somehow to include the generators of C.¥~* also. 
as limiting cases of a-curves; but taking them individually would give us what 
is referred to as the “blown-up” projective twistor space. PJ itself is obtained 
by identifying all the generators that belong to a single a-plane. so each a-plane 
produces one point of PT. The family of a-planes gives us a holomorphic curve 
I (a Riemann sphere) on PT, which we can think of as representing “infinity” 
on P7. It requires a little work to see that this results in a smooth complex 
manifold PT, but this is indeed the case (see [16]). 

The projective twistor space PT (in fact the finite part P75) is the essential 
part of the 1976 “leg-break” construction for ASD Ricci-flat 4-spaces. Newman’s 
good cuts of C.¥+ turn out to be complex 2-surfaces ruled by a-curves (or by 
G-curves, with Newman's original conventions). The entire family of such a- 
curves, for a particular cut, constitute a holomorphic 1-parameter family giving 
a Riemann sphere in P79. Thus, Newman’s construction finds its twistor formu- 
lation in the finding of holomorphic curves (= $7) belonging to the appropriate 
topological family. Each such holomorphic curve in PT gives us a point of M,. 
This is the essence of the 1976 construction, although we need a little more 
information in order to get the scaling for the metric on Mz. This extra infor- 
mation is often formulated in terms of a canonically defined bundle over PT. 
From the overall twistor perspective, this bundle structure is best presented as 
providing the non-projective twistor space, which is a complex 4-manifold T. In 
the 1976 “leg-break” construction, T is taken to be a complex line bundle over 
PT (with the zeros of the fibres omitted). The information contained in this T 
encodes only the ASD information in the radiation field (a remarkable enough 
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fact, as it is), so we must do something more sophisticated if we are to encode 
(holomorphically”) the SD information also. 


5.4 The Construction of the Full Twistor Space T 
from 4+ 


How are we to encode the SD part of the radiation field? This is basically the 
“googly problem” referred to in Sect. 5.1. Let us return to the definition of PT, 
in Sect. 5.3. where each point of PT is given by a null geodesic on C.%*. I shall 
use the 2-spinor abstract-index formalism [18], described with respect to some 
analytic choice of conformal factor 2 making the metric gg, on M well defined 
on C.¥* (patchwise, at least). Take the n-directions on C.%+ to be given by 


n? = 046" (5.2) 


(with 64° independent of 0). The (null-geodesic) equation of an a-curve on 
C.¥* can be written 
We VoB LA’ O Par (5:3) 


(where suffires 0 and 0’ denote components obtained by contraction with o4 
and with 6%. respectively), the complex null direction oa being tangent to 
the a-curve. This equation is conformally invariant, but it leaves the choice of 
scaling for the tangent vectors completely free. 

In the leg-break construction, this is fixed by taking zero on the right-hand 
side of the above equation, so that jz4’ is parallel-propagated, and demanding 
that the (abstract-indexed co-spinor) j14/ be a conformal invariant (rather than 
a conformal! density). The different scalings for w4-, for a given a-curve, then 
give the (C — 0)-fibre of 7 that sits above the point of PT defined by that a- 
curve. Here we need something more general, so that the SD radiation field can 
be incorporated. 

This is achieved by taking the scalings to be defined by solutions of 


f =) ~ 
uw? Vos pa = Kar X (u°") b.Worooro! (5.4) 


(the scaled twistor-line equation STLE), along the various a-curves. Here pb, 
is the conformally invariant “thorn” operator defined in [18, p. 395]), which is 
a modified version of the derivative operator Vo, aud @4’B/c’p: is the (con- 
formally invariant) helicity +2 massless field related to the SD Weyl spinor 


Warpic'p’ by 7 - 
WA‘ B’'C'D! — Oa War pic p! (5.5) 


2 Of course, for areal M, the SD radiation information is simply the complex conjugate 
of the ASD information, but allowing the taking of complex conjugates at this stage 
would nullify the holomorphic nature of the construction, upon which the essential 
strength of the twistor formalism depends. 
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for any choice Q of conformal factor. The qnantity AC is just a mumerical constant 
whose most natural value is to be determined by later work. 

The 1-parameter family of solutions of STLE, for a given a-curve, gives the 
(non-linear) fibre of T above that point of PT which the a-curve defines. These 
fibres are called Euler curves on T (since they are integral curves of the “Euler 
homogeneity operator” of Sect. 5.5 which finds a natural interpretation in the 
present context). Phe whole coustruction is conformally mearianut (independent 
of 2) aud not dependent upon the scalings of oh anda?! . Theametric (as opposed 
merely to the conformal) structure of M is involved in the resulting structure 


Olas 


5.5 The Local Structure of Twistor Space =T 


What is this structure? We find that there is a 1-form e and a 3-form @. each 
defined up to proportionality on T. There is, however, a restriction on how much 
rescaling can be applied to e and @, the quantities 


W=d@e@. and S=d0edez0 (5.6) 


being invariant structures on 7. Another way of putting this is to say that the 
only rescalings that are allowed have the form (locally) 


i) kh ek Oe (5.7) 
where k is some (local) scalar function on 7. We also require the relations 
tAdt=0, tA@=]0, day —=—2e: (5.8) 


oy) 


to hold between e and @, where the bilinear operator “2 
n-form 7 and a 2-forin, is defined by 


, acting between an 


71 @ (dp A dq) — dp ® dq — nA dq & dp. (5.9) 


What is the geometrical significance of these various relations? First, the 3- 
form @ determines the directions of the fibration of T, above PT. These directions 
are those of the Euler vector field Y (“Euler homogeneity operator” ), defined by 
the formal relation 


Y = 40 + do. (5.10) 


(The precise interpretation of this quotient is: Y(a)d@ = 4da A @, for all scalar 
fields a.) The fibres of T are the integral curves of Y. We find that Y is not 
absolutely determined, however, but scales according to 


Y =k'r (Sats 


Because of this. the notion of “homogeneity” is not an absolute thing on T (as 
it is in flat or “leg-break” twistor theory), a function “homogeneous of degree 
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m” being an eigenfunction of Y for the eigenvalue m. Degree m homogeneity 
extends to non-scalar quantities I through the eigenfunction relation 


1 hee gan Oe (5.12) 


A significance of the relation d@ 2. = —2@ 2 de is now found to be that this 
is equivalent to the assertion that the 1-form ze is of homogeneity 2 (the fact 
that @ has homogeneity 4 being automatic). The Frobenius relation e A de = 0 
informs us that 2 determines an integrable 3-foliation. The leaves of this simply 
.describe the families of a-curves that lie in the same B-plane on C.4t. The 
relation e \ @ = 0 tells us that the Euler curves lie in these leaves, a fact that is 
contained in the previous comunent. 
The restrictions on the rescalings are shown to imply that the (local) rescaling 
factors k can have only a very special and somewhat curious form, satisfying 


a — Ok. (Gl) 


In terms of a parameter z, defined along the Euler integral curves in a standard 
wav 


ez (5.14) 


so that “Y-homogeneity” of a scalar quantity is simply ordinary homogeneity in 
terms of z. we find 
ieee (5.15) 


for some F’. constant along each Euler integral curve. This amounts to saying 
that 
|e a are (5.16) 


where f_¢ is a function on twistor space, homogeneous of degree —6. The signif- 
icance of the “(—6)-homogeneity” is that in ordinary flat-space twistor theory, 
right-handed “linear gravitons” (SD solutions of linearized gravity, i.e. of the 
spin-2 massless field equations) are described by means of holomorphic twistor 
functions homogeneous of degree —6. It had long been noted that the leg-break 
construction provides a non-linear version of the corresponding left-handed linear 
gravitons (ASD solutions of linearized gravity), for which the twistor functions 
have homogeneity +2. The googly problem of Sect. 5.1 is to find a corresponding 
non-linear role for (—6)-functions in generating the SD solutions of the non-linear 
Einstein equation. The present framework points to a plausible solution. 


5.6 Present Status of the Role of 7 
in Encoding Ricci-Flatness 


The construction of J described in Sect. 5.4 and Sect. 5.5 indeed provides a 
complete coding (up to possible global issues) of a general analytic vacuum 
space-time M, which is asymptotically flat in the strong sense of Sect. 5.3. 
(Both SD and ASD radiation fields are encoded, and 4 * can be used as a final 
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data hypersurface.) However, it is not yet completely clear that the geomet- 
ric characterizations of JT described in Sect. 5.5 (together with suitable global 
requirements) are sufficient. More seriously, we as yet have no explicit construc- 
tion of the points of M (or of its complexification CM) in terms of geometrical 
structures within 7, analogous to the holomorphic curves in PT that worked 
in the SD case. There are, however some “informed guesses” (which I shall not 
glorify by the term “conjecture” ), that I have largely described elsewhere ( (16]; 
ef. also [2, 15,17] for some details), and which offer some hope of progress in the 
correct direction. 

It is not appropriate that I attempt to spell these out here in any detail, 
but a few comments may give something of their flavour. In the first place, we 
appear to need an analogue € of the 1-form e, for each point x of M. (In fact, 
t may be thought of as representing the point i* at future-time-like infinity.) 
Each form € is to satisfy the same algebraic and differential relations (with @) 
as does t (i.e. EA dE = 0, EAOG =0, and dd # € = —20 7 d€). and also scales in 
the same way (i.e. €’ = k€). We also do something very similar for null infinity, 
providing a 2-form 7 for each point y of C.Y*. Each form € is to specify a 
“surgery” of 7, which is characterized by certain global properties that relate to 
integrals of these various forms on 7. The details of these matters are still “work 
in progress”, but it is perhaps worth mentioning that the Newman integral for 
the metric described in Sect. 5.1 (which at least works in both the SD and ASD 
cases) can be re-expressed in the twistorial form (cf. [6]): 


16én-¢ += pre, where £A£°AL=7O. (5.10) 


Here, g is the infinitesimal squared metric distance of the displacement from a 
point z of M to a neighbouring point x°, these corresponding to the 1-forms £ 
and €°, as indicated above. 
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6 Isotropic Cosmological Singularities 
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Abstract. An isotropic cosmological singularity is a cosmological singularity which 
can be removed by conformally-rescaling the metric. In the rescaled metric, the singu- 
larity is required to occur on a space-like hypersurface. Thus in particular the conformal 
structure can be extended through the singularity. One can now study the Cauchy prob- 
lem for the cosmology with data at the singularity for various matter models. I review 
previous work on this problem and consider various directions for future research. 


6.1 Introduction 


Most of the talks at this workshop are concerned with Roger Penrose’s original 
idea of extending the conformal structure of an asymptotically-flat space-time 
Af to the null infinity Y% of Mf. As we all know, this extension is achieved by 
conformally-rescaling the physical metric by a conformal factor which goes to 
zero at large distances and makes infinity finite. It was (and is) remarkable that 
the conditions for the existence of this extension are so closely related to the 
asymptotic conditions already given e.g. by Bondi and coworkers for solutions 
of the Einstein field equations (EFEs from now on) with an isolated source. As 
we have heard. it is still uncertain precisely which data on a space-like Cauchy 
surface give a solution of the EFEs whose conformal structure extends to (and 
across) .¥, though there is a widespread belief that the existence of this extension 
of the conformal structure correctly geometrizes the idea of an isolated source. 
There is another situation, related to another suggestion of Penrose, where 
one might wish to extend the conformal structure of a space-time beyond where 
the metric is defined, and this is at a space-time singularity. The situation at 
a singularity is different from the asymptotic situation in two ways: first, the 
conformal factor goes to infinity rather than zero and ‘blows up’ the shrinking 
metric to make it finite; second, there is no expectation that this is the general 
case i.e. that such a singularity is a general space-time singularity. Rather the 
idea is that a singularity through which the conformal structure can be extended 
is quite special, but that initial singularities should be special in just this way. 
This second point is the burden of Penrose’s Weyl Curvature Hypothesis [17] 
(see also [18]). In [17], Penrose noted that in the standard picture of the Big 
Bang, the matter content of the universe initially was in thermal equilibrium 
and had high entropy, so that the gravitational field initially must have low 
entropy, in a sense to be explained, in order for there to be a Second Law of 


Thermodynamics. Penrose goes on: 
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I propose then that there should be a complete lack of chaos in the initial 
ecometry... this restriction on the early geometry should be something 
like: the Weyl curvature Cyycq vanishes at any initial singularity. 


Initial singularities are then contrasted with final singnlarities. formed in grav- 
itational collapse or the Big Crunch, where the chaotic ‘Mixmaster’ picture is 
more likely to hold, and the Wey! tensor to be singular. (In [17], Penrose con- 
sistently writes the Weyl tensor as Cobca which is not the form in which it is 
conformally-invariant, but he has told me not to see particular significance in 
this choice!) 

Part of the Weyl Curvature Hypothesis is that singularities should be like 
this as a result of the correct quantum theory of gravity, which must therefore be 
time-asymmetric. However, we can leave these kinds of question aside and take 
the Weyl Curvature Hypothesis as a selection principle: Can we characterize 
singularities with finite or zero Weyl curvature? Can we find large classes of 
examples? Can we explain other features of the early universe by the assumption 
that the Big Bang had this character? 

In this talk, I shall review what has been done in this programme. I begin 
in Sect. 6.2 with some general formalism, including two items of conformally- 
invariant calculus. One of these is the theory of tractors from [3]. which has not 
so far found application in the study of the Einstein equations, and the other is a 
conformally-invariant propagation along curves due to Schinidt 23> which has. 
With the aid of these and something from Clarke [6.7] and Racz [20]. I show 
how one might get from the assumption of finite Weyl tensor to an isotropic 
singularity according to the usual definition ( 14). This detinition is essentially 
that the metric can be conformally-rescaled so that the singularitv occurs on a 
smooth space-like hypersurface in the unphysical. rescaled space-time. Thus in 
particular the conformal structure can be extended through the singularity, and 
one can now contemplate a Cauchy problem with data actually at the singularity. 
in the sense of on this space-like hypersurface. In Sect. 6.3, we assume the usual 
definition and summarise the consequences for the EFEs in two cases: with 
source a perfect-fluid with a linear equation of state, or with source consisting 
of massless collisionless matter (the Einstein- Vlasov equations). We are led to a 
singular Cauchy problem with data on the singularity surface. but this can be 
solved with the use of an existence theorem due to Newman-Claudel. We go on to 
consider a wider class of matter models in Sect. 6.4, confining ourselves to looking 
for power series solutions to the Cauchy problem. Finally. in Sect. 6.5, there are 
some conclusions and suggestions for further work. including the possibility of 
numerical studies. 

I am grateful to the organisers of the Workshop on Conformal Structure in 
Tubingen for the invitation to attend this excellent workshop and to present this 
material. 
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6.2 Formalism and Extensions 


We want to define an isotropic cosmological singularity in the conventional way 
({13-16, 24-26]) as one where the metric can be rescaled as in (6.1) below to 
become non-singular, with vanishing on a space-like hypersurface ¥ in the 
unphysical space-time. The conformal structure therefore extends to and through 
the singularity surface ©. In this section, I want to suggest how one might get 
from an assumption on finiteness of the Weyl tensor at a singularity to a result 
on extendibility of the conformal structure through the siugularity. This work is 
‘ata preliminary stage, but presenting it will enable me to review some parts of 
conformal geometry. 

Let us begin by fixing conventions. which will generally follow Penrose and 
Rindler [19]. Given the metric gag5, we write the metric covariant derivative as 
Va and define the Riemann tensor by 


[Waw = Viva)V° == ,.,V". 


Conformal rescaling will be 
Gees (6.1) 


When dealing with Z. ga, is the physical metric and Z is located where 2 van- 
ishes. so that rescaling pulls infinity in to a finite place and the unphysical metric 
Gat extends the conformal structure through Z. When dealing with isotropic sin- 
gularities, it is convenient to suppose that the singularity is where 92 vanishes 
but then g., must be the physical metric and the unphysical metric gg, extends 
the conformal structure through the singularity. The change in the Christoffel 
syinbols under (6.1) is readily calculated and leads to the change in the Riemann 
tensor. This is most simply expressed by decomposing the Riemann tensor as 


Rabed = Cabed — 29ca Psa + 2GalaPojc (6.2) 


where the Rho-tensor P,) may be given in terms of the Ricci tensor R,, and 
Ricci scalar R by 
Pap = —(1/2) Rap + (1/12) Ragas (6.3) 


(The Rho-tensor, called L,, by Friedrich and Schmidt ({10-12]) among others, 
can be defined in any dimension; this is the correct definition in dimension 4). 
The virtue of the decomposition (6.2) is that under (6.1) the transformations 


simplify as 
Cie ere (6.4) 
Bs = Pao — Wario Th a (1/2)(9°N.Ta) Gab (6.5) 


where, as usual, %, = V,(log 2). In terms of the Rho-tensor, the (differential) 


Bianchi identity is 
i Cig Napa atee 
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Next I wish to introduce two conformally-invariant notions. The first of these 
are the tractors of [3]. A tractor is a section of a rank-6 vector bundle over 
space-time, and can be written as a column vector: 


ui = jie (6.6) 


where the components transform under (6.1) as 


GC. =a; 
aay ero ok (6.7) 
pep pf yt, ese. 


There is a conformally-invariant tractor-metric g;7 (we use capital letters I, J. K 
etc as tractor indices) defined by 


Uj= Gn = (pita, 0) (6.8) 
so that 
grgU'UT = 2p0 + gape? . (6.9) 
This metric is easily seen to have signature (+ + — — ——). The connection on 
tractors is defined by 
Via = iie 
Veo? = | Vail? eee a (6.10) 


b 
VaP _ Papi 
and the commutator of derivatives leads to a curvature which can be written as 


0) 0 0 
Rosi, = 2Via Py aa 0 (6.11) 
Om 270 


(Tractors were given this name in [3] in honour of their inventor Tracey Thomas; 
they are sections of a vector-bundle associated to the principal bundle on which 
the normal conformal Cartan connection is defined. This is the connection de- 
fined above. It is closely related to local twistor transport, which is defined on 
an associated spinor bundle [10}). 

Now a condition of finiteness of the Weyl tensor and its first derivative will 
lead, via (6.11), to an assumption of finiteness of the tractor curvature. 

The second conformally-invariant notion was introduced by Schmidt [23] and 
has been used subsequently by Schmidt and Friedrich on a number of occasions 
(e.g. [10-12]). Given a parametrised curve y with tangent vector v? consider the 
following propagation equation for a 1-form b, along y: 


v Vida = (bev°) bg — (1/2)(9°¢b.bg)ganv” + Pav? . (6.12) 
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Under 6.1, a solution of this equation is easily seen to transform as 


ba =ba —%n - (6.13) 


Given 6, along 7, we use it to define a Wey! connection, that is to say a torsion- 
free connection preserving the conformal metric, by 


v’Vpe? = —(boe°)v* — (bev )e® + (geae’v) Gg?” by (6.14) 
on vectors e* and 
UV 0a = (bev) Oa + (c¥°)ba — (9°*Ocba)ganv” (6.15) 


on 1-forms. 

The interpretation of b, follows from (6.13): given bg along y we may find Q 
in a neighbourhood of 7 such that the first and second derivatives of Q satisfy, 
at y, the equations 


Ve = Dg. (6.16) 
Val = babs — (1/2)9°*bebaga + Par - (6.17) 


This is an application of the Whitney Extension Theorem. It is easy to check 
that with this Q the quantities 2?g,,e%e" and 279°40.04 are constant along 
yy by virtue of (6.14) and (6.15). If we rescale the metric with this {2 according 
to (6.1) then in the rescaled space-time, the Rho-tensor will vanish at -y and so 
will 6,. Thus the propagation (6.14) and (6.15) should be thought of as parallel 
propagation in a metric for which the Ricci tensor vanishes at 7+. 

Schmidt {23] introduced this formalism in order to define a conformal bound- 
ary or c-boundary. His definition, following his earlier definition [22] of b-boun- 
dary was as follows: 


A curve z(X), 0 < A < 1, which is inextendible in M terminates at a 
point of the c-boundary 0, if a metric gay exists in the conformal class 
such that the Ricci tensor of g,, vanishes on z(A) for Ao < A < 1, and 
the generalised affine parameter length of x(A),Ao < A < 1, calculated 
with the connection of gay is finite. 


Now suppose we have a singularity, say in the sense of a point of the b- boundary, 
at which the Weyl tensor and some set of its derivatives are finite. How are we to 
recognise this finiteness? It is necessary to look at components in a frame and the 
formalism of Schmidt above gives a supply of frames defined in a conformally- 
invariant way. Can we extend the conformal structure to this point? For theorems 
on extensions. we turn to the work of Clarke and in the abstract to [6] we find 


the statement: 


A space-time has a local extension through a point on its b- boundary 
if and only if an appropriate number of covariant derivatives of the Rie- 
mann tensor have limiting values on a curve ending at the boundary 
point, measured in a parallelly-propagated frame. 
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Now to be fair, this is not a precise statement and there is more precision in 
[7] (see also [20] where there is an extension theorem quite close to the quoted 
passage above). However, if we take this as esseutially true for the moment then 
we can put this with the definition of c-boundary to make a conjecture: suppose 
we have a singular point p, so a point p in a space-time M and a curve ¥ of finite 
vencralised-affine-parameter length terminating at pr suppose there is a gap as i 
the definition of c-boundary so that p is in the c-boundary; finally suppose that 
the components of the Weyl teuser and an appropriate miumber of its derivatives 
have limiting values at pina frame which is parallelly-propagated in the metric 
connection of g,»; then there is a local extension of the space-time with metric 
Jap through p, so that there is a local extension of the given conformal structure 
through the boundary point. 

Such a conjecture would follow from the quoted statement on extensions 
because in the metric gg, the Ricci tensor is zero along y, so that if the Weyl 
tensor and its first derivatives are bounded then so are the Riemann tensor and 
its first derivatives. It would more-or-less say that if the tractor curvature was 
bounded in the frames of (6.14) and (6.15) then the conformal structure could 
be extended. Of course if one wanted to extend across a whole surface like 1 
above one would need stronger assumptions, for example of finite Weyl tensor 
along a whole congruence. 


6.3. Review of Polytropic Perfect Fluid Case 


We turn now to reviewing what has been done on the EFEs with a polytropic 
perfect fluid source or massless, collisionless matter and an isotropic singularity. 
Thus we can rescale with a conformal factor 92 to obtain a nonsingular unphysical 
metric gap With §2 vanishing on a smooth space-like surface ©’. The first result 
for perfect fluid is that the twist of the congruence defined by the fluid flow- 
lines must vanish. [13]. Now the Anid flows orthogonally to a family of space-like 
hypersurfaces which will provide a ‘cosmic time’ coordinate. 

Next we want the EFEs with the perfect-fluid stress tensor. If the fluid 4- 
velocity is tg as a 1-form in the physical space-time then it must be uz = Q7't, 
in the unphysical space-time in order to preserve normalisation. The stress tensor 
can therefore be written 


Tap = 2-?((p + p)taty — PGas) - (6.18) 
The Einstein field equations can be written as 
aay te: (fa ~ (1/3)Ga0d°*Fea (6.19) 


and we can use (6.18) and (6.19) in (6.5) to obtain a set of equations wholly 
framed in the unphysical space-time: 


2? Pap — QV gVo 2 + 2V ag QV — (1/2) gang? Ve NV aA (6.20) 
= AnG( 924 (p oe P)Uap = (1/3)2* pgas) ' 
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) 
Now let us try to follow the procedure used in the discussion of Z and assume 
that 92 is smooth at XY with non-zero derivative. Then, near to © we have 


Val = ON, + O(2) , VaVe2 = O(1) (6.21) 


for some positive function @. where N, is the normal to Z. If we substitute 
Eq. (6.21) into (6.20) and take 2 to zero, we see that to get a non-trivial limit 
we must have N® = u° at »’, and 4nG§24(p+p) and 4nG24p tending respectively 
to 20? and (3/2)? as 2 goes to zero. This is only possible if, in the limit as the 
density p becomes very large, the pressure p tends to p/3. Thus the assumptions 
made on J2, that it be smooth at © with nonzero derivative, are only compatible 
with equations of state subject to this restriction. The condition p = p/3 implies 
that the stress-tensor be trace-free, which one expects to be a better-behaved 
situation conformally. 

Suppose for the moment we impose the condition p = p/3, then in the limit 
the fluid flows orthogonally to the singularity, and we can change the choice 
of conformal factor and choose it always to be a function of the cosmic time 
introduced above. Let us call it t and use it as the time coordinate, and let us 
perform the usual ‘3+1-decomposition’ of the EFEs with respect to the coordi- 
nate ¢ and comoving coordinates x’,7 = 1,2,3. The EFEs are just (6.20) and 
the equations of motion of the fluid follow from the Bianchi identities. In the 
3+1-splitting, the variables are the spatial metric which we can write h;; and 
the second fundamental form say K;,. If. for simplicity, we take the equation of 
state to be precisely the radiation equation of state, p = p/3, then p and p can 
be written explicitly in terms of 92 and a function V related to the lapse and 
defined by V? = g@°t.,t.4. We may introduce extra variables to write the EFEs 
in a first-order form, but the presence of explicit factors of 22 in (6.20) means 
that the first-order system has singularities in the time. After some work, and 
introducing more variables to make the system symmetric and to include the 
propagation of constraints, Newman [16] was able to write the whole system in 
the form 


A°(u)Qu = A*(u)O(u)+ Buju t+ -O(u)u (6.22) 


where u stands for the field variables written as a vector, A” is positive definite 
and symmetric, the A’ are symmetric, and A®°, A’, B,C are polynomial in their 
arguments. 

Given the EFEs as the system (6.22), one may seek solutions as a power 
series in t. If the initial data at t = 0 is u(O) = uo then necessarily C(uo)uo must 
vanish. This is a constraint on the initial data which we can call for convenience 
the Fuchsian constraint. Being algebraic, it is easy to solve: the free data consists 
just of the initial 3-metric h;;(0); the initial second fundamental form 4,; must 
vanish and the initial V is a non-zero constant which, without loss of generality, 
may be taken to be one. This is to be contrasted with the situation when data 
is given at any non-zero value of t. Then there are more data but the data are 
subjected to the usual Hamiltonian and momentum constraints. 

We shall see that this is typical of the Cauchy problem with data at the 
singularity surface. The singularities in the equations at t = 0 impose different 
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and more stringent constraints on the data, but the constraints are typically 
casy to solve. 

There was no existence and uniqueness theorem in the literature for an evo- 
lution equation like (6.22), so that Newman set about providing one and the 
successful outcome of this was [8]. Given the conditions of this theorem, solu- 
tions of (6.22) exist and are unique given the data described above, so that there 
are many cosmological models with the radiation equation of state. 

The next step was to change the equation of state of the fluid, [24-26]. We 
saw above that the equation of state is fixed. at least asvinptotically for large p. if 
we require that §2 be smooth with non-vanishing derivative at 1’. Consequently 
we must drop these conditions if we want to change the equation of state, and 
a consideration of the Friedman-Robertson-Walker (FP RW) cosinologies. which 
certainly have isotropic cosmological singularities. indicates the correct route to 
take. Essentially, if the equation of state is linear with p = (y — 1)p then one 
requires 

pee) (6.23) 


where ») is the surface t = 0 and t is a smooth function in the unphysical space- 
time. One now proceeds as before to write the EFEs in terms of variables in the 
unphysical space-time and, after some labour, one arrives at another system of 
the form of (6.22). Again the theorem of [8] can be applied and one has existence 
and uniqueness of solutions given just the unconstrained initial 3-metric - there 
are no further degrees of freedom for the matter [2]. 

It would be possible to go on and consider more complicated equations of 
state or, for example, multi-component fluids but it seems very likely that the 
general picture will not change. Now recall the Weyl curvature hypothesis: these 
solutions necessarily have vanishing magnetic part of the Weyl tensor at 3’, while 
the electric part is finite and equal to the trace-free Ricci tensor of X’. If this is 
zero, then »' is a space of constant curvature and uniqueness of solution forces 
the cosmology to be FRW. Summarising in two sentences: the metric determines 
the matter; and if the Weyl tensor is initially zero, then it is always zero. Next we 
shall consider massless, collisionless matter as the source and move away from 
both of these statements. 

Massless, collisionless matter as a source of the EFEs is determined by a 
distribution function f(:c*,p,), a non-negative function supported on the light- 
cone in the cotangent bundle of space-time. The collisionless condition is that f 
satishes the Liouville or Vlasov equation, that is that f be constant along the 
geodesic flow of the physical metric: 


. - akg Og” Of 
Cte ab, aPbs oa ab pete _ a porate a 
f= 19 Papo, f} = 9 Pax G — PaPoa Dp, 


0 (6.24) 


where { , } means the Poisson bracket, and the stress-tensor which goes into the 
EFEs is 


ie = | rave 
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where w is the invariant volume form on the light-cone defined with the respect 
to the physical metric 9,,. Under conformal rescaling as in (6.1), f is unchanged 
and continues to satisfy (6.24) just because it is supported on the light-cone, 
while the stress tensor transforms as 


in cam OF, 


because this is how w transforms. 

We can use this in (6.5) and (6.19) to arrive, once again, at the EFEs written 
wn terms of quantities in the unphysical space-time. The analysis now proceeds 
as before. After some labour, one arrives at a system like (6.22) (the integrals 
involved in defining T,, mean that C(u) contains some integral expressions; for 
details see [1.2]). The data are the initial values for the distribution function, say 
fo. and the first and second fundamental forms of the singularity surface, say 
hj;(0), Ki;(0). These are related by the Fuchsian constraint, but this constraint 
can be solved to determine h;;(0) and K;;(0) from fo. There remains a constraint 
on fo derived from the part of the Fuchsian constraint related to the familiar 
momentum constraint: 


| vifol2* pe)ay ai (6.25) 


The equation determining the metric from fo, which involves a gauge-choice, is 
worth giving. If @;; is the initial metric and b” is its inverse then 


2 pipjf 
a;;(det(a))}/? = | Cae dp (6.26) 


which remarkably has a unique solution for a;; given fo (the trace of (6.26) is 
fixed by gauge-choice). 

Recall again the Weyl curvature hypothesis. This time, one can see from 
examples that there are choices of fo for which the Weyl tensor vanishes at 
the singularity surface but is subsequently nonzero. Summarising again in two 
sentences: this time the matter. in the form of fp, determines the metric; and fo 
can be such that the Weyl tensor vanishes initially but is subsequently non-zero. 

Summarising this section, we have seen how to use the Newman-Claudel 
theorem and its extension by Anguige to produce cosmological models with 
perfect fluid or massless collisionless matter as source. The Fuchsian condition 
constrains the allowed data differently in the different cases, but the allowed 
data may be freely given. 


6.4. Further Matter Models 


We want briefly to consider further matter models to see how robust the picture 
developed in Sect. 6.3 is. In the following cases, I have taken the calculations far 
enough to find the Fuchsian constraints but not far enough to reduce the EFEs 
to the form of (6.22). These results should therefore be regarded as tentative. 
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6.4.1 Massive Einstein- Vlasov 


Suppose we have massive, collisionless matter with one particle species as source, 
so that the distribution function f is supported on the corresponding mass hy- 
perboloid rather than the light-cone. Then the Liouville equation (6.24) in the 
unphysical space-time has an explicit appearance of 92 and its derivative, and 
the volume form W has an explicit appearance of the mass m of the particle. The 
conformal transformation is more cumbersome but, as one might anticipate, the 
particle rest-mass is not significant at the singularity and the calculation pro- 
ceeds as before. 


6.4.2 Scalar Fields 


Suppose the source is a single scalar field @ with the stress-tensor 

a 
TBC 
The situation is very much like a stiff perfect fluid unless the potential grows 
very rapidly with increasing ¢ (@ diverges like (3/2) logt and. to be like a stiff 
fluid, we need V to diverge, if at all, slower than t~). 


Tab = sa (bab — (1/2) Ga0(0°be + V(¢))). 


6.4.3 Einstein- Yang-Mills- Vlasov 


This is a matter model considered by Choquet-Bruhat and coworkers [4.5]. The 
model consists of massless, collisionless particles with colour charge. moving in 
the Yang-Mills field generated by the charge. A limit would be massless, colli- 
sionless, electromagnetically charged particles. The problem is like the Einstein- 
Vlasov case with data fo, plus an initial 3-potential A; and a densitised electric 
field €’. There is a Gauss-law constraint as well as a modification of the momen- 
tum constraint (6.25), and the equations determining the initial first and second 
fundamental form are modified. 


6.4.4 Einstein-Boltzmann 


It was suggested by Rendall and Anguige [21] that the Einstein-Vlasov picture 
found above might become more like the perfect fluid picture if collisions were 
included. This would mean modifying the Liouville equation (6.24) by including 
a collision term: 
Lf = CCF. f) 

where C'(f, f) is a bilinear term with a kernel related to a collision cross-section 
o (see e.g. |9]). Now the conformal rescaling behaviour of this depends on the 
behaviour of o for large values of the energy. If o grows slower than a certain rate 
with energy, then the collision term is negligible near the singularity and the sit- 
uation is as for collisionless matter. However, if o grows sufficiently rapidly then 
the existence of an isotropic singularity implies that the distribution function f 
must be isotropic (that is, the collision-term must vanish by reason of thermal 
equilibrium). Once f is isotropic, we are back to the perfect fluid case. 
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6.5 Conclusion and Future Possibilities 


To conclude, we have seen that for a variety of matter models the EFEs for 
a cosmology with an isotropic singularity can be written as a singular Cauchy 
problem with data at the singularity. The data are subject to one or more Fuch- 
sian conditions, which can often be solved in terms of free functions. In some 
cases, existence and uniqueness of solutions has been proved, so that there are 
lots of examples. Even without proofs of existence, it can be straightforward to 
develop power-series solutions. 

What does one want to do next? Analytically, one could seek to extend the 
results obtained to more complicated matter models, but there is also scope for 
numerical calculations. One could consider more sophisticated matter models 
and look at the formation of structure. In particular, one could seek to relate 
observational constraints to the initial metric or distribution function. There are 
a range of problems connected with inflation. One could consider a mixture of 
scalar fields with radiation and look for inflationary solutions. One could ask: 
Does inflation occur for an open set of data? does it lead to isotropy and homo- 
geneity? Equally one could see whether, given an isotropic singularity, inflation 
is actually necessary to obtain the observed universe. One reason that this for- 
malism might be computationally simpler is that most current calculations of 
inflation typically give data at some time after the singularity, when the nonlin- 
ear constraints of GR have to be solved. With an isotropic singularity the data 
is often freely specifiable. 
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, 


Abstract. A study of the linearised gravitational field (spin 2 zero-rest-mass field) on 
a Minkowski background close to spatial infinity is done. To this purpose, a certain 
representation of spatial infinity in which it is depicted as a cylinder is used. A first 
analysis shows that the solutions generically develop a particular type of logarithmic 
divergence at the sets where spatial infinity touches null infinity. A regularity condition 
on the initial data can be deduced from the analysis of some transport equations on the 
cylinder at spatial infinity. It is given in terms of the linearised version of the Cotton 
tensor and symmetrised higher order derivatives, and it ensures that. the solutions of the 
transport equations extend analytically to the sets where spatial infinity touches null 
infinity. It is later shown that this regularity condition together with the requirement 
of some particular degree of tangential smoothness ensures logarithm-free expansions 
of the time development of the linearised gravitational field close to spatial and null 
infinities. 


7.1 Introduction 


In [7] an analysis of the behaviour of the gravitational field close to null infinity 
and spatial infinity has been given. To this end, a new representation of spa- 
tial infinity was introduced. In this representation spatial infinity is depicted 
as a cylinder, as opposed to the standard representation of it as a point (see 
e.g. [21]). This representation has, among other things, the following important 
feature: it allows to formulate an initial value problem in which the data and 
the equations are regular: furthermore, space-like infinity and null infinity have a 
finite representation with their structure and location known a priori. The afore- 
mentioned analysis shows that a certain type of logarithmic divergences arise at 
the sets where spatial infinity “touches” null infinity (which we will denote by iis 
and J~) unless a certain regularity condition is satisfied by the initial data. The 
sources of these logarithmic divergences can be ultimately traced back to the fact 
that some of the evolution equations degenerate at the sets [ = (the symbol of the 
system looses rank). This precludes the direct application of standard techniques 
of partial differential equations if one wishes to push the solutions of the field 
equations all the way up to null infinity. This kind of degeneracies is a peculiarity 
of not only the gravitational field, it is also shared by linear massless fields. In 
order to shed some light on the nature and consequences of these degeneracies, 
here we will look at a simpler situation. Namely, the linearised gravitational field 
(spin 2 zero-rest-mass field) propagating on a Minkowski background. The final 
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product of our analysis will be isolation of a series of requirements one needs to 
Impose in order to obtain logarithmic-free expansions close to null aud spatial 
infinity. One expects, in principle, that it is possible to extend this discussion to 
the gravitational field. 


7.2. Minkowski Space-Time Close to Null 
and Spatial Infinity 


Our point of departure is the usual representation of Minkowski space-time 14 
in Cartesian coordinates: 
D7 tMvdyldy’. 


where 7j,, = diag(1,—1,—1, —1). We are interested in analysing the geometry of 
this space-time close to both uull and spatial infinities. Intuitively one expects 
this region of space-time to contain the domain D = {y,y" < O}. Let us start 

by considering the inversion in D given by 
B ey? 
wa Sat, 4: ae 

y>Yr re 

This inversion clearly maps D onto itself. Observe how a point that is far from 
the origin of the y“ coordinates seems to be close to the x’ origin. In this sense, 
the «“ coordinates convey the notion of “lying at infinity”. A simple calculation 


shows that: 
ee 1 as / bop 1 
[al kil taal i all 
Y (ary)? Iyer 


Let now p be the standard radial coordinate associated with the spatial coordi- 
nates x°, a = 1,2,3. Then rz) = (x°)? — p?. Finally. the introduction of a new 
coordinate r (|7| < 1) via x° = pr yields the Minkowski metric in the form: 


1 
9 = Saga pap (adler)? — do” — p*do?) 


where do? is the standard line element of the unit 2-sphere in spherical coordi- 
nates. The latter line element suggests the introduction of two different conformal 
factors: 


Se rail amy, 
Gaga | — 7) 


By means of these two conformal factors one obtains two different extensions M-= 
and Mg of the original Minkowski space-time uear spatial infinity (see rae 721). 
The choice of the first conformal factor = yields the standard representation of 
spatial infinity as a point. Consider the conformally rescaled metric: 


g= = 2°G = d(pr)’ — dp* — p'do?, (7.1) 
= (de |” — (aie PREY? ae 
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Here and all throughout this chapter tilded quantities will always refer to quan- 
tities in the physical (i.e. not conformally rescaled space-time). It can be shown 
that all radial space-like eeodesies in M map to space-like curves (not necessarily 
geodesics) in M= ending at { = 0}. From (7.1) we can see that the set ‘p= 0} 


is in fact a point, which we denote by 7°. On the other hand, consider the rescaled 


metric: 
a 
mp 7 (d(pr)? = pda”) ; 


It can also be checked that all radial space-like geodesics in M map to space-like 
curves with endpoints at {pg = 0}. Now, the metric seems to be singular at p = 0, 
but introducing a new coordinate r = — log(p) one gets: 


ge = dr? — 2rdrdr — (1 — r)*dr? — do?. 


Observe that ge|,-0 = dr? — do”, thus the set {p = 0} has now the topology 
of a cylinder with S? as spatial sections. We define J = ic =< p= 0}. 
ee - 0 to 0, = {7 =0,p = 0}. 

Let u,v be the null coordinates given by 


p= iN eee 0 pn I me 


The curves given by u = u’, u’ a constant, and fixed angular coordinates are null 
geodesics for which it can be checked that map to outgoing (future oriented) null 
geodesics in M. Similarly, the null geodesics v = v’, with v’ constant, and fixed 
angular coordinates map to incoming (past oriented) null geodesics in M. Thus 
the set %* = {7 = 1. # 0} from which the geodesics with u = constant start 
corresponds to future null infinity. Similarly, the set %~ = {r = —1, p 4 0} from 
which the geodesics with v = constant emanate corresponds to past null infinity. 
The sets J* where spatial infinity “touches” null infinity are in a particular sense 
(to be discussed later) special. Therefore they are considered neither belonging 
to the cylinder at spatial infinity J nor to .4%*. Notice that the conformal factor 
@ vanishes on Y*+, J and J+. Most of the discussion here presented will be 
concerned with the extension Me of Minkowski space-time produced by the 
conformal factor @ = p(1—7T?). Using the null geodesics discussed in the previous 
paragraph one can construct an adapted null (NP) tetrad such that the real 
vector | is tangent along the incoming null geodesics, and the vector n points 
along the outgoing null geodesics 1 The complex vectors m and 7 are then 
usually chosen so that they span the tangent space of the two dimensional spheres 
Sy = {p= p',7 =7'}, with p’, 7’ given. This construction has the problem 
that m should vanish at least in a point on S,-,-. For technical reasons it will 
be therefore convenient to coordinatise the 2-spheres S,,, by means of unitary 
representations of SU(2,C). This can be done as the unit sphere S? can be 
identified with SU(2.C)/U(1) which is obtained from S* ~ SU(2,C) via the 


1 The use of the vectors | and n here is reverse with respect to what it is the standard 
notation [11, 12]. The vector / is generally chosen to lie along outgoing null geodesics. 
This is done to agree with the spinorial notation used in [7]. 


138 . Juan Antonio Valiente Kroon 


Z ; — 
\ —— 
Jo a ie 
ce 
iN ya ey, 
Fig. 7.1. Space-Time close to spatial and null infinities: to the left the standard repre- 


sentation of spatial infinity as a point 7°; to the right the representation where spatial 
infinity is envisaged as a cylinder 


Hopf map. Any real analytic function f on SU(2,C) admits an expansion of the 
form: 


me mm 


7 = Sa Sine 


OS) 


with complex coefficients fm,x;. The functions T,,*,, m = 0,1,2...., j,k = 
0,...,7m can be related to the spherical harmonics Y;,, [8]. The function f will 


be said to have spin-weight s if its expansion in terms of the T., *, functions is 


of the form: mj 
k 
f= Se FakToqg y -~ 


Important for later discussion will be the fact that anv C™ function o = ofp.t) 
on Rg x SU(2,C) such that for fixed p it is of spin-weight s, with s independent 
of p, has a normal expansion of the form: 


p 2q 


aa ye ss een 


p=|s| q=|s| k=0 


with @p.g,~% a complex number. This last result will be extensively used. For 


further details on the T,, functions, the reader is referred to [5]. 


7.3 Linearised Gravity in the F-Gauge 


We will describe the linearised gravitational field by means of a spin 2 zero-rest- 
mass field dabca satisfying 
# 
wee Onbod = 0. 
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Using the null tetrad peeeabedt in the previous section, one can recover the (D, 6) 
and (A, 6) equations of the NP formalism (see e.g. [11, 12]) 2: 


(T+ 1)0-0n — POLOn +XsOn4i = (n Sa 2)on, (72) 
(1 _ T)OrOn+1 ae POpon+1 ee (n = Leon41 (es) 


where n = 0,1,2,3. The coefficients 4, can be shown to have spin-weight 2—n. 
The operators X; and X_ are complex linear combinations of left invariant 
vector fields on SU (2, C). and can be related to the 5 and 6 operators of Newman 
& Penrose [8]. The NP equations (7.2) and (7.3) imply a set: of five propagation 
equations: 


(1+7)0,60 — pOpdo + X3.61 = —2¢o, (7.4 
0-01 + 5X—¢0 Ss 5X42 =—1, (7.6 
0,2 + 5X_¢1 + $X4¢3 = 0, (7.6) 
0,63 + 5X_b2 + 5X+b4 = $3, Are 
(1—17)0,64 + p0,64 + X_o3 = 2du, (7.8 


and a set of three constraint equations: 


70,01 — pO,o, = 5X +62 = 4X _ oo =). (7.9) 
TO, 02 — pOoh2 + 5X+¢3 - 5X_¢1 — iy (7.10) 
70,03 — pOpo3 + 5X 1.64 — 5X_b2 = 0. (aid) 


This latter set of equations gives rise to equations on the initial hypersurface 
S = {r = 0} which correspond to the constraints coming from the linearised 
Bianchi identities. 

Using the equations (7.4)-(7.8) one obtains a symmetric hyperbolic system 
[2.9] by simply multiplying (7.5)-(7.7) by a factor of 2. The resulting system is 
of the form: 


A°0,@ + A'0,@ + At X,@+ A-X_G+ BE =0, (12) 


where A¥ (uw = 0,1,2,3) and B are 5 x 5 matrices. It can be more concisely 
written in the form of (A”).30,¢g + Ba = 0. Crucial for our discussion will be 
to realize that the matrix A° = diag(1 + 7,2,2,2,1— 7) looses rank at 7 = +1. 
This degeneracy will be the source of most of our problems as this fact precludes 
the direct use of the standard theory of symmetric hyperbolic systems. 

Let Q be the 5 x 5 matrix with components given by 


COS: = (AP) aB0n@.- 


? Here again, in order to agree with reference [7] our notation is reversed with respect 
to the standard one of the NP formalism. Our ¢0, ¢1, 62, ¢3 and @4 correspond 
respectively to the da, 63, $2, ¢1 and ¢o of the standard NP notation. 


140 Juan Antonio Valiente Kroon 


Then the characteristics of the system (7.12) are the hypersurfaces ¢ = k, with 
k areal constant, and such that the scalar field @ satisfies 


den = 0) 


It can be readily checked that the hypersurfaces u = k and v = k’, with u 
and v defined as in the preceeding section, are characteristics of the symmetric 
hyperbolic system (7.12). In particular, the hypersurfaces defined by v = 0 and 
u = 0 with p £0 correspond to 4+ and .¥~ respectively. Hence, %* and 4 
are both characteristic hypersurfaces of the system (7.12). The evaluation of the 
NP equations (7.3) on .%* gives rise to transport equations which enable us 
to calculate the value of the components ¢1,...,¢4 on ¥%* from a knowledge 
of the radiation field ¢p on .%*. Similarly, using equations (7.2) one obtains a 
corresponding set of transport equations on -4%~ by means of which it is possible 
to calculate the values of @9,...,@3 from a knowledge of @4 on ¥~. 

A further look to the system (7.12) reveals that at p = 0 the whole system 
reduces to transport equations which enable us to calculate the value of ¢, 
(n=0,...,4) from their value at the initial hypersurface S. Hence, we say that 
I is a total characteristic of (7.12). As a consequence, no boundary data can be 
prescribed on I. 


7.3.1 Initial Data for Linearised Gravity 


That the spin 2 zero-rest-mass field @g5-q can be used to describe the linearised 
gravitational field can be seen as follows. Consider a family g,,,(A) of space- 
times depending in a C! fashion on the parameter A. and such that at A = 0 
one obtains Minkowski space-time. Therefore. 


Gy =e Ae Oe 


The symmetric rank 2 tensor te describes the first order deviation from flatness 
of the metric g,,. The computation of the curvature to first order in A yields [12]: 


KG = 2V ,V) vay ipl: 


where V,, is the covariant derivative of the flat space-time. Then the linearised 
field equations take the form: 


Het —0- (7.13) 


The tensor K,,,, is trace-free and possesses the same symmetries of the Riemann 
tensor. [t can be described in spinorial language by a totally symmetric spinor 
Pabea Satisfying the spin-2 zero-rest-mass field equation: 


Wee oie = 0. (7.14) 


Equation (7.14) is a sufficient condition for the tensor eue to be derivable 
(locally) from some symmetric tensor huv [13]. If the spinorial field dasca is 
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set to transform as Ae = 27d abcq then the equation (7.14) is conformally 
covariant. 

Let us assume that the family of metrics Guv(A) arise from the Einstein 
evolution of a corresponding 1-parameter family of asymptotically flat, time 
symmetric initial data given by the 3-dimensional metric 


G08 = baa “es Orog ate Oe). 


It will be assumed that ‘)g,3 satisfies the time symmetric vacuum constraint 
equations. Then, the symmetric tensor Droz is a solution of the corresponding 
linearised vacuum constraint equations. In the present discussion we will consider 
l-parameter families of 3-metrics ‘°)g,3 such that their suitably conformally 
rescaled counterparts ‘9)g,9 extend analytically near i, the infinity of the initial 
Cauchy hypersurface. For conceptual reasons it is convenient to distinguish i 
from i°, the spatial infinity of the whole space-time. It can be proved [7] that 
under this assumption the components of the conformally rescaled Weyl spinor 
of the family of metrics g,,(A) in the unphysical space-time evaluated on the 
initial hypersurface S = {7 = 0} are of the form: 


{ ! (Ais » de Cg n 


with complex coefficients Cn p.¢.k - = 0,1, 2,3). Now, upon linearization one ob- 
tains a similar behaviour for the coniponents of the spinorial field @gsca. Namely, 


Mm 
; n 5 
énis = s PF, |r =0P ’ (7.15) 
p=|2—-—n| 
where 
p 24q 
= coe «Ct 
ft 
CNS cn > ) 7 amar Pig re 


The components of the Weyl spinor w, satisfy the constraints coming from 
the Bianchi identities. Hence, the components @,, satisfy automatically their 
linearised version —equations (7.9)-(7.11) on S = {7 = O}. 

Later considerations will make use of a particular spinorial object: the Cotton 
spinor (sometimes also called Bach spinor). The Cotton spinor Byaca is the 3- 
dimensional analogue of the Weyl spinor [6]. It locally characterizes conformally 
flat 3-metrics in the sense that it vanishes identically if and only if the 3-metric 
is locally conformally flat. One can construct its corresponding linearised version 
babcd- Linearization around Minkowski yields the following expression: 


Cased = 2D Ca =F 2De(aP pea) ° 
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where 92 = p? is the conformal factor of the 3-metric of the Minkowski initial 
data, and Dg» its corresponding spinorial covariant derivative. 

Inspired in a similar result by Friedrich we present now the following rather 
technical result. It will be of much use in later discussions. 


Lemma 7.1. The coefficients dj.p:p,- of the spin-2 zero-rest-mass (7.15) field 
satisfy the antisymmetry condition 


doy. el\e=0 = Oar ae p= 0.153... k = 0, eee (7.16) 
Furthermore, 
ee flees 0 DP =O ian 8 pene ener 
if and only if 
Dia, anh: Vabed  = 0, GP ase 


The proof follows from direct linearization of theorem 4.1 in {7]. 


7.4 A Regularity Condition at Spatial Infinity 


We now proceed to carry out an analysis of the transport equations one obtains 
upon evaluation of the field equations (7.4)-(7.8) and (7.9)-(7.11). Consider the 
equations (7.4)-(7.8) and (7.9)-(7.11). Differentiating them formally with respect 
to p and evaluating at the cylinder at p = 0 one gets: 


(1+ 7)0,¢5 + X40, — (p — 2)o0 = 0, (7.17) 
Or} + 5(X_o5 + X40) + d1 = 0, (7.18) 
0,8 + 4(X_Gh + X408) =0, (7.19) 
0, 68 + $(X_@) + X64) —  =0, (7.20) 
(1—7)0,64 + X_68 + (p ~ 2)o? =0, (7.21) 
and 
TOG; + $(X4¢h — X_ob) — po? =0, (7.22) 
TOG) + 4(X4¢8 — X_o?) — po? =0, (7.23) 
TOs LX de = ee ene eat (7.24) 


: : NO | ; : 
where we have set dF = Op @n|p=0. One can expand these coefficients using the 
functions T,!,, in the form: 


Pp 2q 


= k 
On = Ds Dd AnpiakT og q—2+n° (7.25) 


q=|2—n| k=0 
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The coefficients rie ae are, in principle, complex functions of 7. Using these 
expansions and the equations (7.18)-(7.20) and (7.22)-(7.24), one can calculate 
the coefficients @1,p:¢,4, @2,p:q,k, @3,p.q,k from a knowledge of the Ming hou 
Q4.p:q,k Via a first order algebraic linear system. Some more algebra leads to 


(1 —7°)éo,p:9.¢ + (4+ 2(p — 1)7)@o.pig,e + (4+ P(g — p+ 1)ao,p.qk =0, (7.26) 
(1 a Te Geek ae (—4 F 2(p = 17 Gage aa (q ot p) (q = pat icin ee = 0, (7.27) 


for p > 2, 2 < q < p, the overdot denoting differentiation with respect to T. 
Fhe equations (7.26) and (7.27) are examples of Jacobi equations. A canonical 
parametrisation for this class of ordinary differential equations is: 


D(n.a.pyt = (1—77)a"” +{8-a—(a+B+2r)}a' +n(n+at+B+1)a=0. (7.28) 


In our case the parameters are given by: ag = 34 = —p— 2, Bp9 = a4 = -p42, 
ny = p+q. and ng = p—q-—1. Regular solutions for equations (7.26) and (7.27) 
exist for g # p. and are given quite concisely in terms of Jacobi polynomials [14]. 
Namely. 


=F 


ae fie aoe 
Ce en On ase rr) 4 Ca 5 *) Pee aes aa 29) 


= fina (ee ae moar 
Oe OY oo ad > (r) + De ( ; ) Ee Sai est) 


where C). Co. D, and D» are constants which can be determined from the initial 
data at 7 = 0. In the case g = p, the use of some identities of the Jacobi equation 
(7.28) leads to: 


Poe ee Po e ds 
20,p:p,k— (=) ( 5 ) (zor f (i+ s)P-1(1—s)P 3 (731) 


Da meal se \ POF is ds 
Q4.p:p.k= (*F) ( 3 ) (r+n f (1+s)P+3(1—s)P—! (Tes2n 


The use of Tavlor expansions in the integrals shows that they give rise to loga- 
rithmic terms. More precisely. recalling that: 


TT ds ; Ap+o Aj A 
fees + ee tt git 
D Byx2 B, 
po ees: | er 


where the A’s and B’s are some constants. From the latter expansions one can 
conclude that the only non-regular coefficients in Go,p.q,k ANd G4,p.q,k 1D the g =p 
case are of logarithmic nature. Analytic solutions arise if and only if ao, pip,m (0) = 
@4,p:p,m(0). That is only the case if the constants FE, and FY in equations (7.31) 
and (7.32) are both zero. Now, using the antisymmetry condition (7.16) of lemma 
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7.1 one learns that in fact @0,p-pm(0) = @4.p:p.m(0) = 0. It is not hard to see that 
if this is the case, then @;,p-p,m(0) = 0 for 7 = 0,...,4. Finally, using the second 
part of lemma 7.1 one can relate this behaviour of the initial data to the vanishing 
of the linearised Cotton tensor and its symmetrised derivatives on 7. The results 
of the previous discussion are summarized in the following theorem. 


Theorem 7.1. The solutions of the transport equations on I corresponding to 
the system (7.4)-(7.8) and (7.9)-(7.11) extend analytically to I* if and only if 
the regularity condition 


Die Dae, Uaeeay) = 0, s=> 0, Ile cic (7.33) 
holds. 


A peculiarity of the logarithms appearing in the solutions of the transport equa- 
tions is that they only occur at the highest spherical harmonics sector at each 
order. This will be of importance later when discussing the asymptotic expan- 
sions of the field @gscq close to 47. 
The afore discussed solutions of the transport equations allow us to obtain 
normal expansions, 
Ce aes (7.34) 


fice 27 


with the coefficients ¢? given by (7.25). Now, it is of interest to see how the 
form of these normal expansions and the regularity condition (7.33) reflect on 
the structure of the asymptotic expansions close to null infinity. In order to do 
this, one has essentially to reshuffle the normal expansions. So far, our discussion 
has applied to both future and past null infinities. The forthcoming analysis will 
without loss of generality be focused on .4%+. Nevertheless, a totally analogous 
treatment can be performed for .4~. 

Putting together the results from the analysis of the transport equations 
(7.17)-(7.21) and (7.22)-(7.24) one obtains normal expansions for the coefficients 
oo and @4 which are of the form: 


On be (S|. +) +a? ln] - 7p = Sip 


pre 


o4 = Sy (S[0|(1 — 7) + BP In(1 — r)Plp — 2. 2p](1 — r)) p?. 


‘me 


By S[n}(x) it will be understood a generic infinite series in x2 starting with 
x". Similarly, P{n1,n2|(a) denotes generic polynomials in x of order no and 
whose lowest order term is 2™!. The coefficients a2, 62 and those in the se- 
ries/polynomials are given in terms of the functions i = Matters of conver- 
gence of the normal expansions will be addressed in the next section. Now, a 
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careful reshuffling in order to obtain expansions in (1 — T) reveals that, 


3 t—2 
Cae oe — 7) -\> S[2](p) ry) ap In(l=7r)] (1 -7r)?, 
p=0 p>4 s=[t/2] 
ie 
d4= >> | S2\(o)+~ bsp" n(1— 7) | Q— 7). 
p>0 s=[t/2] 


where [t/2] = t/2 if t is even. and [t/2] = (¢ + 1)/2 if t is odd. Notice that the 
component 4 happens to be the most singular one of the field. If the regularity 
condition (7.33) is satisfied up to s = s,, then it is not hard to see that, 


o,—= 2 Coe eee) nl a) eae) (7.35) 
S10) 


where the coefficients c, are C* functions of p and the angular variables, and 


2s.+6 


==) Ass t3 > 7 m. 
ds.+1 =~ Ds, 4+1,m1 25, +6 S.+5? (7.36) 


m=0 


with D,. +1. complex constants. Thus, the logarithmic term in the expansion 
has only dependence in the highest spherical harmonic sector possible at this 
order, i.e. g = s, +3. Finally. if the regularity condition holds also for s = s, +1 
then d,.4) = 0. 


7.5 Polyhomogeneous Expansions 


7.5.1 A Substraction Argument 


So far, nothing has been said about the convergence of the normal expansions 
(7.34) calculated in the previous section. We will now discuss how this can be 
done. As before, we write @ = (do, @1, 62, 63, 64). Let 


£N) 
ie... 
ae ae? 


p=07° 


be the N order partial sum. The linear field equations (7.4)-(7.8) and (7.9)- 
(7.11) are such that ®y itself happens to be a solution of the field equations 
with truncated (to order N) initial data. The regularity of ®y will depend on 
whether the initial data satisfies the regularity condition (7.33) to a given order 
or not. For example, if the condition is satisfied up to s = N, then no In(1 — 7) 
term will be present in the coefficients 6’, and thus ®y will be C°°. How could 
one estimate the rest? Recall that the symmetric hyperbolic system derived from 
equations (7.4)-(7.8) breaks down precisely at 7 = 1. This is rather unfortunate, 
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as weeare mainly interested in observing the behaviour of the solutions on mull 


infinity. . 

Bounds for the rest can be obtained by cousidering the conformal extension of 
Minkowski. Me. in which spatial infinity is represented by a point i’. Thespian 2 
yero-rest-miass field equations given in spherical coordinates are formally singular 
at_p = 0 in this representation. Therefore, we resort to Cartesian coordinates 
(2). In this way, the propagation equations read 


Oobo — O3¢0 + 1 G1 + i02¢1 = 0, 
2ob1 + die + ido + iad — 102d = 0, 
20nb2 + 0163 + Orb; + 10263 — id2d, = 0, 
20003 +0; oa =F Orbs SF iOob4 = 10209 = (0), 
Ooba + Osa + 0163 — 102b3 = 0. 


while the constraint equations are given by 


20361 + 140 — O1¢2 — 10260 — 10202 = 0. 
20362 + O1¢1 — 0163 — 1020; — 10203 = 0. 
20303 + 0162 — O1b4 — 10202 — 10204 = 0. 


The components of the linearised Weyl tensor rescale as follows: 6, = po | tae 
n=0,...,4, where p? = (x!)? + (x7)? + (z?)*. Thus. the smooth data in Moe, 
discussed in §3.1, are such that 9 = O(p”), ¢1 = O(p). @2 = O(1). 63 = O(p) 
and $4 = O(p”), becomes singular in the Mz picture at i (i.e. p = 0). However, 
if one provides initial data with sufficiently fast decay at 7° then one can obtain 
energy estimates of the form: 


HANES Clicnoeeer (7.37) 


where || ||Z2(¢) and || ||Z2;¢,) denote the L? norms over the region U 3 and 
the hypersurface 1; respectively. Higher order estimates for the derivatives can 
be similarly obtained. The domain U is as shown in figure (7.2). Notice how in 
this way one can obtain estimates that go up to + —-and through it. In this 
spirit consider 
X =G-@y. 
A close look to the rescaling rules will convince us that 
Male a= Ge" I 


It can be readily checked that such a decay implies ne |--o € HN~4(5)), where 
H*(3),) denotes the k-th Sobolev space over the domain 5 1. Standard theory of 
linear. svimmict rie hyperbolic systems (sce for example [15]) then guarantees the 
existence of X such that X € C'~T(G). Hence, we have estimated the rest of 


* The symbol U is to be read “mho”. 
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Fig. 7.2. The region of integration used to obtain the energy estimate (7.37). The first 
picture shows the domain of integration in the representation where spatial infinity is 
envisaged as a cylinder, and the second in the in the standard representation of spatial 
infinity as a point. Note that © which seems to be an extended 2 dimensional surface 
is in fact a point: i°. The surface 53 is space-like and almost flat, and may reach and 
go through null infinity. 


the partial sum ®,,. If one wants the solution to be of class C*(U), k € N, then 
the previous discussion shows that one needs the regularity condition (7.33) to 
hold up to order s = k + 7. 

The disadvantage of this approach is that it is hard to extend for the case of 
quasi-linear equations. Therefore, it will be of little use when we eventually try 
to address the full non-linear gravitational field. We need to devise something 
else. 


7.5.2 An Investigation of Expansions Close to Null Infinity 


The analysis of the solutions of the transport equations on the spatial infin- 
ity cylinder J show that logarithmic divergences will generically arise at [* for 
smooth initial data of the sort considered in §3.1 unless the regularity condi- 
tion (7.33) is satisfied. Accordingly, if the regularity condition is satisfied, then 
the solutions to the transport equations extend smoothly through /*. This is a 
hint that the evolution of generic smooth initial data will be polyhomogeneous, 
i.e. its expansions will contain In(1 — 7) terms. An analysis and a discussion of 
the properties of such space-times close to null infinity, including the existence 
of an intriguing set of conserved quantities analogous to the Newman-Penrose 
constants has been given in [1,16 18,20]. The regularity condition given in the- 
orem 7.1 ensures that the solutions of the transport equations (7.17)-(7.21) and 
(7.22)-(7.24) extend analytically to J*. Now, with the discussion on I* more 
or less settled, one would like to study the effects the degeneracy of the field 
equations on J+ has one null infinity. In particular, one would like to know what 
do the logarithmic terms on J+ imply on .4+. How do they propagate? In order 
to investigate this point, we resort to some ideas coming from the asymptotic 
characteristic initial value problem [3, 4,10]. Consider a future oriented null hy- 
persurface No intersecting %* at Zp. One can provide characteristic initial data 
in the following way: ¢4 is prescribed on No, ¢o on the portion of % + comprised 
between Z and J+, and dg and ¢ on Zo. Theorems providing existence in a 
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Fig. 7.3. The asymptotic characteristic initial value problem close to spatial infinity. 


neighbourhood U Cc J~ (Zo) of Zp for the conformal Einstein equations have been 
given in {3. 1. LO}. An existence theorem for polyhomogencous Maxwell fields has 
been given in [19]. Problems with the characteristic approach have mainly to do 
with the ample freedom one has in choosing the initial data on Mo. As an added 
factor, the theorems by Friedrich and Kannar give only local existence. This is 
somehow a problem, as one would like to take the field Ogpcq all along .4* and 
evaluate at the set J+, and then compare with the results obtained from the 
transport equations on J. 

Inspired by the aforementioned characteristic approach, we will make use of 
the transport equations obtained on .YT arising from the NP equations (7.3). In 
this way once the radiation field @p is provided, the remaining field components 
can be obtained essentially by a mere integration along the generators of null 
infinity. Expansions containing In(1—7) terms appeared in the normal expansions 
(7.34). However, it is of interest to consider a more general type of situation 
in which terms of the form In*(1 — 7) can arise. So. we will assume that the 
components of the spin 2 zero-rest-mass field Ogbcq have asymptotic expansions 
near to %* of the form: 


Ni 
m= >"> oP =r) n= 7), (7.38) 

i>0 j=0 
n =0,...,4, where the coefficients 6!) contain only p and angular dependence. 
They are assumed to be smooth at least in {r = 1,0 < p < po} for pg a given non- 
negative real number. Some calculus rules will be needed in order to manipulate 

the polyhomogeneous expansions (7.38). 
Assumption. For the expansions (7.38), it will be assumed that 


N, 
brdn =—- >_> (éln’(1— 1) + jn?“ (1 — 7) 691 — 7)*-4, (7.39) 


i>1 j=0 
N, 
O10 = oa a inte (7.40) 
1>0 j=0 
N, 
Xion =) >) Xeg%9(1 —7)' nA —7) . (7.41) 


i>0 j=0 : 
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hold, where ' denotes differentiation with respect to p. 


The above calculus rules can be used together with the transport equations 
on £* to obtain equations for the coefficients 6°”) in the Ansatz (7.38). At 
each order (1 — 7)? the solutions to these equations will be calculated. The 
conditions under which the coefficients 7? can be pushed down to will then be 
investigated. The idea is then to compare the expansions obtained by means of 
this procedure with those arising from solving the tr ansport equations on J. If 
an identification of the two differeut expausious is possible, then one can analyse 
the effect the regularity condition (7.33) has on the asymptotic expansions close 
to spatial infinity %*. Now, if at each order (1 — 7)? it is assumed that no 
log* (1—T) terms are present in the lower terms, then it is possible to implement 
an inductive argument. The results of our forthcoming argument are summarized 
in the following theorem. 


Theorem 7.2. Let 


i) the components of the spin 2 zero-rest-mass field dabea have an evolution 
expansion of the form: 


N, 
= 3° lo — 7) ni(1 — 7), 


i>0 j—=0 


n=0,...,4 with the coefficients ¢:”) at least C! in {r =1,0 < p < po} for 
po @ non- negative constant; 

ii) the calculus rules (7.39)-(7.41) hold; 

iii) Oo ) (the radiation field) be C®© in {tr =1,0<p<po}C ZtUl'; 

wv) ow ”) and oy”) be bounded in {7 = 1,0 < p< po}; 

v) the initial data @p\-=0, n = 0,...,4, be obtained by linearization around 
flat space of asymptotically flat time symmetric initial data satisfying the 
Einstein vacuum constraints, and analytic in a neighbourhood of 1; 

vi) furthermore, the initial data satisfy the regularity condition 


Dia.b, *** Dayo; Cabedy (4) = 0 =), ln couk 
vii) age”) be continuous in {r = 1,0 < p< po}, fork =0,...,7+2 (tangen- 
tial smoothness). 


Then the expansions of dn, are in fact logarithm-free, that ts: 
" ) er)". 
i>0 


where the coefficients gh?) are? mit = 1.0 < p < poh. 


A proof of the latter shall be provided by resorting to an inductive argument. 
To this we turn now our attention. 
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The base step (1 — 7)®. In agreement with the Ansatz (7.38) let the leading 
terms of the spin 2 zero-rest-mass field be of the form: 


No 
= 7 o0? In’(1 — 7) + + ES as 7)! In?(1 — 7), 
j=0 i) jae 


with n = 0,...,4. Direct substitution into equations (7.2) show that 


3 0, 0 
pO) = (0.3) = of t= = $4 ne 


for 7 > 1. The coefficients oe 0 6 y ,o (9.0) can be determined from the equa- 
tiene (7.3) 7 — 0) 1,2) The cogieciens sorely 


pO x por) 4 gon = 0, (FeA2) 
rls Xa —0 a) 
por! 4. X_ gr) — gO) — 9, (7.44) 


which can in principle be solved if the coefficient én = o|.¢+ (the radiation 
field) is given. It will be assumed that this is the case, and moreover, that it is 


Cc. Being oy smooth, one has that 


1G OG 
ae (0) Ff ! a 
— aD > (> , Li el iy 4 Je Woo cou 


kee k>2 \q=2m=0 


: (0) 
with 2p geen 
(7.44) plus the further requirement of 6; and ¢3 to be smooth at J* one finds 
that 


complex constants. Using this expansion and equations (7.42)- 


¢1 =O(p”), ¢2=O(1), 3 = O(p). (7.46) 
The substitution of the Ansatz for the time development in equation (7.3). n = 3. 
yields as a result the following hierarchy: 

2g No) a poi ® a 0. 


=o. aes 1) — of (0 »No) a uae ae 0. 


~ 2009) iz, ee + po! loo" (0,0) 


+ X23 =i). 
It can be solved from top to bottom, yielding: 


O,N ay 
or o) ae oy No) 2 


plorNo-1) 7 GoNo-1) 2 + oo No) Pan 
(0,0) | 1 ~o,n 0, 
oy os waite °) 67 In No poe go | _ o [08 o-apr.az) 
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where the hatted quantities denote functions which appear during the integration 
and thus contain only angular dependence. The coefficients pod ) can be then 
“pushed down” to J*, but not in general in such a way that they are smooth at 
I*. The presence of terms of the form In*(1— 7) in the Ansatz for the evolution 
yields as a result the presence of In‘°—* p terms in the corresponding expansions. 
This is an indication that if Inp terms are present in the initial data then these 
will propagate in the evolution via some particular In’ (1 —7T) terms. Logarit hinic 
terms of the form In’ p do not appear in the normal expansions (7.34). Thus, in 
order to be able of performing an identification of the expansions on -%* and 
7 some degree of tangential smoothness at 77 will be assumed. A close look to 
formulae (7.47) shows that one needs oy” to have two continuous p-derivatives 
at I*. We will denote this by oo c ea +). This requirement now implies 
that oe = 0 for j > 2. and thus also gow = 0 for 7 = 2. Note that the 
“integration constant” oy? does not need to vanish as the p° In p term in go) 
may be canceled with a similar one coming from p? f X_d0”) p-3dp. Indeed, 


the integral p> J A_o, p-2dp produces a term of the form p? Inp from the p? 
(0,0 


term in ¢, ) As discussed previously, 
(0.0) (0) k 
of) = > pot (7.8) 
k>1 


where the coefficients are calculated from the jie of equation (7.45) by 


; ee ; ~(0,1 0). . 
means of equations (7.42)-(7.44). Setting ¢, ) = Vaan ye in accordance with 
our previous discussion one finds that 


ee (7.49) 


= ‘ae 
a. = Oe pe = 43k we (7.50) 
k>1 k—2 
kf2 
One expects to be able to deduce the required degree of tangential smoothness 
form the smoothness properties of the initial data. 

Finally, one is now in the position of performing an identification of the 
expansions obtained from the analysis of the transport equations on the cylinder, 
and those obtained from the transport equations at .4+. As discussed, both 
expansions contain In(1 — 7) terms. However, the In(1 — 7) terms in the normal 
expansions appear only at the highest spherical sector at each order. So do those 
in our asymptotic expansions: from equation (7.48) one has 


2q 


2 
(0) __ (0) m 
Big Vein 24 ql: 
g=1 m=0 


And hence 2 2q 
0 
Fat) <3 DFO mPrncesTin 


q=1 m=0 
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with Boqq+2 = J(q + 2)(q—1). Thus, X_ cancels the sector given by q = 1, 
and as a consequence the only uou-zero sector in (7.49) is q = 2. It is noticed 
by passing that X_ oe 1) _ Q whence it follows that (tangential smoothness 
assumed) X_@4 is bounded at I+. Hence, the leading term of the evolution 
expansion of @4 has the same form of the expansion given in (7.35) and (7.36). 
Consequently, if bayca(i) = 0 (regularity condition at order s = 0) holds, we have 
shown that 


= gl0.0) 4 Ss eee #3)(1 — 7)* In? (1 — 7), (7.51) 


Pe | 0) 


n=0,...,4. That is, there are no logarithms in the leading term of the expan- 
sions. 


The step (1 — r)!. The base induction step is somehow exceptional. In order 
to understand better the situation for the general case it is convenient to take a 
look to what happens at the order (1 — 7)’. To begin with. let us assume that 
the analysis of base step (1 — 7)° has been carried out, and no In(l — 7) are 
present at that order. Consequently, the expansion (7.51) holds. 

Using equations (7.3), n = 0,1, 2, and a similar approach to the one used in 
the base step, one readily finds that: 


os Nie (1,9) = gf) ls oa 5. 


for 7 > 1. This is a direct consequence of the fact that there are no logarithms 
at order (1 — r)°. Furthermore. 


(1.0) — : [204 (0,0) — poe oy + XO; ee) ] : (7.52) 

pth 0) =5 Be 0) lOO 5 +Xi¢ s(0 on . (7.53) 

opto) =; E sol! 5. xe ge (7.54) 

(1.0) =5 E GO) — pg" 4 x, gO | (7.55) 

Thus, one can calculate the coefficients gin?) oe, of ) and of) directly 


from a knowledge of the coefficicuts at order p 2 0. Using (7.46) in equations 
(7.52)-(7.55) one concludes that 


(1.0 1 
C= See 


k>|2—n| 


The coefficients fe ; Siven in terms of the coefficients f, (0) , of the previous order. 
As in the base step, the logarithmic dependence comes fron equation (7.3) with 
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: 
n = 3. From it one obtains 


3g +: poe =. 
a gre = eo! Ni) ee poo SY = 0. 


30 .0) — gi) 4 pg " x_go = 


which again is solved from top to bottom so that 


1,N 1.N 
of i) ee = oy" 1) 9 
ac Le eae N) 


p> + oy po lnp, 


gf) = oN) 53 he eae ee | ,0) =p f Xo ptap 
1: 


Whence one observes one more time the appearance of In* p dependence asso- 
ciated with the In™'~*(1 — T) in the Ansatz for the evolution. The expression 


a Pf (7 9 


el Saal 


iL an . D ‘ cen ie: ele th ieee . a é 
ii, Via the yp? taming, . The coeficient oy itself contains no logarith- 


“Fd can ouly account for the caucellation of the p* hip term in 


mic dependence. asa consequence of equation (7.55) and the smoothness of the 

coefficients calculated at the base step p = 0. Following the spirit of previous dis- 
' i P “a Pre sain eened 

CUSSIONS. We PEQUIPE 0 me”). rere 2, en. N,. and 

furthermore of J) — () for j = 2,...,.N,. So, one is left with only two non-zero 

coefficients. Namely. 


y tr es 


oy, = gi) pInp+¢ oe y p> p? f xo os mets 


Now, writing 


= ae (7.56) 


k>] 


one has to set 


Fx 


2 So ae (7.57) 


: eee od er c f : (UL 
in order to eliminate the remaining logarithmic term in @,’". 


In a similar way to what happened in the base step, one can further show 
that the logarithmic dependence is only found at the highest spherical harmonic 
sector. However, in this case and also in the general case, the analysis is a bit 
more elaborate. From equations (7.49) and (7.55) one finds that: 


(0) 


0 0.0 rks | ki 
aa =5 » (1 a (2 + Xi¢, p"— a ie 
k>1 k>3 
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The spin weight of ¢3 is —1, and accordingly, 
2q 


0 
) S59 EO, Tae 


q=1 m—0 


Thus, at the end of the day one has the following rather complicate-looking 
expression: 


HEA 


hee 


0,0 0) 
a iaae PEs 


2q 

= ’ (0) m k 

aS (APG? ~ (6+ 1)) Fe kgm Taga 
BR) qeel trom) 


k#2 
The term (q+ 2)(q—1) — (k+1)(k — 2) vanishes whenever g = k — 1. Hence, if 


one writes 
nt (1) 
= SS Se Fy. ksq, pee Daten 
G—lore—O 
1.0) 
one has Ree, m = fork = 1,2,... . Terefore, the p® term in X_ os 
contains only q = 3 and q = 1 spherical harmonic dependence, i.e. 
2 
(1) Tl 
aS Be oe ere Ee: Oat 57 A, 5, : 
io) Tt 
Therefore, using (7.57) one finally arrives at 
6 
Oy = —4p° SS Fh eats (7.58) 


Fini l0! 


Again, the expansions have the same form of (7.35) and (7.36) with s, = 0. 
If the regularity condition is satisfied up to s = 1, ie. if besea(i) = 0 and 
Day Oana?) = 0 then 


bn = GO + 6-9 (4 4 Tyo (1 —7)'In?(1 — 7). 


i>2 j=0 


The general step (1—7)?T!. The procedures of the general st ep are lengthier 
but nevertheless of a similar nature to those of the analysis of the (1—7)! terms. 
We begin by assuming that a similar analysis to that one carried for (1—7)! has 
been carried up to (1 — r)? inclusive. Accordingly, the components of the field 
are assumed to have an expansion of the form: 


Pp 
on = > PPO = TR + SO ye Mass r). (7.59) 


iol k>p+1 i=0 
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The coefficients gt) with k < p are C™, for they have been constructed out 
of the radiation field dy” in a way that preserves the smoothness. Hence, 


gin ‘ h 
om ae ; be? : 


k>|2—n| 


where the coefficient f,,, contains all the angular dependence. In particular, for 
the component @3 they are such that 


my Sy: 2q ae 


q=1m=0 
with coefficients F. ae gm Such that 
(p) _ pip) = _ plp) = 
ein = ee Dh See eth (7.60) 


as suggested by the analysis of the (1—7)° and (1—7)! cases. Substitution of the 
Sear | TS ieee ¢ Fyne — 0. 1.2.5 vieldsa hierarchy of N,,,; +1 
equations. A similar analvsis to that performed at order (1 — T) readily shows 


that 
+15 J Lg) ele) 
(p ta) ee i) ot Die of es 0, 


for 1 < 7 < N41. One also obtains a set of 4 recurrence relations which allows to 


eI a ; : ' 8 
i 2 > 0.1.2.3. from (in principle known) lower 


,(p+1,0) 


caleilate the cocfheients ©, 


order terms. In future discussions only the expression for 3 will be needed, 


: 0 _(p,O)r (p,0) : 
ae ? — =a an = 1)¢3 Se — poz. + X64 E (7.61) 


The coefficients oP °+1-3) are on the other hand calculated using equation (7.3) 
with n = 3. Similar computations to those described in the (1—7)° and (1—7)* 
steps lead to: 

pert) } = grt) Nott) pts, 

Ola = Get tNata) prs a Cf ee In p, 


(p+1,0 3 
pte) = wee” No+1) 9p+3 inet eee p pe ) p+ 


— prt / XG Pt p-4 Pp, (7.62) 


Again, the term p?*? Heng on Pag in the hierarchy (7.62) can only be 
used to cancel out the oP toatl pt? In term in the expression for the coeffi- 
cient oP +1,9) Thus, in order to perform an identification at I +, some tangen- 


+1,0) 
tial smoothness will be required. More precisely, we will Saher of € 
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1,N ie eee 
Crt3(1+). This assumption implies that 0, Qe Nee = ee 
1 N (p+1,2) _ 
the further consequence of yielding ol? FHM) = oy = 0. Hence as 
before, we are left with only two non-zero coetnannte: 
on = = #4 ‘ai ie (7.63) 


feat (7.64) 


Oy ae 
The coefficient 6\?*"°) is smooth, as it is constructed from the {P-9) 5 using 
equation (7.61). Consequently, 

petho) — one kK (7.65) 


k>1 


with the coefficients ie i ” containing only angular dependence. Hence. one sees 
that 


ual ee ? 
pre fx gett) 5 —4- “Pdp = X_ AEA PF In p+ ys ae Se ne. 


k>1 
k#p+3 
In accordance with our previous discussion one sets 
aiet ly) oy php! 
Q4 = X_ fs p+. 
{(p+1.0 
In this way we have accounted for the remaining logarithm in oF ) __see 


equation (7.64). Therefore, at the end of the day one has that 


rai ~ p(PEU p23 
oy } ae ee oe 


3,p+3 
(p+) 
(p+1,0) _ F{p+1,0) +3 X-fsn ok 
4 = a “keapeare * 
k>2 
kApt+3 


The component 4 is the most irregular one of the field, and thus, the In(1 — 
T) terms will appear firstly there. Carrying out the previous discussion to the 
following orders, one finds that the first In(1 — 7) terms in $3, 62, ¢; and do 
appear at orders (1 — 7)?*?, (1 — r)Pt3, (1 — 7)? +4 and (1 — 7)?+® respectively. 

Finally, in order to make use of the regularity condition (7.33) it is again 
necessary to identify the In(1 — r)’s appearing in our expansions with those 
coming from the analysis of the transport equations on the cylinder I. Using 
equations (7.61) and (7.65) one finds: 


(p+1,0) __ 1 49 ee FP) 7 
03 ee Gp+29” +S°(p —l|- ee DS papa? 


k>1 k>1 
Hs =a + 
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One can make explicit the spherical harmonics dependence: 


1,0 
opt ae 


+2 
~~ eo Gp+2p” 


2q 


(a+2)(q—1) 3 1 
ti yy is 33 (ee re a ae Qe k— 1)) anTiateno'| 


heey — e712 —O) 
kAp+2 


where the coefficients pe gm Satisfy (7.60). The expression (k —p+1)(k -— p— 
2) —(q+2)(q—1) is zero whenever g = p—k and/or q = k—p—1. Hence, writing 


i. = A pet) nom 
3.kiqg,m~2q gq+l1) 


g—1\m—0 


then one finds that 


(p+1) = 
Fee p—-lm 0. 


Furthermore, using the induction hypothesis (7.60) in equation (7.66) one finds 
ay (p+1) (p+1) (p+1) 
(p+1) — plptl = p+ p+ a 
| 1 iy 2eaTt ek i iwi = ee 

In particular if kop = 3 then ie p?** lu p will only contain spherical 
harmonic dependence at the q = p+ 3 sector. The other possibly remaining 
sector, the gq = 1 one, is annihilated by the X_ derivative. Accordingly, it has 
been proved that 


2p+6 
(p+1,1) _ (p+1) m 
O4 a —Bop+6,p+5 aie Fy »p+3;p+3, ri ope6 pt+s' 
m=0 


Hence, the expansions we have obtained so far are similar to those given in (7.35) 
and (7.36). Finally, if the regularity condition (7.33) holds up to order p+1 then 


one has: 


p+ ; 
Or ae Oa th Da Sh (a inl): 
k—0 k>p+2 j=0 


7.5.3 Concluding Remarks 


Some final remarks come now into place. One would expect to be able to deduce 
the smoothness of $9 on null infinity, the boundedness of @; and 3 and the 
tangential smoothness of ¢4 from the smoothness of the initial data. This would 
require, in principle, the implementation of some energy estimates which would 
allow us to reach null infinity (see the discussion in §3). This is at the time of 
writing still an open problem. The present analysis is nevertheless valuable in 
the sense that it focuses our attention on the facts/properties one should be 
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able to prove, and their interconnections. It should be, in principle, possible to 
nudertake an analogue of the above discussion for the non-linear eravitational 
field. The analysis of the linearised gravitational field has shown us the way to 
lead. These matters will be the subject of future work. 
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8 Asymptotically Flat 
and Regular Cauchy Data 


Sergio Dain 


Max-Planck-Institut fiir Gravitationsphysik, Am Miihlenberg 1, 14476 Golm, 
Germany 


Abstract. I describe the construction of a large class of asymptotically flat initial 
data with non-vanishing mass and angular momentum for which the metric and the 
extrinsic curvature have asymptotic expansions at space-like infinity in terms of powers 
of a radial coordinate. I emphasize the motivations and the main ideas behind the 
proofs. 


8.1 Introduction 


Suppose we want to describe an isolated self-gravitating system. For example 
a star. a binary system. a black hole or colliding black holes. Typically these 
astrophysical systems are located far away from the Earth, so that we can re- 
ceive from them only electromagnetic and gravitational radiation. How is this 
radiation? For example one can ask how much energy is radiated, or which are 
the typical frequencies for some systems. This is the general problem we want 
to study. These systems are expected to be described by the Einstein field equa- 
tions. It is in principle possible to measure this radiation and compare the results 
with the predictions of the equations. 

There are no explicit solution to the Einstein equations that can describe 
such systems. Since the equations are very complicated it is hard to believe that 
such explicit solution can ever be found. Instead of trying to solve the complete 
equations at once, we use the so called 3+-1 decomposition. We split the equations 
into “ constraint” and “evolution”. First we give appropriate initial data: that is, 
a solution of the constraint equations. Once we have chosen the initial data, the 
problem is completely fixed. Then, we use the evolution equations to calculate 
the whole space-time. From the evolution we can compute physical relevant 
quantities like the wave form of the emitted gravitational wave. This method 
of solving the equations is consistent with the idea that in physics we want to 
make predictions, that is: knowing the system at a given tine we want to predict 
its behavior in the future. It is of course in general very hard to compute the 
evolution of the data, one has to use numerical techniques. The question we want 
to study here is: what are the appropriate initial data for an isolated system? 

We can think of initial data for Einstein’s equation as given a picture of the 
space time at a given time. It consists of a three dimensional manifold S with 
some fields on it. The fields must satisfy the constraint equations. If the data 
describe an isolated system. the manifold S is naturally divided in two regions. 
One compact region 2 which “contains the sources”, and its complement S\Q 
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which is unbounded. We will call the latter one the asymptotic region. Of course, 
can be as large as we want, the only requirement is that it is bounded. The 
fact that S \ Q is unbounded means that we can go as far a we want from the 
source region §2, this capture the idea that the sources in 2 are isolated. That 
“the sources are in 2” suggest that the field decays in S \ 2. Then, the initial 
data approach flat initial data near infinity. We call them asymptotically flat 
initial data. An opposite situation is when we want to study the universe as 
a whole. In this case one usually consider initial data where the manifold S is 
compact without boundary. 


Fig. 8.1. Initial data for two stars. The region {2 contains the matter sources, which 
are represented by black regions. The manifold S is R° 


The simplest and most important example of asymptotically flat initial data 
is the case when S is R® and 2 some ball. Such data can describe, for example, 
ordinary stars. Consider an initial data set for a binary system, as is shown in 
Fig. 8.1. The stars are inside §2. Ordinary stars emit light, then in the asymptotic 
region we will have electromagnetic field beside the gravitational one. We can also 
have some dilute gas in this region. It is important to recall that we do not require 
vacuum in the asymptotic region. We only require that the field decays properly 
outside (2. However, in many situations it is a good approximation to assume 
vacuum in that region. When they evolve, the stars will follow some trajectory. 
Presumably a spiral orbit. The radius of the orbit will decrease with time, since 
the system loses energy in the form of gravitational waves. At late times, the 
system will settle down to a final stationary regime. This final state can be a 
rotating, stationary star. Or, if the initial data have enough mass concentrated 
in a small (2, a spinning black hole. We show the conformal diagrams of this two 
cases in Fig. 8.2 and Fig. 8.3. The gravitational radiation is measured at null 
infinity, where the observer is placed. 

Since the sources are in §2, the fields in this region can be very complicated. 
They depend on the kind of matter that forms the stars. Remarkable. even the 
topology of {2 can be complicated. The example in Fig. 8.1 has trivial topology, 
however non trivial topologies are relevant for black hole initial data. Consider 
the initial data for the Schwarzschild and Kerr black hole. In this case S = S2xR 
and §2 = S* x {—a,a] for some constant a, as it is shown in Fig. 8.4. The 
asymptotic region of these data has two disconnected components $ \2= Sis 
Each component is diffeomorphic to R? minus a compact ball. We say that the 
data have two asymptotic ends. That is, there exist two disconnected “infinities” . 
Observations can be made in one of them but not in both. It is not clear the 
physical relevance of this extra asymptotic end. A normal collapse, as is shown in 
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Fig. 8.2. Conformal diagram of the Fig. 8.3. Conformal diagram of the 
space time generated by the initial data space time generated by the initial data 
given in Fig. 8.1, in the case in which given in Fig. 8.1, in the case in which 
the final state is a stationary star the final state is a black hole 


Fig. 8.3. will not have it. Therefore, one can think that only one asymptotic end 
is astrophysically relevant, being the other one just a mathematical peculiarity. 
The topology is not fixed by the Einstein equations. In this sense it remains quite 
arbitrary, one can thing that it is a kind of boundary conditions that has to be 
extra imposed to the equations. However, non trivial topologies appear naturally 
in the study of vacuum stationary black holes. A space time is stationary if it 
admits a time-like Killing vector field. The Schwarzschild and Kerr metrics are 
stationary. One can prove that every vacuum stationary asymptotically flat space 
time with trivial topology must be Minkowski. That is the non trivial topology 
is the “source” of the gravitational field in the vacuum stationary space times. 
In Fig. 8.5 we show another example with different topology, in this case we 
have only one asymptotic end. Other topologies with many asymptotic ends are 
of interest because their evolution in time may describe the collision of several 
black holes. In Fig. 8.9 and Fig. 8.11 we show some examples. 


J SSB 


Ss ] 


Ss 
Fig. 8.4. One black hole initial data. Fig. 8.5. Initial data for a Misner 
The asymptotic region has two disjoint wormhole [31]. The asymptotic region 
components 5S; and Sj. The compact has only one component. The compact 
set 2 is represented by the shadowed set (2 is represented by the shadowed 


region region 
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One usually has the idea that the matter sources generate eravitational field. 
To some extend this is true for many cases of astrophysical interest. However, 
as we have seen, a pure vacuum initial data with non trivial topologies can have 
mass. Moreover, one can also have a pure gravitational radiation initial data, 
that is a vacuum initial data with trivial topology with non zero mass. These 
kind of data are important in order to understand properties of the radiation 
itself which do not depend on the specific matter models. It is even possible to 
form a black hole with these type of data (see [5)). 

In contrast to 2, the asymptotic region is very simple. The fields on it are 
approximately flat and its topology is R® minus a compact ball. We want to 
analyze the ficlds in this region. It is of course true that the fields are determined 
by the fields in 2. But some important properties of them do not depend very 
much on the detailed structure of the sources in {2. The most important of these 
properties is that the initial data will have a positive mass if the sources satisfies 
some energy condition. In this article we want to study some other properties 
of the fall of the fields in the asymptotic region which will be also independent 
on the sources in §2. It is important to note that we can only measure precisely 
this kind of properties, because we can not prepare the initial conditions of an 
astrophysical system in the laboratory and then it is impossible to find the exact 
initial data for a real system. We can only analyze those effects which do not 
depend very much on fine details of the sources. 

In order to simplify the hypothesis of the theorems, we will assume in this 
article that there are no matter sources in S. All the results will remain valid 
under suitable assumptions on the matter sources. 

We summarize the discussion above in the following definition. An initial data 
set for the Einstein vacuum equations is given by a triple (S. hey. W,,) where S is 
a connected 3-dimeusional manifold. lian a a (positive definite) Riemanmiuian metric. 
and W,, a symmetric tensor field on S. They satisfy the vacuum constraint 
equations 

D°v,., - Daw = 0. (8.1) 


R+W?-w,,0~ =0, (8.2) 


on S, where D, is the covariant derivative with respect to hay, R is the trace 
of the corresponding Ricci tensor, and w= h aby... The data will be called 
asymptotically fiat with Vo asymptotic ends if for some compact set (2 we have 
that S\Q= = a 5 Sx, where S; are open sets such that each S; can be mapped 
by a coordinate system Z/ diffeomorphically onto the complement of a closed 
ball in R® such that we have in these coordinates: 


hy = (1+ a 8 + O(F-?), (8.3) 
W;; Or (8.4) 


~ 3 
as F = ()>-_, (#)*)'/* — oo in each set $,. Here the constant m,; denotes the 
mass of aie data at each end, a,b,c... denote abstract indices, 7, j,k..., which 
take values 1,2,3, denote coordinate indices while 5;; denotes the flat metric 
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with respect to the given coordinate svstem i. Tensor indices of quantities with 
tilde will be moved with the metric h,, and its inverse h®’. We set ase mand 
O° = O;. These conditions guarantee that the mass, the momentum, and the 
angular momentum of the initial data set are well defined in every end. 

We want to analyze the higher order terms in (Ce 3) and (8.4). For example, 
the terms O(7~*) could have the form #~? sin(#!°). This function is certainly 
O(r-7). but anv derivative of it will blow up at infinity. Should such complicated 
terms be admissible in a description of a realistic isolated system”? In Newton's 
theory and Electromagnetism onc can give a definitive answer to this question: 
the fields have a fall off behavior like powers in a radial coordinate. Take for 
example a matter density p with compact support. The Newton’s gravitational 
potential u satisfies the Poisson equation 


Au = Arp, (8.5) 


where A is the Laplacian. Outside the support of p the potential u satisfies 
Au = 0. It is well known that every harmonic function that goes to zero at 
infinity has an expansion of the form: 


uP l 
a ot pk? (8.6) 


k>1 


where w* are the spherical harmonics of order k. In this case the field equations 
force the potential to have the fall off behavior (8.6). 

The situation for the Einstein equation is more complicate. In analogy with 
(8.6), one can ask the question whether there exist a class of initial data such that 
the metric and the extrinsic curvature admit near space-like infinity asymptotic 
expansions of the form: 


~ 2m hk (8.7) 
hig ~ (1+ "big + DU ap : 
k>2 
7 mn 
Wig ~ oR? (8.8) 
eee 


where Le and wi are smooth function on the unit 2-sphere (thought as being 
pulled Mai k to the spheres r= const under the map ator! /r). Ia this article | 
want to give an answer to this question. It is not only for convenience or aesthetic 
reasons that we want to avoid terms like 7~?sin(7!°) in the expansions. They 
are also very difficult to handle numerically. 

In order to see how the gravitational field behaves near infinity, it is natural 
to study first some examples. Consider asymptotically flat static space-times. 
We say that a space-time is static if it admits a hypersurface orthogonal time 
like Killing vector. One cau take one of this hypersurfaces and analyze the fields 
ot and W,,) on it. The simplest static space tine is the Schwarzsc hild metric. In 


this case we have n= =(1+ m/(27))4 6:3, Wiz = 0, which is certainly of the form 
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(8.7), (8.8). For general static. asvinptotically flat space times it can be proved 
that the initial data have also asymptotic expansions of the form (¥.7) and (8.8). 
Moreover, in this case the fields are analytic functions of the coordinates. Then 
the expansions (8.7) and (8.8) are in fact convergent power series, in analogy 
with (8.6). This result is far from being obvious. It was proved by Beig and 
Simon in [8] based on an early work by Geroch [24]. 

One can go a step further and consider asymptotically flat stationary solu- 
tions. A stationary space time admits a time-like Killing field which is in general 
non hypersurface orthogonal. These space times deseribe rotating stars in equi- 
librium. The twist of the Killing vector is related to the angular velocity of the 
star. In this case there are no preferred hypersurfaces. The most important ex- 
ample of stationary solutions is the Kerr metric. It can be seen that for t = const. 
slice of the Kerr metric in the standard Boyer-Lindquist coordinates the fields 
hap and W,, satisfy (8.7) and (8.8). For general stationary asyinptotically flat so- 
lutions there also exist slices such that (8.7) and (8.8) holds. The essential part 
of this result was also proved by Beig and Simon in [9] (see also [28]). However, 
in these works the expansions are made in the abstract manifold of the orbits 
of the Killing vector field. In contrast with the static case this manifold does 
not correspond to any hypersurface of the space time. One has to translate this 
result in terms of the metric and the extrinsic curvature of some slices. This last 
step was made in [17]. As in the static case, the fields are analytic functions of 
the coordinates. 

We have shown that there exist non trivial examples of initial data which 
satisfy (8.7) and (8.8). But how general are these expansions? For example, is it 
possible to have data with gravitational radiation that satisfy (8.7) and (8.8)? I 
want to show that in fact there exists a large class of asymptotically flat initial 
data which have the asymptotic behavior (8.7) and (8.8). These data will not 
be, in general, stationary. 

The interest in such data is twofold. First, the evolution of asymptotically 
flat initial data near space-like and null infinity has been studied in considerable 
detail in [22]. In that article has been derived in particular a certain “regularity 
condition” on the data near space-like infinity, which is expected to provide a 
criterion for the existence of a smooth asymptotic structure at null infinity. To 
simplify the lengthy calculations. the data considered in 22> have been assumed 
to be time-symmetric and to admit a smooth conformal compactification. With 
these assumptions the regularity condition is given by a surprisingly succinct 
expression. With the present work we want to provide data which will allow 
us to perform the analysis of {22} without the assumption of time symmetry 
but which are still “simple” enough to simplify the work of generalizing the 
regularity condition to the case of non-trivial second fundamental form. Second, 
the “regular finite initial value problem near space-like infinity’. fommulated and 
analyzed in [22]. suggests how to calculate mumerically entire asymptotically 
flat solutions to Einstein's vacimin field equations on finite grids. In the present 
article I provide data for such numerical calculations which should allow us to 
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study interesting situations while keeping a certain simplicity in the handling of 
the initial data. 

The difficulty of constructing data with the asymptotic behavior (8.7), (8.8) 
arises from the fact that the fields need to satisfy the constraint equations (8.1) 
and (8.2). Part of the data, the “ free data”, can be given such that they are 
compatible with (8.7). (S.8). However. the remaining data are governed by elliptic 
equations (the constraint equations will reduce to elliptic equations as we will 
see below) and we have to show that (8.7), (8.8) are in fact a consequence of the 
equations and the way the free data have been prescribed. 

' To employ the standard techniques to provide solutions to the constraints, 
we assume 


w= 0, (8.9) 


such that the data correspond to a hypersurface which is maximal in the solution 
space-time. 

I give an outline of the results which are available so far (see [18] and [15] for 
more details and proofs). Because of the applications indicated above, we wish 
to control in detail the conformal structure of the data near space-like infinity. 
Therefore we shall analyze the data in terms of the conformal compactification 
(S, has. Yap) of the “physical” asymptotically flat data. Here S denotes a smooth, 
connected. orientable, compact 3-manifold. Take an arbitrary point 2 in S and 
define S = S\{i}. The point 7 will represent, in a sense described in detail 
below, space-like infinity for the physical initial data. The physical manifold S is 
essentially the stereographic projection of the compact manifold S (see Fig. 8.6). 


For example if we chose S to be S° then S will be R*. Working with S and 


Fig. 8.6. The stereographic projection of S° in R®. A neighborhood Ba of the point 
i is mapped into the asymptotic region of the physical manifold ) 


not with S has several technical advantage. It is simpler to prove existence of 
solutions for an elliptic equation on a compact manifold than in a non compact 
one. The price that we have to pay is that the equations will be singular at 7. 
However this singularity is mild. It is also simpler to analyze the fields in terms of 
local differentiability in a neighborhood of / than in terms of fall off expansions at 
infinity in S. Moreover. this teclmique is also useful to construct initial data with 


168 Sergio Dain ' 
non-trivial topology. By singling out more points in S and by treating the fields 
near these points in the same way as vear / we could construct data with severa!] 
asymptotically flat ends. In Fig. 8.7 — 8.13 we show some examples. All the 
following arguments equally apply to such situations. however. for couverlence 
we restrict ourselves to the case of a single asymptotically flat end. 


ae 
—— 
Fig. 8.7. Initial data with two asymp- Fig. 8.8. A compactification of these 
totic ends data in the sphere 
peg 
S3 iN eee 
\ 
Rc ees 
Fig. 8.9. The Brill-Lindquist initial Fig. 8.10. A compactification of these 
data for two black holes [12]. The data data in the sphere 
have three asymptotic ends 
ee ws 
% a 
\ ae 
wy ’ 
SS aes 
Fig. 8.11. The Misner initial data for Fig. 8.12. A compactification of these 
two black holes [32]. The data have data in the torus 


three asymptotic ends 


We assume that hap is a positive definite metric on S with covariant derivative 
D, and Wy is a symmetric tensor field which is smooth on S. In agreement with 
(8.9) we shall assume that W,, is trace-free: 


hom Won (). 
The fields above are related to the physical fields by rescaling 


hav oa 6° DES Wap = Oi Wao, : (8.10) 
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Fig. 8.13. The Misner wormhole initial Fig. 8.14. A compactification of these 
data. The data have only one asymp- data in the torus 
totic end 


with a conformal factor 9 which is positive on S. For the physical fields to satisfy 
the vacuum constraints we need to assume that 


D°W,,=0 on S, (8.11) 
ee! 1 abj—7 a 


Equation (8.12) for the conformal factor 6 is the Lichnerowicz equation, trans- 
ferred to our context. Tensor indices of quantities without tilde will be moved 
with the conformal metric h,; and its inverse h@?. 

Let z’ be h-normal coordinates centered at i such that hy; = 64; at 7 and 
set r = (3~°_,(27)?)!/?. To ensure asymptotical flatness of the data (8.10) we 
require 


ie — Olre:) as > 0, (8.13) 
lim ro = 1, (8.14) 


In the coordinates Z7 = x7 /r? the fields (8.10) will then satisfy (8.3), (8.4) (cf. 
[21]. [22] for this procedure). 

Not all data as given by (8.10), which are derived from data hay, Yas as 
described above, will satisfy conditions (8.7), (8.8). We will have to impose extra 
conditions and we want to keep these conditions as simple as possible. 

Since we assume the metric ha, to be smooth on S, it will only depend on the 
behavior of 9 near i whether condition (8.7) will be satisfied. Via equation (8.12) 
this behavior depends on Y,,. What kind of condition do we have to impose on 
WY,» in order to achieve (8.7) ? 

The following space of functions will play an important role in our discussion. 
Denote by B, the open ball with center 7 and radius r = a > 0, where a is 
chosen small enough such that B, is a convex normal neighborhood of 7. A 
function f € C%(S) is said to be in E*(B,) if on Ba we can write f = fitrfe 
with fi, fo € C%(B.) (cf. definition 8.1). An answer to our question is given by 
following theorem: 


Theorem 8.1. Let ha, be a smooth metric on S with positive Ricci scalar R. 
Assume that U,, is smooth in S and satisfies on Ba: 


Pi eh (B,). (8.15) 
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Then there exists on S a unique solution 6 of equation (8.12), which is positive, 
satisfies (8.14), and has in B, the form: 


ge! he pepe eai_ae (8.16) 
ir 
In fact, we will get slightly more detailed information. We find that 6 = 
ui true on B, with up € E~(B,) and a function u; € C%(B,) which satisfies 
uy =1+O(r?) and : 


(Doe a ae 


in Ba\{t}, where 6g is in C*(B,) and vanishes at any order at 7. 

If 6 has the form (8.16) then (8.7) will be satisfied due to our assumptions 
Onw iene 

Note the simplicity of condition (8.15). If the metric is analytic on By it 
can be arranged that Or = 0 and uw is analytic on B, (and unique with this 
property, see [23]). The requirement R > 0, which ensures the solvability of the 
Lichnerowicz equation, could be reformulated in terms of a condition on the 
Yamabe number (cf. [29]). 

Theorem 8.1 has two parts. One is the existence and uniqueness of the solu- 
tion. This part depends on global properties of the fields on S. It can be proved 
under much weaker assumptions on the differentiability of hz, and W,,. The sec- 
ond part concerns the regularly in B,, and depends only on local properties of 
the fields in Bz. This part can also be proved under weaker hypothesis. These 
generalizations have physical relevance. [ will come back to this point in the final 
section. 

It remains to be shown that condition (8.15) can be satisfied by tensor fields 
W.» which satisfy (8.11), (8.13). A special class of such solutions, namely those 
which extend smoothly to all of S, can easily be obtained by known techniques 
(cf. [14]). However, in that case the initial data will have vanishing momentum 
and angular momentum. To obtain data without this restriction, we have to 
consider fields ¥, € C™ (S ) which are singular at i in the sense that they admit, 
in accordance with (8.4), (8.10), (8.14), at 2 = {r = 0} asymptotic expansions 
of the form: 

Yis~ >> Ukr*® with wk e 0%(S?). (8.17) 
k>—4 

It turns out that condition (8.15) excludes data with non-vanishing linear mo- 
ment. which requires a non-vanishing leading order term of the form O(r +), 
In section 8.2 we will show that such terms imply terms of the form log r in 
6 and thus do not admit expansion of the form (8.7). However, this does not 
necessarily indicate that condition (8.15) is overly restrictive. In the case where 
the metric hg, is smooth it will be shown in Sect. 8.2 that a non-vanishing 
linear momentum always comes with logarithmic terms, irrespective of whether 
condition (8.15) is imposed or not. 

There remains the question whether there exist fields V,, which satisfy (8.15) 
and have non-trivial angular momentum. The latter requires a term of the form 
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O(r~*) in (8.17). It turns out that condition (8.15) fixes this term to be of the 
form: 


3 
7 <a (nee Tena +64 J ng), (8.18) 


A 
we = a (3n%n? a 6-2) 


where n’ = 2x'/r is the radial unit normal vector field near i and J*, A are 
constants, the three constants J* specifying the angular momentum of the 
data. The spherically symmetric tensor which appears here with the factor A 
agrees with the extrinsic curvature for a maximal (non-time symmetric) eee 
in the Schwarzschild solution (see for example ra) Note that the tensor 04°, 
‘satisfies condition (8.15) and the equation 0,04’, = 0 on S for the flat eae 
hence it is a non-trivial example. We want to study more general situations. 

In the existence proof for equations (8.11) and (8.13), the possible existence 
of conformal Killing vectors €° of the metric hg, will play an important role. A 
conformal Killing vector is a solution on S of £,€ = 0, where we have defined 
the conformal Killing operator 


2 
Gane = Po pe 4 he D0. (8.19) 
Given €° we define the following constants 
; 1 ; 
oo a), a= 3 Daf" (i). (8.20) 


The free-data in the solution W® consist in two pieces: a singular and a 
regular one, which we will denote by 2, and $2, respectively. We define 


sing reg 
Cueein B, \ 47) by 


sing 


1 
pr =x (ia 


sing 3 


ee (8.21) 


and vanishes elsewhere. Here x denotes a smooth function of compact support 
in B, equal to 1 on Bg /2. We assume that 22, can be written near 7 in the form 


reg 
ab r73 ab ab 
reg a Died a Porea) (8.22) 
where Pireg DF 0g are smooth symmetric trace-free tensors in S and such that 
PD 
co = OF 2) and a2, = @ with some @ € C™(B,). 


e i , 
Theorem 8.2. Lif li. a smooth inctrre in S. LAPS, and Pr, giecn by (8. 2t) 


and (8.22). 


i) If the metric h admits no conformal Killing fields on S, then there exists a 
unique vector field v® such that the tensor field 


yor — pee + pr mes 7D a (8.23) 


Boe cpa 


satisfies the equation D,W* = 0 in S \ {i}. The solution satisfies Van = 
O(r~3) at i and condition (8.15). 
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ii) If the metric h admits conformal Killing fields €° on S, a vector field v% as 
specified above exists if and only if the constants J°, A (partly) characterizing 
the tensor field ®¢?, satisfy the equation 


Sing 


J Saha (8.24) 


for any conformal Killing field €° of h, where the constants Sq and a are 
given by (8.20). 


In both cases the angular momentum of Y?? is given by J*. This quantity can 
thus be prescribed freely in case (1). 


Theorem 8.2, as Theorem 8.1, contains two parts. One is the existence and 
uniqueness of the solution v*. The restriction (8.24) appears in this part. See 
[6], [18] and [19] for a generalization and interpretation of this condition. The 
other part concerns the regularity of the solution in B,, namely that it satisfies 
condition (8.15). This part depends only on local assumptions of the fields in 
Ba. We prove a more detailed version of this theorem in {18}. 


8.2 Solution of the Hamiltonian Constraint 
with Logarithmic Terms 


Assume, for simplicity, that the metric hg, is conformally flat in B,. Then the 
operator that appears in the left hand side of equation (8.12) reduce to the Lapla- 
cian A. This simplification is of course a restriction on the allowed initial data. 
but it already contains all the main problems and the essential features of the 
more general case. It is also important to remark that even under this assump- 
tion it is possible to describe a rich family of initial data, since we are making 
restrictions only on By. Consider the Poisson equation (8.5). The example 


Alogrha l=" intone: (8.25) 


where h,, is an harmonic polynomial of order m (i.e. Ah» = 0) shows that 
logarithmic terms can occur in solutions to the Poisson equation even if the 
source has only terms of the form r*p where p is some polynomial. That is. even 
if our free data have expansion in powers of r logarithmic terms will appear in the 
conformal factor 6. We shall use this to show that logarithmic terms can occur in 
the solution to the Lichnerowicz equation if the condition r°U,,W°> € E*(B,) is 
not satisfied. Our example will be concerned with initial data with non-vanishing 
linear momentum. 

We assume that in a small ball B, centered at i the tensor W®? has the form: 


ee ae (8.26) 


where W#” is given in normal coordinates by 


UP = =| (—P*nb — Pin? — (6% —5n°n?) Pen.) , (8.27) 
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and we? = O(r-%) is a tensor field such that Y satisfies equation (8.11). We 
will assume also that W?° satisfies some mild smoothness condition (ef 13). 

Since WA? is trace-free and divergence-free with respect to the flat imetric, 
we could. of course. choose /r,;, to be the Hat metric and wa - 0. This would 
provide one of the conformally fat initial data sets discussed in [10]. We are 
interested in a more general situation. 


Lemma 8.1. Leth, be a smooth metric, and let V be given by (8.26). Then, 
there exists a unique, positive, solution to the Hamiltonian constraint (8.12). In 
Bq it has the form: 


= (HEA) 1 ] hs 5) 2 
G= z + 5m + ar (9 (Pini) — 33 P*) 
c ae y P? 3 i 2 2 
+ Ten - = (3(P'n;)° — P*) logr) +up, (8.28) 


where P'P, = P?, the constant m is the total mass of the initial data, w, is a 
smooth function with w; = 1+ O(r?), and ug € C?*(B,) with ug(0) = 0. 


Since w; is smooth and up is in C**(B,), there cannot occur a cancellation 
of logarithmic terms. For non-trivial data, for which m # 0, the logarithmic term 
will always appear. In the case where hgy is flat (in this case we have w, = 1) 
and W2” = 0) an expansion similar to (8.28) has been calculated in [26]. 


8.3 Explicit Solutions of the Momentum Constraint 


Instead of given the proof of Theorem 8.2, in this section I want to present some 
explicit solutions of equation (8.11) for conformally flat and also for axially sym- 
metric metrics. In the first case we will construct all the solutions, in the second 
one only some of them. We will show how to achieve condition (8.15) in terms 
of the free data. In both cases the solution is constructed in terms of derivatives 
of some free functions. That makes them suitable for explicit computations. In 
particular, if we assume that these free functions have compact support, then 
we will also have compact support. We note incidentally that, as an applica- 
tion, one can easily construct regular hyperboloidal initial data with non-trivial 
extrinsic curvature. 


8.3.1 The Momentum Constraint on Euclidean Space 


In the following we shall give an explicit construction of the smooth solutions 
to the equation 0,W°? = 0 on the 3-dimensional Euclidean space E? (in suitable 
coordinates R? endowed with the flat standard metric) or open subsets of it. 
Another method to obtain such solutions has been described in [4], multipole 
expansions of such tensors have been studied in [6]. 

Let i be a point of E® and x* a Cartesian coordinate system with origin i 
such that in these coordinates the metric of E?, denoted by das, is given by the 
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standard form 64). We denote by n*% the vector field on E® \ {i} which is given 
in these coordinates by x* /|z]. 

Denote by m, and its complex conjugate ™m, complex vector fields, defined 
on E3 outside a lower dimensional subset and independent of r = |x|, such that 


= oe = ae 
Mam? = Mem? =ngm* =nam* =0, mam =1. (8.29) 


There remains the freedom to perform rotations ™, e’‘fm, with functions f 
which are independent of r. 
The metric has the expansion 


dab = THah 1 Wig eta le 


while an arbitrary symmetric, trace-free tensor YW» can be expended in the form: 


rap = E(3nans — dab) + V2 Na) aie V 271 Nam) + 
flgM_Mp, + PaMa™Ms,, (8.30) 


with 


1 . 
apes a }, 34 ' ty 
= yh Laon’. Ay V2r Wh, yn Th. ffx ee re. 


Since WY» is real, the function € is real while 7, 2 are complex functions of spin 
weight 1 and 2 respectively. 
Using in the equation 
a,¥~ =0 (8.31) 


the expansion (8.30) and contracting suitably with n° and m®, we obtain the 
following representation of (8.31): 


Ar0,€ + On, + 677; = 0, (8.32) 


rd, + Su2 — OE = 0. (8.33) 


Here 0, denotes the radial derivative and 0 the edth operator of the unit two- 
sphere (cf. [33] for definition and properties). By our assumptions the differential 
operator 0 commutes with 0O,. 

Let ;¥im denote the spin weighted spherical harmonics, which coincide with 
the standard spherical harmonics Y/,, for s = 0. The .¥jm are eigenfunctions of 
the operator 606 for each spin weight s. More generally, we have 


sans (l=s)! (l+s+p) 
orate, (s Im) = ( eee ary (i+ s)! 


sYim- (8.34) 


If zs denotes a smooth function on the two-sphere of integral spin weight 
s, there exists a function y of spin weight zero such that 7, = 6°7. We set 
n* = Re(7) and 7! =i lm(n), such that n = ® +7, and define 


7 07) en eee 
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such that 7, = n® + n!. We have 
Ona) sy! = 


Using these decompositions now for 7; and jl2, we obtain equation (8.32) in 
the forin: 


BrOLe =—O0n. (8.35) 

Applying 6 to both sides of equation (8.33) and decomposing into real and 
imaginary part vields 7 

reo = —0°0' pL", (8.36) 

Dra nrorc) 00k = 6 Orn. (8.37) 

Since the right hand side of (8.35) has an expansion in spherical harmonics 

with / > 1 and the right hand sides of (8.36), (8.37) have expansions with | > 2, 


we can determine the expansion coefficients of the unknowns for | = 0,1. They 
can be given in the form: 


1 1 
€=A+rQ+-P, n! = iJ + const., n® =rQ—- ue + const., 
vr 


with 


3 
P= 3 Png, Q=5Q%na, J=3J*na, (8.38) 


where A. P*®.Q". J° are arbitrary constants. Using (8.30), we obtain the corre- 
sponding tensors in the form (cf. [10]): 


3 a a Cc 
Up? = =; (-Ptn’ — Pint — (5% — 5n%n®) Pén.), (8.39) 
Wy? = ay ne Teng + °c Jona), (8.40) 
a 
yee — Ea (enon 0°"), (8.41) 
A ae 
3 y Ue a a 2 CG 
We = 52 (Q* n? On? = (6? — nn) On,) . (8.42) 


We assume now that € and 7// have expansions in terms of spherical harmonics 
with 1 > 2. Then there exists a smooth function Ag of spin weight 2 such that 


Cade, 71 = 0A. 


Using these expressions in equations (8.35) - (8.37) and observing that for 
smooth spin weighted functions , with s > 0 we can have Ou, = 0 only if 
pts = 0, we obtain: 


dn? = —2rd,0rAF, 3?! = -r 0,4, 


32” = 2rd,(rd,rA#) — 20F + GOAP. 
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We are thus in a position to describe the general form of the coefficients in the 
expression (8.30): 


= 1| 
E=PA+A+TQ+— P, (8.43) 
7, - 1 
m = —27 0, OrAF + GAS + 7 OQ — ~ OP +10, (8.44) 
lip = 27 O,(r 0, 1) — 208 Oe — TO, XD: (8.45) 


Theorem 8.3. Let \ be an arbitrary compler C® function in Ba \ {i} C E° 
with 0 <a <0, and set Xx = 67. Then the tensor field 


yo — pad 4 ys + we’ 4 we? + WY, (8.46) 


where the first four terms on the right hand side are given by (8.39) - (8.41) while 
wee is obtained by using in (8.30) only the part of the coe ffierents (S.4 41 (8.49) 
which depends on Az, satisfies the equation D°W,, = 0 in B, \ {i}. Conversely, 
any smooth solution in Ba \ {i} of this equation is of the form (8.46). 


Obviously, the smoothness requirement on A can be relaxed since pe S 
C'(Ba \ {i}) if A € C°(B, \ {i}). Notice, that no fall-off behavior has been 
imposed on A at i and that it can show all kinds of bad behavior as r > 0. 

Since we are free to choose the radius a, we also obtain an expression for 
the general smooth solution on E® \ {i}. By suitable choices of A we can con- 
struct solutions yee which are smooth on E? or which are smooth with compact 
support. Finally we provide tensor fields which satisfy condition (8.15) and thus 
prove a special case of theorem 8.2, see [18] for the proof. 


Theorem 8.4. Denote by ¥® a tensor field of the type (8.46). If r\ € E*(B,) 
and P? =0, then r°W,,Y7" € E™(B,). 


We wish to point out a further application of the results above. Given a 
subset S of R? which is compact with boundary. we can use the representation 
(8.46) to construct hyperboloidal initial data ({20]) on S with a metric h which is 
Euclidean on all of S or on a subset U of S. In the latter case we would require yer 
to vanish on S\U. In the case where the trace-free part of the second fundamental 
form implied by h on OS vanishes and the support of Y°? has empty intersection 
with OS the smoothness of the corresponding hyperboloidal initial data near the 
boundary follows from the discussion in ([2]). Appropriate requirements on h 
and W°? near 0S which ensure the smoothness of the hyperboloidal data under 
more general assumptions can be found in ([1]). 


8.3.2  Axially Symmetric Initial Data 


The momentum constraint with axial symmetry has been studied in [3], [11] and 
[16]. Assume that the metric ha, has a Killing vector n°, which is hypersurface 
orthogonal. We define 7) by 7 = 7°7/°hap. Following [27], consider YW? defined by 


20 (ay?) 


ab 
a a : (8.47) 
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7 
where W® satisfies 


£,0° =0, On, =0, D,w* =0, (8.48) 


with the Lie derivative £, with respect 7°. 

We use the Killing equation Diam) = 9, the fact that 7* is hypersurface 
orthogonal, (i.e. it satisfies Dany = —N{aD»] In) and equations (8.48) to conclude 
that Ww is trace-free and divergence-free with respect to the metric hap. 

The solution of equations (8.48) can be written in terms of a scalar poten- 
tial w: 

= a Oey Ze 0. (8.49) 


We want to find now which conditions we have to impose in w in order to achieve 

(8.15). The metric h,, has the form: 

allo 
'} ; 


A ae (8.51) 
where eg; is the two dimensional metric induced on the hypersurfaces orthogo- 
nal to 7°, its satisfies £,e,, = 0. All two dimensional metrics are locally con- 
formally flat. we will assume here that e,, is globally conformally flat. Then, 
we can perform a conformal rescaling of hg» such that in the rescaled metric 
the corresponding intrinsic metric egy is flat. We will denote this rescaled metric 
again by ha». Assume that 7% is a rotation. Take spherical coordinates (r, 0, ¢) 
such that 7% = (O/0o)°. In this coordinates the metric has the form: 


h = dr? + r7dd? + nde’. (8.52) 
The norm 7 can be written as 
n=r’sin? J(1+ f), (8.53) 


where f satisfies 1+ f > 0. Note that r is the geodesic distance with respect to 


the origin. 
In these coordinates equation (8.50) has the form: 


2  (r?(0,w)? + (Ogw)?) 


‘ : aa (S.5 1) 
ieraee r® sin? 3 


ww,» = 


In the flat case (ie. f = 0) this solution reduces to the one given by Theorem 


8.3 with 
P=Q=A=0, AZ=0, (8.55) 


and 
iw = Ab sin? 0 + iJ*(—3.cos 9 + cos? ¥), (8.56) 
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where J* is the only non-vanishing component of the vector J®, and £ oe 
Motivated by this expression we write w in the form 


w = S?Asin? 0 + J*(—3.cosd + cos® 9), (8.57) 


where A is an arbitrary zero spin real function which depends on r and 0. The 
constant J% will give the angular momentum of the data. This can be seen from 
the following expression: 


5 aca ai | wn? ds, (8.58) 
Sr JSS: 


where X is any closed two-surface in the asymptotic region and n° its normal. 
Using equation (8.57) and lemma 9 of [18] we prove the following lemma. 


Theorem 8.5. Assume that f € E~(B,). Let ©% be given by (8.47), (8.49) 
and (8.57), where J* is an arbitrary constant. If r’ € EX~(Ba) then r°U,,U~ € 
E™(B,). 


Note that in Theorem 8.5 we have assumed only f € E*(B,), that is. f and 
hence the conformal metric hg, is not required to be smooth. I will come back 
to this point in the final section. 


8.4 Main Ideas in the Proof of Theorem 8.1 


I want to describe in this section the main idea in the proof of theorem 8.1. I will 
concentrate on the regularity part of this theorem and not on the existence part. 
since the later is more or less standard. [ will give an almost self contained proof 
of a simplified version of theorem 8.1, which contains all the essential elements 
of the general proof. 

Consider the semi-linear equation 


Aus Nae (8.59) 
on B,, where the function f is given by 


U7 (x 
fee podria VAG eel tae (8.60) 
(lL rr) 
This equation is similar to equation (8.12) when the metric ha, is flat in Bo. 
Assume that we have a positive solution u € C?“(B,). There exist several 
methods to prove existence of solutions for semi-linear equations, see for example 


[30] for an elementary introduction to the subject. We want to prove the following 
theorem. 


Theorem 8.6. [fu ¢ C**(B,) and u > 0 is a solution of equation (8.59), then 
ué€ B~(Ba). 
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The important feature of equation (8.59) is that the radial coordinate r 
appears explicitly in f. As a function of the Cartesian coordinates zx’, r is only 
in C®. Thus, we can not use standard elliptic estimates in order to improve the 
regularity of our solution. Instead of this we use the following spaces. 


Definition 8.1. For m € No and 0 < a < 1, we define the space H(i as 
Giese: 2 (eo af = f+ rho > fisfo € C™°(B,)}. Furthermore we set 
BNBs)=tf=fitrfe : fi, fo€C°(Ba)}. 


The space E™: has two important properties. The first one is given by the 
following lemma which is an easy consequence of definition 8.1. 


Lemma 8.2. For f,g © E™%(B,) we have 
(ye (Ba). 
(%) fge E™°(B,). 
(ay f 7 Om B,,. then /f ¢ E™-(B,). 
Analogous results hold for functions in E*(B,). 


The second important property is related to elliptic operators. Let u be a 
solution of the Poisson equation 


b 
= 
| 

s 


(8.61) 


Then we have the following lemma. 
Weramarsia. f 6h *( Bey uc B’t-7(B.). 


Proof. Since fo € C™°(B,) we can define the corresponding Taylor polynomial 
T,, of order m. Define f# by fo = Tm + f#. It can be seen that ff = O(r™+?). 
By explicit calculation we can prove that there exist a polynomial p,, of order 
m such that A(r?p,,) = rTy,. Set u = r? pm +upR. Then up satisfies the equation 


Aur =fitrfé. (8.62) 


One can prove that rf € C™*(B,). This is not trivial because r is only in 
C°(B,). Here we use that f4¢ = O(r™*®) (see lemma 3.6 in {18]). Then the right- 
hand side of equation (8.62) is in C™°(B,). By the standard Schauder elliptic 
regularity (see [25]) we conclude that up € O™+*°(B,). Thus u € E™+?( Ba). 
a 


As an application of lemmas 8.2 and 8.3 we can prove theorem 8.6. Using 
lemma 8.2, we have that the function f satisfies the following property: 


u€ E™*(B,) > f(u(z),z) € E™*(B,), (8.63) 


for every positive u. Assume that we have a solution u € C*® of equation (8.59). 
Using (8.63), lemma 8.3 and induction in m we conclude that u ¢ E°(B,). Here 
we have used that if f € E™°(B,) for all m € No, then f € E(B), see lemma 
3.8 in [18}. 

Note that the only property of f that we have used in order to prove theorem 
8.6 is (8.63). Lemma 8.3 can be generalized for second order elliptic operators 
with smooth coefficients (cf. [18]). 


180 Sergio Dain 
8.5 Final Comments 


In this section I want to make some remarks concerning the differentiability of 
the initial data. His physically reasonable to asstame that the fields are sinooth 
in the asymptotic region S \ 2. However in the source region 92 smoothness is 
a restriction. For example, the matter density of a star is discontinuous at the 
boundary. Generalizations of the existence theorems to include such situations 
have been made in [13] and [19]. 

It is also a restriction to assume that the conformal metric is smooth in a 
neighborhood B, of the point 7. The point 7 is the infinity of the data, hence 
there is no reason a priori to assume that the fields there will have the same 
smoothness as in the interior. Moreover it has been proved in [17] that the 
stationary space times do not have a smooth conformal metric. In this case the 
metric ha, in By has the following form: 

hag = hi; + rPhi,, (8.64) 
where hi, and hi. are analytic functions of the coordinates x’. Theorems 8.1 
and 8.2 are generalized in [15] for metrics that satisfy (8.64). An example of this 
generalization is Theorem 8.5, in which we have assumed that f € E, this 
assumption allows metrics of the form (8.64). 
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Abstract. In this note I discuss the conformal rescaling of spacetimes, with focus 
on the constraint equations. I give conditions on the Cauchy data at the conformal 
boundary which are sufficient for regularity, and show how to construct solutions to 
the conformal constraint equations. Finally, I discuss gauge conditions in the conformal 
setting and indicate the first steps in analyzing the conformally rescaled version of the 
Einstein vacuum evolution equations. 


9.1 Introduction 


Let (M.g, (2) be the conformal rescaling of a 3+1 dimensional vacuum space- 
time iM. gi. with gg 2-g. where 2 is a smooth finetion on M vanishing on the 
boundary 0M. If M has smooth null boundary .¥, with connected components 
of topology S* x R, it follows that the Weyl tensor of (M,g) vanishes on .F. 
From this follows peeling properties for (M, g). This picture of isolated systems 
in general relativity. developed by Penrose, see [9, 16], is useful for studying the 
mass and angular momentum of space-times, as well as gravitational radiation. 

Friedrich has found a first order symmetric- hyperbolic version of the Einstein 
evolution equations, called the conformally regular field equations, which may be 
extended through -¥ {11}. The Cauchy data for this system on a future Cauchy 
surface Af. asymptotic to .¥% so that MN OM = OM, include gas, Kay, 2 as 
well as components of the rescaled Weyl tensor 2~!C®,_,. In order to get a 
regular evolution at .%, these data must be regular up to OM. It was shown 
by the author, Chrusciel and Friedrich [3 6] that under certain conditions on 
the boundary geometry of M, the Cauchy data for the conformally regular field 
equations are smooth up to OM. 

Using the conformally regular field equations, Friedrich has shown that the 
maximal vacuum development of data (called hyperboloidal data) on a future 
Cauchy surface intersecting .%, regular up to OM is a space-time which has a 
“smooth piece of 4%”. Further, for small data the maximal vacuum development 
has a null boundary with future complete null generators and a regular time-like 
infinity. 

A programme has been initiated to numerically evolve the Einstein equations 
using the conformally regular field equations [12-15]. This approach may have 
advantages over the “traditional” approach which treats the asymptotic flatness 
condition by introducing boundary conditions far away from the isolated system 
under study. and attempts to observe for example gravitational wave signatures 


on this boundary. 
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In this note we will discuss the conformal procedure for constructing solu- 
tions (Yap. Nan. £2) to the constraint equations and the geometric conditions for 
regularity at .%. I will also briefly discuss the Cauchy problem for the Einstein 
evolution equations at %, directly from the point of view of the Einstein equa- 
tions in (M,g). 


9.2 Preliminaries 


The following index conventions will be used. Greek indices a, (,... run over 
0,...,3, lower case Latin indices a, b,c,... run over 1, 2,3, and upper case Latin 
indices A, B,C,... run over 2,3. 

Let (M,g) be a 3+1 dimensional globally hyperbolic space-time with covari- 
ant derivative D. Introduce coordinates (x*) = (t.x2%) on M. and consider the 
foliation M; consisting of level sets of t. We will often drop the subscript t on MJ, 
and associated fields. M will be a compact manifold with boundary 0M, and 
closure M = M U@OM. Let T be the normal of AJ. assumed to be time-like. and 
let g be the induced positive definite metric on Af, with covariant derivative V. 
We will use an index 7 to denote contraction with T. for example tr = T“t,. 
Let © = Dr? and assume |2| > 0. The lapse function N and shift vectorfield 
X are defined by 0, = NT + X. The second fundamental form K is defined by 
Kap = (Daev,T). Then we have Kap = —3£rSan = —53N~'(O: — X) Gay and 
Dep = Valeb aa Tete 

Assume that M has null boundary 0M and let M = MUOM. Let 2 be 
a positive function on M with 92 = 0, df2 #4 0 on OM and denote by g the 
conformally related metric § = Q-2g. We will call g the unphysical metric and 
g the physical metric. We will use (-,-) for the inner product induced on TM by 
g. Geometric quantities associated with g will be decorated with a tilde ~, for 
example the covariant derivative D and the Ricci tensor Eg g. We will consider 
only the case when (M. &) satishes the vacutun Einstein equations Fis pe) alert 
= Q| m: Assume that OM = M NOM, has positive definite induced metric 
and that w is a defining function for OM, i.e. dw) n4 #~ 0). We will refer to OM 
as Y and the surface OM C OM as a cross section of -f. 

There is a gauge ambiguity in the conformal rescaling. Let Q = 207}, 
& = O~’g for some positive function @ which is bounded and bounded away 
from zero on M. Then & = 2 78 is another conformal rescaling of g. A conformal 
gauge change can be used to control the mean curvature of OA. as well as the 
mean curvature of M/. In particular, the conformal gauge freedom can be used 
so that the level sets of w are the leaves of the gauss foliation w.r.t. OM, i.e. 
there are coordinates (x*) = (x, y*), so that in a neighborhood of 0M, we have 
w= x2, and the metric takes the form: 


Gapdx* dx” = dz? + hagdy*dy®. (9.1) 


This possible without loss of generality, cf. [6, Lemma 2.1]. By construction we 
have x(p) = d(p,0M) and the unit normal 0M is 7 = O;. We use the index 1 for 
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contraction with 7, for example ty, = V°xtap = 7%tap. Let VY 4 and R ap denote 
the covariant derivative with respect to h4p and the Ricci tensor of h AB- The 
secoud fundamental torm of O.A/ with respect to y is defined by Ayn — iV ep; 
Then we have Vaeg = VY sep + Aap and Ayp = —5Lyhap- 

The quantities associated to (g;;, K;;,N,T) in the physical space-time are 


G3 = W935, Ki = wo Ki + D943, (9.2a) 


N=w7!QN, T =oT. (9.2b) 


The shift vectorfield X does not scale, so X = X. The physical Weyl tensor 
satisfies Cagy5 = Ragys since Rag = 0. Further, C%a45 = C%.,5- 


h 


A symmetric tensor field Ag, on M is said to satisfy the shear free condition 
if 


(9.3) 


1 
(AaB — 5h? AcphaB) an 


vik 


1 
(AaB — 5h? Acdhas) los = 


In the following we will consider only hypersurfaces intersecting .4%, which in 
view of our conventions force X’ < 0, so that 2’/|X’| = —1. The space-time (M, g) 
is said to be shear free at OAL if Ky, satisfies the shear free condition. In order 
for g to be in C?(M). it is necessary that Kay satisfy the shear free condition, 
cf. [4, Prop. 3.1]. In the following we only consider initial data which are shear 
free. Note that a change of conformal gauge can be used to get hA® dap Pee = (0 


9.3. Conformal Rescalings of Minkowski Space 


In order to understand the Einstein equations near -¥ it is important to choose 

an appropriate conformal compactification and a suitable foliation near 4%. In 

this section we will display a few examples in the simplest case, Minkowski space. 
Minkowski space is IR* with the flat line element 


dg? = —dt® + dr? + r7do?. 


in radial coordinates (t, 7,0, 0). where da? = dé? + sin?(@)d¢@? is the line element 
on $?. We will consider two conformal rescalings of Minkowski space. First, 


define new coordinates T, p by 


T3718 ay if =o 
t+r=tan( 5 i t—r=tan (75? ). 


Cro nara, VSp=< 7, Peli. le pl 7} (9.4) 


on 


Rescaling with the conformal factor 


(7, p) = 2cos (75) cos (5*) , 
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which is positive on U, gives [11, p. 450-451] 
ds? = gagdr%dx? = —dr? + dp? + sin? (p)do?, 


which is the line element of the Einstein universe R x S*. We have N = 1, X =0. 

The null part of the boundary of U has two components with 7 > 0 or 7 < 0, 
called fiiture and past mall infinity. denoted .7,. The point (7. p) — (0.7) is called 
spatial infinity and denoted ig. The points iz with (7, p) = (+770) are called 
future and past time-like infinity. All inextendible future directed null curves 
start at Y% and end at ¥,. 

The hyperboloids t? — r? = u? in Minkowski space correspond to hyper- 
surfaces in U intersecting OU at t = 7/2 at different angles depending on u, 
cf. Fig. 9.1. In particular, the hyperboloid with sectional curvature —1 corre- 
sponds to tT = 7/2. On the other hand, the time translated hyperboloids given 
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Fig. 9.1. Hyperboloids t? — r? = u? in conformally compactified Minkowski space 


by t= V1+r?+4+u intersect Y at tr = 1/2 + arctan(u). see Fig. 9.2. In this co- 
ordinate system, the future translated hyperboloids approach time-like infinity 
24 as u increases. The Lapse N is given at % by 


; SS = Bg eS 
Jim N a= cos(t — 7/2) 
\ a 
which tends to zero as T increases to 7. 
For the second conformal rescaling, introduce new coordinates w,T by 
t = coth(w) +7, 
r= 1/sinh(w). 
This is a singular coordinate transformation, but this does not cause a problem 


as we are only interested in the behavior near infinity. In terms of the new 
coordinates, the Minkowski line element takes the form: 


ds” = —dr* + 2sinh~?(2)dydr + sinh (w) (dy? + do”). 
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Fig. 9.2. Time translated hyperboloids t = /1 +r? + u in conformally compactified 
Minkowski space 


After a conformal rescaling with 
92 = sinh(w), 
we get the line element ds? = 927d8? given by 
ds* = —sinh?(w)dr? + 2dwdr + (dw? + do?). (9.5) 


The hypersurfaces 7 =constant correspond to the time translated hyperboloids 
t = V1+r2%+7 in Minkowski space. The conformally rescaled space-time M has 
null boundary 4, = {y = 0}, and so the boundary of this conformal rescaling 
does not include .7_ or i9,74. Further, the closure of M is not compact. 

The foliation M, of level sets of r has Lapse N = cosh(w), and Shift X = Oy, 
so that the time like normal T is T = cosh™ *(w)(0; — Oy). The foliation M, is 
static so that K,, = 0. The induced geometry on M, is the cylinder dw? + do?, 
with totally geodesic boundary {vy = 0}. The future sheets of the hyperboloids 
t? — r? = y? of mean curvature —3/u intersect % at 7 = 0, see Fig. 9.3. 


9.4 Conformal Constraint Equations 


The Einstein vacuum equations Rag =0 imply the constraint equations 


Ree) Gy o, (9.6a) 
V°* Kap — ViK*, = 0. (9.6b) 


We will consider the constraint equations, in the special case of constant mean 
curvature V,trkK = 0, as a system of equations for the unphysical data and 
rewrite them in a form which exhibits the freely specifiable data. 

In the form of the constraint equations that we will present, the freely speci- 
fiable data are (g:;, Ai;), where gi; is a metric on M, and A;,; is a trace free, 
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Fig. 9.3. Hyperboloids t? — r? = u? in the conformal rescaling (9.5) 


symmetric tensor field on M satisfying the shear free condition. We will assume 
for simplicity Aia| om = 0, which does not restrict the degrees of freedom. 

Let p be a defining function for OM, p = x near OM. Assume pa is a 
nonzero constant. Set Gap = P” gab, define V. R etc. w.r.t. g and raise and lower 
indices on hatted fields with g. Given data g;;, A;;. a solution (9;;..Kj;.w) to 
the constraint equations is constructed by solving the system (9.7) below. We 
will refer to the system (9.7) as the conformal constraint equations. Existence, 
uniqueness and regularity of solutions to the conformal constraint equations has 
been analyzed in the papers [4,6]. For a vector field Y, let 


L(Y )az = Vi¥3 + Vii — SVAY "gi. (9.7a) 
For a solution Y to the system 
WL(Y); = View (9.7b) 
define oj; by 
oi; = Aij — p L(Y )aj- (9.7c) 


Dien dg, — poi; satisfies V "Gob = 0. Let w be the solution to the semi-linear 
elliptic equation 


—8Au + Ru — 6i07u-' +657u° =0. (9.7d) 


Finally, define (9;;,K;,@) by w = up, Ka u ‘ai; + 3'g;;. The fields 
(9:3, Kij) corresponding to a solution g;;, K; j,w of the conformal constraint equa- 
tions (9.7) solve the physical constraint equations (9.6) with mean curvature 
g? Ky; = 3X’, under the constant mean curvature condition i) — |: 


9.4.1 Constant Mean Curvature Hypersurfaces 


The existence of complete constant mean curvature hypersurfaces in asymp- 
totically flat space-times was studied in [7]. There it was proved that in an 
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asvinptotically Schwarzschild space-time satisfying a natural causal condition 
(domain of dependence of compact sets is compact ). given a cross section of .F%;. 
and a number 2 < 0, there is a unique CMC hypersurface intersecting 4%, at 
the given cross section. The proof uses a barrier construction, together with the 
causality condition, to prove that the solutions to a sequence of boundary value 
problems converges to a complete CMC hypersurface. 

This result indicates that a wide class of space-times with regular conformal 
compactification are foliated by CMC hypersurfaces. The regularity of the height. 
. functions of these CMC hypersurfaces at % has not been studied in detail, nor 
has the existence proof been carried out in the conformally compactified setting. 
This is a natural problem which should be studied further. 

The conditions for regularity of CMC solutions of the conformal constraint 
equations constructed using the procedure discussed above is well understood, 
see the discussion in Sect. 9.4.3 below. However, it is not at all well understood 
how these results relate to the regularity of CMC foliations in the physical or un- 
physical space-time. evolved from these data. nor what spatial gauge conditions 
are suitable in this situation. see Sect. 9.5 below. 


9.4.2 Degenerate Elliptic Equations 


The system (9.7) of conformal constraint equations is a degenerate elliptic sys- 
tem for (u. Y*). We will briefly describe the regularity properties of solutions to 
systems of this type. As an example consider the Lichnerowicz equation (9.7d). 
The principal part of the right hand side of (9.7d) is essentially of the form: 


L=L,+8, 


where L, is the ordinary differential operator L, = x70? + az0, + b, and B 
is of lower order in 0,. In case (1 — a)? > 4b, the equation for L,2* = 0 has 
real distinct characteristic roots a; and the equation L,u = f has a solution 
u = o(x°- ) for sufficiently regular f = o(2°~ ). 

The operator appearing in the Lichnerowicz equation has critical exponents 
a_ =-—1,a,=3. Let L be this operator and consider the equation Lu = f, for 
f € C*(M). Suppose f is of the form f = fix + fox? + fgx°. Then a solution 
u = o(z—') is of the form 


ua=1ltupet ugx? +u312° Inz + ugz® + higher order terms, 


where u3.1 = cf3 for some explicit constant c. This example reflects the fact, 
cf. [4 6], that solutions to degenerate elliptic systems are in general non-smooth 
at OM. instead the general form of the solution has a polylogarit hic expansion 
of the form u = >> ui52" In’ x. In case the RHS and the coefficients are smooth, 
the logarithm terms in u appear first at the critical exponent a+. 

The terms in the expansion of u up to and including the first logarithm 
term are computable in terms of the data, which implies that explicit geometric 
conditions for the regularity of solutions of the couformal constraint equations 
(9.7), and hence of the physical space-time constructed from these data, can be 


found. 
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9.4.3 Regularity of Solutions to the Conformal Constraint Equations 


We will now discuss the detailed conditions for regularity of the conformal data 
(gan. Nay. $2) at OM. We will assmmne that free data (g,,.A,,) © C* (.A/) are given 
and consider the conditions needed for the solution (g,,.A,,.<) of the conformal 
constraint equations, produced by solving the system (9.7), to be in C%° (M). 

In the case when M is a moment of time symmetry in the unphysical space— 
time, ie. A;; = Ki; = 0, there is a simple criterion for regularity of the solution 
to the constraint equations. Let 


er 
NAB = AAB — 5h? AcpAaB 
denote the trace free part of A4g- Then the solution to the conformal constraint 
equation is in C°(M) if and only if the conformal density C on OM, defined by 


il . 
C= V4y ® vas aa ea _ 5h rcv bh we 


vanishes. In particular, this holds if OM is totally umbilic, i.e. if 


1 
(AaB — gh? AcDAaB) lon Sly 


In general if this condition does not hold, then the solution has an expansion in 
powers of x and Inz near OM and is thus of finite regularity at OAT. 

In the case where K;; # 0 and consequently A;; # 0. we make the following 
simplifying assumptions. We consider shear free data (9;;, Ai;), such that 


ae 0. (9.8a) 

Ae — 0. (9.8b) 

Equation (9.8a) should be viewed as a conformal gauge condition, which can 

always be satisfied if the data (g;;,A;;) is smooth up to boundary. Similarly, 

equation (9.8b) may be viewed as a gauge type condition as it is possible to 

achieve this by subtracting a term p ‘Li; from Ajj. If (9.8) holds. then the 
fields w, Y’ satisfy 

w = |d|x + O(a), (9.9a) 

Y'=0) (9.9b) 


and Ka, is determined up to first order by Ag». If (9.8) holds, then the fields 
w, Kj;,w~'Cagys are in C®(M) if and only if the equations 


P : 
Or K ap — sh@?0,Kophas = (9.10a) 
VY “V ?\apt Rapr\“? = 0, (9.10b) 


3 
VY 7 (0,Kap 4+ 3 CDA haw) 515 (9.10c) 


. 
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cf. [-hobqn( tis) 1 .33)]. hold on OAL. Note that our sign conventions for 
e and Kay are ase those of [4]. The particular form we present here holds 
assuming (9.8). Equation (9.10a). which states that 0,/ yy is proportional to 
hap on aM. is a consequence of the vanishing of the Weyl tensor on 0M, while 
equations (9.10b) and (9.10c) follow from smoothness of Ka, up to aM li 
particular, it can be shown that if OA & S?, then 


re 3 
(a.Kan qe 3°? Acphas | oe = ). (9.11) 


9.5 The Initial Value Problem 


In this section we will consider the Einstein evolution equations directly from 
the point of view of the unphysical Cauchy data. Since we know from the work 
of Friedrich Ti that the maximal vacuum extension of conformally regular data 
on Af has regular conformal boundary near 0M, it follows that solutions to 
a well-posed formulation of the Einstein evolution equations in the unphysical 
space-time will have this property. Working directly in terms of the unphysical 
Cauchy data allows one to relate this problem to the extensive literature on 
the numerical solution of the Einstein evolution equations. In particular, it is 
interesting to consider gauge choices and hyperbolic reformulations. 

Consider a foliation MJ; of (M. g) with 0, = NT+X. The structure equations 
of the foliation imply the Einstein evolution equations 


O:9:3 = —2N Kaj + Lj, (9.12a) 
Oe = Vaan ae IGE; =- cr ie, = 2K imK"; = [Bee ata gees (9.12b) 


and the constraint equations 
— |K |? + (trK)? = 2Rrr +R, (9.13a) 
VitrK — VIKi; = Rri. (9.13b) 
The unphysical Ricci tensor Rag is given by 
foe 27 2D a7 Ds 02,4) + 32° 7D, 2D Ogg, 


the unphysical Ricci scalar is R = g°?Rag, and |K |? = K;;K. The condition 
Dr; = © may be viewed as an evolution equation for §2, 


Oe NS ea, (9.13¢) 


9.5.1 Gauge Condition at OM 


It is natural to require AQ| a4 = 0. From (9.13c) and w = |X|z+h.o., Bs eee = 
N+ Pee so O;2|,,, = 0 implies 


N| 2 XH) 


ONG OM 
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In view of this, a natural boundary condition for N and X is 


ol, X| ou = h (9.14) 


OM 
which correspouds to the asymptotic behavior of Lapse and Shift in the second 
conformal compactification discussed in Sect. 9.3. In a neighborhood of 0M, 
we may decompose X as X = an + 3. Then the boundary condition for X is 
a=i,o=—Uon0M: 


9.5.2 Evolution at 0M 


As discussed in [4, §5], the shear free condition is necessary in order for the 
development of the data on M to have a regular conformal boundary. It is 
convenient to introduce the notation A = h©?Acp, Kk = h©?’ Kcp. We relax the 
condition Mew = 0 used in Sect. 9.4.3. 

Imposing the boundary gauge condition (9.14), a calculation shows that 


ORAB\ ars = —(kK ar \)haBlony: 


In particular, OhaBl ary is pure trace. For a symmetric tensor tz, let tp = 
taB— tno? tophap denote the trace free part. Define the shear tensor 04, by 


o4B =Agpt Kap, 
so that the shear free condition can be formulated as 
TAB ey = 


From the fact that Opha| am 38 pure trace together with the fact that M is 
3-dimensional, it follows that 


ONO | [O, (Fc AB + AaB)]* < 


Thus, if 0:(K ap + Ae) are is pure trace, then the shear free condition is con- 
served by the evolution. The evolution equations and the boundary conditions 
imply 


r il 
O:ABl ay, = Or(Aaw + Kap) + Ni Kap — = Gates 
where N, = 0,N|,,,, X1 = [Or, X] 


ane: After a lengthy calculation one finds: 


7 1 * 
A:caBlyy, = Nika — 5 Ex. gazl 


The leading order term .V, is determined by the regularity of R.,3 up to 0M. 
Therefore the condition for preserving the shear free condition under evolution, 


Oo aB| om = 9 shows up as a gauge condition for X. Due to the shear free 
condition, the equation 


sul sail : 
Nie 5 lox. 948] lau = 9, 


can be solved by putting ih aap = -¥14- in other words by imposing the condition 
that X is parallel to 7 at OM to first order, and that 0, is null to first order. 
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9.6 Discussion 


In this note. I have shown how to construct solutions of the conformal constraint 
equations. and indicated the first steps in analyzing the evolution problem for 
the Einstein vacuum evolution equations, directly in the unphysical setting. It 
seems worthwhile to explore gauge choices, hyperbolic reformulations, boundary 
conditions etc. for the evolution equations directly in this setting. This makes it 
possible to tie in to the extensive literature on the standard form of the Einstein 
evolution equations. As an example, it is interesting to look at reformulations 
of the Einstein equations, derived by adding multiples of the constraints in the 
evolution equations, which have improved stability of the constraints, see for 
example [10]. It is natural to ask here if there are such reformulations which are 
also better behaved at 7. 

The gauge conditions that have been considered so far in the literature on the 
numerical solution of the Einstein equations are mainly hyperbolic in nature, and 
theretore suffer from well known problems such as gauge singularities [1.2]. It is 
known that CMC time gauge gives a well posed form of the Einstein evolution 
equations. Therefore it seems natural to consider this time gauge also for the 
hyperboloidal IVP. 

Choosing a time gauge condition such as the CMC condition, leaves open 
the choice of spatial gauge. It seems likely that it is advantageous to work with 
a “fully gauge fixed formulation” for numerical work. The combination of CMC 
time gauge and harmonic spatial gauge gives a well posed elliptic hyperbolic 
system in case of compact Cauchy surface [8]. Does this gauge condition give 
a well posed system also for the hyperboloidal IVP, with boundary conditions 
given by a foliation of .%? The defining equation for the Shift vector field given 
in [8] is derived from the evolution equation for the metric and therefore does 
not depend on the matter content of the space-time. This makes it possible 
to apply this formulation both in the physical and unphysical space-time. It is 
an interesting problem to explore the consequences of this gauge choice for the 
hyperboloidal IVP, both from the point of view of the physical and unphysical 
formulation of the IVP and gauge conditions. 
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10. Exploring the Conformal 
Constraint Equations 
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Am Miihlenberg 1, 14476 Golm, Germany 


Abstract. One method of studying the asymptotic structure of spacetime is to apply 
Penrose’s conformal rescaling technique. In this setting, the rescaled Einstein equations 
for the metric and the conformal factor in the unphysical spacetime degenerate where 
the conformal factor vanishes, namely at the boundary representing null infinity. This 
problem can be avoided by means of a technique of H. Friedrich, which replaces the 
Einstein equations in the unphysical spacetime by an equivalent system of equations 
which is regular at the boundary. The initial value problem for these equations pro- 
duces a system of constraint equations known as the conformal constraint equations. 
This work describes some of the properties of the conformal constraint equations and 
develops a perturbative method of generating solutions near Euclidean space under 
certain simplifying assumptions. 


10.1 Introduction 


A model for the asymptotic structure of space-time was suggested by Roger 
Penrose in [22] (see also [15] for a review of the development of these ideas) using 
the technique of conformal] rescaling. Since the reader is by now familiar with 
the details of the conformal rescaling construction, only enough will be said here 
to fix the notation to be used in the remainder of this article. The object under 
study will consist of a physical space-time — a smooth, time- and space-orientable 
Lorentz inanuifold inns satisiving the vactuun Einstein equation Ric(g) — 0 and 
that is asymptotically simple. In other words, it is, conformally diffeomorphic to 
a Lorentz manifold (M,g), called the unphysical space-time, in such a way that 
g = 2-7, where the conformal factor is a smooth function 2: M — R4. In 
addition, the boundary of M is non-empty and is associated to points at null 
infinity by requiring that {2 be a defining function for OM; that is, 92 
while dQ never vanishes identically along OM. 

The purpose of the conformal boundary is to study asymptotic properties 
of the physical space-time in null directions. To this end, one could use the 
fact that, due to the conformal equivalence with the physical space-time, the 
quantities 2 and g must satisfy the couformally rescaled version of Einstein's 
equation, namely that Rie( £2 -y) — 0. However. this eqnation has the drawback 
that it is degenerate near the boundary of M because there §2 — 0, and is 
thus not ideally suited for analytic investigations of the nature of the space- 
time at null infinity. One possible means of avoiding this difficulty is to use a 
technique developed by Friedrich [16]. which auus to describe the geometry of 
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the unphysical space-time by means of a new, yet fully equivalent system of 
equations derived from the equation Ric(& 2~-*g) = 0 that is formally regular at 
the boundary of the unphysical space-time. These equations involve g, 92 and 
several additional quantities and are known as the conformal Einstein equations. 

As with Einstein’s equations in the physical space-time, it is possible to at- 
tempt to solve the conformal Einstein equations in the unphysical space-time 
by means of an initial value formulation, where appropriate initial data are de- 
fined on a space-like hypersurface Z in M and then evolved in time. Again as in 
the physical space-time, the conformal equations induce certain constraint equa- 
tions on the initial data; these equations are known as the conformal constraint 
equations and consist of a complicated system: of coupled uoulinear differential 
equations for the induced metric h and second fundamental form X of Z, the 
conformal factor restricted to Z, and several additional quantities. A particular 
case of interest is when Z is asymptotically hyperboloidal, i. e. Z intersects OAL 
transversely. In this case, the evolution of the boundary of Z forward in time 
produces the conformal boundary of the unphysical space-time, and global ques- 
tions concerning the existence of classes of space-times satisfying the definition 
of asymptotic simplicity can be addressed. See [15] or [17,18] for a review of 
these ideas. 

The purpose of this article is twofold. First, it is to introduce the conformal 
constraint equations and to investigate some of their properties. which will be 
done in Sect. 10.2. It will be found that, in a certain sense. they describe in a 
coupled way two mathematical problems — namely, the elliptic boundary value 
problem for the conformal factor 2 and the constraint problem arising from the 
Gauss-Codazzi equations of Z. Furthermore, a simple geometric assumption will 
be shown to lead to a special case of the equations in which the first problem 
does not appear and the second is in the forefront. In this special case, the full 
system of conformal constraint equations reduces to a much simpler and smaller 
system of equations that will be called the extended constraint equations because 
they will turn out to be equivalent to the usual vacuum Einstein constraint 
equations satisfied by the metric and second fundamental form of Z. (Tackling 
the boundary value problem is at present beyond the scope of this article but 
will be considered in the future.) 

The second goal of this article is to set up a perturbative approach for gen- 
erating solutions of the extended constraint equations in the neighbourhood of a 
known solution, but only in the case of time-symmetric data - the more general 
case will be handled in another future paper [7]. This task will be accomplished 
in Sect. 10.3 and the main theorem proved in this section appears on page 10.3.1. 
Because the extended constraint equations are equivalent to the usual constraint 
equations, the Main Theorem can be interpreted as a new way of finding solu- 
tions of these equations, and furthermore, it will turn out to be a way that 
is completely different from the ‘classical’ (i. e. Lichnerowicz-York) method of 
handling them. This issue will be discussed further in Sect. 10.3. 
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10.2. The Conformal Constraint Equations 


10.2.1 Deriving the Equations 


Suppose (M,g, 2) is an unphysical space-time satisfying the assumptions of 
asymptotic simplicity and thus that the metric and conformal factor satisfy the 
rescaled version of Einstein’s equation 


Hee? -9)= 0. (10.1) 


This section sketches briefly how equation (10.1) for g and 2 leads first to the 
conformal Einstein equations for g. 2 and additional quantities. and then to the 
conformal constraint equations. Begin by expanding (10.1) to obtain 


ms » 

Pv = 222-2 9,904 222, cana 
where R,,,, are the components of the Ricci tensor in the unphysical space-time, 
V, is the covariant derivative of the four-metric and 0 is its D’Alembertian 
operator. Notice that, as it is written, equation (10.2) contains terms with neg- 
ative powers of §2 which tend to infinity near the boundary of the unphysical 
space-time. Alternatively, if the equation is multiplied through by 927, then the 
principal parts of the differential operators acting on g and £2, would tend to zero 
at the boundary. Either way, equation (10.2) degenerates near the boundary of 
the unphysical space-time, and as mentioned in the Introduction, this makes it 
an unwieldy choice for studying the geometry of the space-time near null infinity. 

Helmut Friedrich’s procedure for obtaining a system of equations equivalent 
to the rescaled Einstein equations (10.2) and formally regular at the boundary 
of the miplivsical space-time can be found in several papers. sce for example [16]. 
His derivation proceeds in the following way. Let Ci,,,, be the Weyl tensor of 
the metric g and define the quantities 


1 il 
Duy = afta cay Jo uv 
Suro so Qe Cin, (10.3) 
if iL 
b= -O00+—R!M. 
Oeil = 5g 


The tensor $,,,,p is smooth on OM because under the assuinptions of asymptotic 
simplicity, Penrose has shown that Cy,» vanishes at the boundary of M [23] (a 
further condition on the topology of 0M - that OM admits spherical sections 
— is also needed. and will be assumed to hold). Then, by rephrasing (10.2) in 
terms of the quantities (10.3). adjoining the Bianchi identity for the curvature 
tensors in the physical and nuphsyical space-times. and adjoining the well-known 
decomposition of the curvature tensor 


Ryuvrp = Upvrp ae 9prLup ~~ OupLura te (fd OPN = 9viLup ) 


198 Adrian Butscher 


one obtains the system of equations 


VuVr 0 = —QLyy + WG; 
Wut @ tag O: 
VoLyy — Vals = VPR Syrup, 
Vv? Surup = 9, 
20 — V,2V"Q = 0, 
Ruvrp = QSpvrp + IuprLujp — LyjaGr}p » 


(10.4) 


by means of lengthy, though straightforward algebraic manipulations. The equa- 
tions above are known as the conformal Einstein equations. 

The equivalence of (10.4) to (10.2) is confirmed as follows. Suppose the quan- 
tities L, S and w as well as g and 92 satisfy (10.4). Then by algebra, it can be 
shown that the pair (g, 2) satisfies (10.2) and that L, S and y relate to 2 and 
the curvature quantities in the manner indicated in (10.3). (The algebra is fairly 
straightforward: for instance, the last equation in (10.4) identifies L and S as 
components of the curvature tensor; then it is a matter of computation to recover 
equation (10.2) from the remaining five.) 

It is immediately clear that the equations in (10.4) are regular when {2 = 0. 
Furthermore, not only do the conformal Einstein equations contain the rescaled 
vacuum Einstein equations, but they also contain the Bianchi identity for the 
curvature tensor, though expressed in the new unknowns. Thus one can con- 
sider (LO.4) to contain integrability conditions since the Bianchi identity is in 
some sense a integrability condition for the curvature tensor - meaning that the 
Bianchi identity is a result of requiring second covariant derivatives to commute 
properly (this can best be seen explicitly by rewriting the curvature tensor in 
terms of the vector-valued connection 1-forms as in [6], whereby the Bianchi 
identity becomes an incarnation of the identity d? — 0 satisted by the exterior 
differential operator). 

Suppose now that Z is a space-like hypersurface in Af. The fact that the 
conformal Einstein equations constrain certain initial data on Z can be seen by 
performing a 3+ 1 splitting of the space-time near Z. Choose a frame E,, a = 
1, 2.3, for the tangeut space of Z and complete this to a frame for the unphysical 
space-time by adjoining the forward-pointing unit normal vector field n of Z. 
Use this frame to decompose the equations (10.4) into components parallel and 
perpendicular to Z. The constraint equations induced by the conformal Einstein 
equations are those equations arising iu this process in which no second normal 
derivatives of g or 2, and no first normal derivatives of L, S or w appear. These 
equations are: 
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VO =i — 0 Leeman: 
V8 SCV. 0 = 01. 
VS OG hs 
Valtc — Vilac = V6 2S ecab — U Scab — (Xacks — XtceLa), 
Vale — Vila = V° 2 Scap + XE Lie — Xf Lac, 

Vo eo — XG. (10.5) 
Ve Sah = — XS oe: 
eae: <- Sone 
Nal, Ogos. — cycalny, 


D) 
(ee 


] 
tee = S2Sae at Lab PF qecga a ea Xae ar oan 


where V now denotes the covariant derivative operator on Z corresponding to 
its induced metric g and Ray is its Ricci curvature. The unknown quantities 
appearing in these equations are the initial data. They are: 


e the induced metric of Z, which is still called g (no confusion will arise because 
the 4-dimensional setting will not be considered further in the remainder of 
this article), 

the second fundamental form X of Z. 

the function 92 restricted to Z. 

the normal derivative n(£ 2)| z: denoted 2, 

eae censers 7, — BPEL. and Lg =n? Es Lu, 

(men eee S Sige = 1), S,,.y, and’ Oa, = 2 n” BA EPS) pov 

and the function w restricted to Z. 


The equations (10.5) are known as the conformal constraint equations. The 
derivation of these equations will not be reproduced here — the reader is asked to 
consult [16] for this material. However, it is fairly easy to recognize the origin of 
the various terms appearing there. For example, the first two equations arise as 
the tangential and tangential-norinal components of the first equation of (10.4). 
Furthermore, and more importantly for the sequel, the last two equations arise as 
the Gauss and Codazzi equations applied to the decomposition of the curvature 
tensor given by the last equation of (10.4). 

Note: The various tensor quantities that appear in (10.5) possess certain sym- 
metries as a result of their origin as components of the curvature tensor: Lay, 
is symmetric; Sg») is symmetric and trace-free; and Sane is antisymmetric on its 
last two indices, satisfies the Jacobi symmetry Sac + Scab + Soca = 9 and is 
trace-free on all its indices. (Tensors with these symmetries will appear often 
in the sequel. Tensors of rank three that are antisymmetric on their last two 
indices and satisfy the Jacobi symmetry will be called Jacobitensors for short 
while those which are in addition trace-free will be called traceless Jacobiten- 
sors.) Note that even though the tensor Surea - EE; EES xp Hppearsin the 
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constraint equations, it is not a truly independent initial datum because, thanks 
to the symmetries of Si,,,,, it can be written as Sabed = GalcIalb — SaleIajo- 

The system (10.5) is clearly exceedingly complicated because it is quasi-linear 
and highly coupled. However, the advantage provided by (10.5) is once again that 
it is formally regular at the boundary of Z. For the sake of comparison, recall 
that the interior of Z can be viewed as a space-like hypersurface of the physical 
space-time, and as such, satisfies the usual Einstein constraint equations there. 
In other words, if its induced metric is denoted by g and its second fundamental 
form by X, then cart a 

V' Xen — VG. — 0} 


= as ee 
ee eee 


iL 


(10.6) 


where V is the covariant derivative operator of the metric g and R is its scalar 
curvature. These equations can be rephrased in terms of g. X and 2 in the un- 
physical space-time by conformal transformation. The necessary transformation 
rules are that g = 2~2g and also that X = Q-!X + YQ~2g (which can be found 
by conformally transforming the definition of the second fundamental form as 
the normal component of the covariant derivative restricted to Z). The resulting 
equations are: 


2? (R + (x2)? — X*Xqn) +42A,D — 6\|VOl|? +4222 +62? =0, 


10. 
2(VaX} — VoxS) — 2V_2 — 2XF Ve =0. eo 
where 37 = n(22)|, and A, is the Laplacian of the metric g. Once again, the 
principal parts of these equations contain factors of 2 and thus degenerate as 
§2 — 0 near the boundary of Z. This behaviour does not arise in the conformal 
constraint equations. 

The conformal constraint equations listed in (10.5) are equivalent to the 
usual constraint equations (10.7) because if (g,X,,27) solves (10.7) and the 
additional quantities S, S$, L and wy are defined as indicated in (10.5) (e. g. the 
last equation defines w; then the first equation defines the 2-tensor Lap, etc. ), 
then straightforward computation shows that the conformal constraint equations 
are satisfied; furthermore, if (g, X, 2, 3°, S,S,L,w) satisfies (10.5), then it can be 
shown that (g, X, 92, 1’) satisfies (10.7), and consequently, g and X, given by the 
transformation rules above, satisfy the usual constraint equations (10.6). These 
considerations thus suggest one method for constructing solutions of the confor- 
mal constraint equations: construct any solution (4g, X) of the usual constraint 
equations using standard techniques, choose a conformal factor, perform the 
transformations to the unphysical space-time and use the conformal constraint 
equations to define the subsidiary quantities in terms of (g, X). Then these new 
quantities satisfy the conformal constraint equations. 

Consequently, it is possible to assume the existence of initial data satisfying 
(10.5) with well-defined asymptotic properties (essentially given by the trans- 
formation rules above) and study only the time evolution of the data according 
to the conformal Einstein equations (10.4). This is the idea behind the work of 
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Friedrich in [16] (extended in [19]), where the time evolution of suitably small 
initial data on an asymptotically hyperboloidal hypersurface was studied and a 
complete fture development was found. The nature of the asvinptowic structure 
of this class of solutions near null infinity, and in particular the relationship 
between the asymptotic structure of the solution and the asymptotic structure 
of the initial data, was then analyzed extensively by Andersson, Chrusciel and 
Friedrich in [4] (extended by Andersson and Chrusciel in [2,3]), and was based on 
the rescaled Einstein equations (10.4) and their constraints (10.7). However, the 
problem of the vanishing of the conformal factor near the boundary of the un- 
physical space-time and the resultant degeneration of these equations remains 
a part of the ACF methods. Thus they are not ideally suited for certain ap- 
plications, in particular for implementing numerical studies of asymptotically 
hyperboloidal data near null infinity where the presence of negative powers of 
§2 can cause computational codes to crash (see [15] for details). It is for this 
reason that new methods for solving (10.5) directly, rather than through the 
usual constraint equations, must be developed. This question will begin to be 
tackled in the remainder of this article. 


10.2.2 Reduction to the Extended Constraint Equations 


The complexity of the conformal constraint equations makes it a daunting task 
to attempt to develop any methods for obtaining solutions of the equations in 
their full generality. However, a great deal of structure is contained within these 
equations, and the hope is that this structure can be exploited in the search for 
solutions. For instance, it is possible to disentangle in some sense the equations 
relating to the conformal factor and its associated boundary value problem from 
the equations related to the Gauss-Codazzi equations of Z by restricting to a 
special case of the equations. 

The special case that will be considered in the rest of this article is to as- 
sume that the conformal diffeomorphism between M and M is the identity, and 
consequently that the conformal factor is trivial (i. e. 2 = 1) in the unphysi- 
cal space-time. This is somewhat of a strange simplification, because it requires 
that the space-time 4 have empty boundary (since 2~'(0) = 0M)! One would 
thus not find oneself in this special case in practice since the whole point of the 
conformal constraint equations is to study hyperboloidal initial data in a confor- 
mally rescaled space-time that has a boundary at null infinity. Nevertheless, the 
simplification afforded by the assumption §2 = 1 is worthwhile to consider from 
a mathematical point of view because it accomplishes the diseutanglement de- 
scribed above and allow the Gauss-Codazzi-type equations within the conformal 
constraint equations to be studied in isolation. 

To see this explicitly, one must substitute 2 = 1 and X = 0 (which is 
consistent with the assumption that {2 = 1 in space-time since 1’ = n(£2)| 5 =) 
where n is the forward-pointing unit normal of Z) into the equations (10.5). One 
first sees that Lay, La and w are forced to vanish under this assumption, and 
then that the conformal constraint equations reduce to the following system of 
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four coupled equations: 
tice = Sab ae Ge Gs a Roce 
V Xab — VeXac = Saher 
VW abe = Rae = Sab, 
VS a, = — Xe - 
Here, covariant derivatives are taken with respect to the induced metric gap of 
Z and Xqp is the second fundamental form of Z. As before, the tensor Sais 
symmetric and trace-free with respect to ga, Whereas the tensor S,,1. 1a traceless 
Jacobi tensor. These four quantities are the unknowns for which these equations 
must be solved. For reasons that will become apparent later on. it will be helpful 
to work instead with the equivalent system obtained by replacing S,, and Soe 
in the third equation by R,» and R,-. from the first equation. The system one 
obtains is actually just: 
eae = ab a Kas ais X= Xcbs 
Wie ae a Virae = abe: 
WS ai =a ss Tey Vay. 
Vea = ES che ; 


(10.8) 


because the terms cubic in X vanish. 

Notice that because of the symmetries of S and S, if the traces of the first two 
equations of (10.8) are taken, then the usual constraint equations (10.6) result. 
Furthermore, if ga, and \,, satisfy the usual constraint equations and one defines 
Sabe and Sy, by the first two equations of (10.8) respectively, then the remaining 
two equations follow by straightforward algebra and the Bianchi identity. Thus 
equations (10.8) are equivalent to the usual vacuum Einstein constraint equations 
and for this reason are called the extended constraint equations. 


10.2.3. Properties of the Extended Constraint Equations 


The extended constraint equations (10.8) are clearly formally much simpler than 
the full system of conformal constraint equations. However. several essential fea- 
tures of the full equations remain. These features refer to the ellipticity prop- 
erties of the various differential operators appearing in (10.8) as well as to the 
integrability conditions built into these equations. 


ELLIPTICITY PROPERTIES 


One must consider the principal symbols of the operators that appear on 
the left hand sides of the extended constraint equations in order to wuderstand 
their ellipticity properties. Begin with a definition of the svmbol. Recall that 
if P : C°(R",R”) + C®(R",R™) is a linear differential operator of order m 
with constant coefficients, then it can be expressed as 


N : 
O™y? 
P \ = per en 
cs) Dis yo (Ox1)™ ..- (xr)on + Po(u), 


Q+=-+o,=m 1=1 
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where Pp is a differential operator of order less than or equal to m— 1 and the 
b;'" are elements of R™. The principal symbol of P is the family of linear 
maps o¢: RY > R™ given by 


N 
ow= > (x uprrange a 


A1t--+Fen=m \i=l 


for any non-zero (£,..., €,) € R” and v € R%. The operator P is called under- 
determined elliptic if the symbol is surjective for each non-zero £, overdetermined 
elliptic if the symbol is injective for each non-zero € and simply elliptic if the 
symbol is bijective for each non-zero €. An operator with non-constant coeffi- 
cients has a symbol at each point of the domain, while for a nonlinear operator, it 
is the linearization which has a symbol at each given u € C(R”, RY). Such op- 
erators are overdetermined, underdetermined or elliptic if their symbols possess 
these properties uniformly. 

To understand the ellipticity properties of the conformal constraint equations, 
begin with the equation for the metric gay. It is quasi-linear in g, with highest- 
order terms given by 


Me Ona O” goa PO. das O27 on 
Jab! g ; 


Ox’Oxe | Or° Are = 2Ax°Oxt~—-2 Ax*Ox® 


The linearization of this expression at a given metric is neither over- nor under- 
determined elliptic, nor is it elliptic. However, it is well known that the Ricci 
curvature is degenerate as an operator on metrics because it is invariant under 
changes of coordinates of the metric, and that the Ricci curvature operator can 
be made formally elliptic by making an appropriate choice of coordinate gauge. 
The standard choice is to require that the metric be expressed in harmonic co- 
ordinates, which are defined by the requirement that the coordinate functions 
x* are harmonic functions, i. e. that A,2* = 0 for each a. (Since the metric 
itself depends on the coordinate functions, the requirement that the coordinates 
be harmonic is in fact a nonlinear condition. Nevertheless, the existence of such 
coordinates, defined outside sufficiently large balls in R* for any asymptotically 
flat metric, has been guaranteed by Bartnik in [5].) 

To show that the Ricci operator is elliptic in harmonic coordinates, first 
note that a straightforward calculation implies that the harmonic coordinate 
condition A,x* = 0 for all a is equivalent to the condition eo 0 torallea 
on the Christoffel symbols of g. Now set [°° = da a fandralsonl == Gael), 
and then recall that the components of the Ricci tensor satisfy 


1 
Rap = RY, + 5 Fas + Tra) (10.9) 
where ies are the components of the reduced Ricci operator defined by 


Le 
ee = ~ 57" Gab,rs F q(I’) 3 (10.10) 
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In the expressions above, a comma denotes ordinary differentiation with respect 
to the coordinates. a semicolon denotes covariant differentiation (since £“ is not 
a tensor, this is to be taken formally: i. e. Tu.5 = Ua» —Us03,), and q(I’) denotes 
a term that is quadratic in the components [’*. The reduced Ricci operator is 
clearly elliptic in g. Since ['* = 0 for all a in harmonic coordinates, Reta) = 
R#(g) in these coordinates, and thus the Ricci operator is elliptic in g when g 
satisfies the harmonic coordinate condition. 

The second equation in the extended constraint equations is linear in Xap 
and its left hand side defines a differential operator Xgp 0 VcXap — VeXac from 
the space of symmetric tensors to the space of Jacobi tensors. (It can be easily 
verified that the left hand side of the first equation in (10.8) satisfies the relevant 
symmetries. However, it can also be verified that the left hand side is not a priori 
traceless on all its indices - this is only a requirement on the eventual solution 
since the left hand side is equated with a traceless Jacobi tensor.) The principal 
symbol of this operator is 


O¢€ : AGS [7 EoXab = EoXac : 


By the following simple argument, one can show that o¢ has a one-dimensional 
kernel and is not surjective. 

Suppose first that o¢(Xap) = 0 for some non-zero €. Since €,€° # 0. one can 
write uniquely Xg, = X°, +c&a£, for some c, where X?, is trace-free. Substituting 
this expression for Xa, yields 


E.G — 0 (10.11) 


Taking the pence over a and 6b implies that €°X?, = 0. Then, contracting with 
€- gives Coe,X°, = 0, or Ne ih. Consequeatn: the kernel of the symbol o¢ 
is one-dieeeonal: and consists of tensors of the form c&,&. Next. since the 
space of symmetric 2-tensors is six-dimensional. the image of the symbol is five- 
dimensional. Now, the target space of Jacobitensors is eight-dimensional because 
any Jacobitensor can be decomposed as Type = €°,.Fae + Abgac — AcJab Where 
Fue is a trace-free and symmetric tensor (accounting for five dimensions), Ay is a 
1-form (accounting for the remaining three), and €gy. is the fully antisymmetric 
permutation symbol. The symbol can thus not be surjective. Note, however. 
that when it is restricted to trace-free tensors, the principal symbol 7s at least 
injective. Consequently, the first equation of (10.8) is overdetermined elliptic 
when restricted to the space of trace-free symmetric 2-tensors. 

The third and fourth equations in (10. 8) are linear in S,,-. and Sop respec- 
tively. It can be shown that the operators Saye V7 Sabe and Sap 3 V2 Se are 
underdetermined elliptic by demonstrating that their principal symbols S,4. 6 
ee Sabe and Sab > E° Sap are surjective maps from the space of symmetric, trace- 
free tensors onto the space of l-forms and from the space of traceless Jacobi 
tensors onto the space of antisymmetric 2-tensors, respectively. These are fairly 
straightforward calculations and left to the reader. 
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INTEGRABILITY CONDITIONS 


As mentioned in Sect. 10.2.1, the conformal Einstein equations (10.4) satisfied 
by the unphysical space-time contain the Bianchi identity which was interpreted 
as being a integrability condition. Integrability conditions are also to be found 
in the conformal constraint equations — at least in the special case Q = 1. 
(It is also true that many integrability conditions are contained within the full 
equations, but these will not be explicitly demonstrated here). To exhibit these 
integrability conditions. begin by considering the first and fourth equations in 
(10.8). The Bianchi identity for the Ricci curvature is 


il 
V" Rab — 5 VOR = 07 
whereby the first equation of (10.8) implies: 


1 
0 = V"(Sab — XeXab + XGXeb) — 5 Vol — (XE)? +X Xae) 

= Where: = (X60? a XS) hae Oe = V Ge) =x” (ViXac a | 

SU Gon (NiO, he) Suge +X Sahe (10.12) 


using the second equation in (10.8) and its trace. By the symmetries of Sya., the 
middle term in (10.12) vanishes. leaving 


= Sab F Reo ire ’ 


which is exactly the fourth equation of (10.8). Thus the fourth equation of (10.8) 
encodes the Bianchi identity, the integrability condition for the curvature. 

The second and third equations of (10.8) also consist of a constraint equa- 
tion and its integrability condition as well, but in a different sense. Recall that 
what a integrability condition should reflect is that second covariant derivatives 
commute properly. Consider then the result of commuting the second covariant 
derivatives of the second equation of (10.8). Begin with 


Sabe =V Xap — VoXac 
and compute: 


2 ONES ae = PEN Vora 
= eS aN ecae aa WiVexan) 


a ciaaal cee ae =F Be cb Xs) 
Be Ge (10.13) 
since the symmetries of Rabca imply that e°°Rabea = 0. Now substitute in 


(10.13) the well-known decomposition of the curvature tensor in three dimen- 
sions, namely that 


R 


"E€C4 


; : l s 8 
— sail: = Oo itag te Oo; ie ad Grats a 5 R(Geahe ar Og) 1 
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to obtain ; 
ON oS = De ee (10.14) 


CLAIM: equation (10.14) is exactly the third equation of (10.8). To see this, 
recall that a traceless Jacobi tensor can be decomposed as Sapc = €°,. Fae where 
F,. is trace-free and symmetric. Consequently, 


C b 
eo. Wess =e Bice el ia 


=e ne 

ia (by symmetry) 
= ee eres 

ey Sager (10.15) 


Thus (10.15) together with (10.14) implies that 
€,°°V Sche = 26 aes, 


which is the third equation of (10.8) (or at least its dual. but this is equivalent). 


10.3 Asymptotically Flat Solutions of the Extended 
Constraint Equations in the Time Symmetric Case 


10.3.1 Statement of the Main Theorem 


Because the conformal boundary of the space-time M is absent under the trivial- 
ity assumptions that have been made on the conformal diffeomorphism, a natural 
setting in which to investigate the extended constraint equations (10.8) is the 
case in which M is asymptotically Minkowski space and that Z is asymptotically 
flat. In fact, one solution of the extended constraint equations satisfying these 
conditions is when Z = R? and the initial data is the Euclidean metric g = 6 
with vanishing tensors X, S and S. Neighbouring asymptotically flat solutions 
are those whose metric g is a small perturbation of 6 that decays suitably to 
6 near infinity, and X, S and S are also small and decay suitably. These solu- 
tions are in addition called tame symmetric if their second fundamental form X 
actually vanishes identically. 

The theorem that will be proved in the remainder of this article is a charac- 
terization of the space of asymptotically flat and time-symmetric solutions of the 
extended constraint equations in the neighbourhood of the trivial solution given 
above. The case of non-time-symmetric solutions is as yet beyond the scope of 
this article, though a future paper by the Author will clear this up [7]. 

Under the assumption of time-symmetry, the requirement that X = 0 implies 
that S = 0 as well, and so the extended constraint equations further reduce to 
the following system of equations: 


Whesoyas == (() 
Rar(g) =e Sah a 
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for the unknown metric g and unknown trace-free and symmetric tensor S, Since 
these equations will be solved for metrics near the Euclidean metric, it will be 
preferable to write metrics as small perturbations of the Euclidean metric of the 
form 6+h where h is a symmetric tensor suitably near 0. Thus the above system 
should be replaced with the system: 


Ve Dab — 0, 


Roy(6 +h) = Sop- (10.16) 


The covariant derivative here corresponds to the metric 6 +h. The theorem that 
will be proved is the following. 


Main Theorem: There exists a Banach space B of free data along with a neigh- 
bourhood U of zero in B, Banach spaces Y and Y’ of symmetric 2-tensors, and 
smooth functions :U + Y andy':U > Y' with y(0) = (0) =0 so that for 
every bE U. the following hold: 


1. w(b) and w'(b) tend asymptotically towards zero; 

2. g=d+W(b) defines an asymptotically flat Riemannian metric on R?; 

§, S=vw'(b) defines a symmetric tensor that is trace-free with respect to g; 
4. g and S satisfy the equations (10.16). 


The proof of this theorem will be presented in the remaining sections of this ar- 
ticle. and consists of essentially two steps. Since (10.16) is not an elliptic system 
(as outlined in the previous section), the first step of the proof consists of exploit- 
ing the elliptic properties of these equations to define a closely related system 
of equations, called the associated system, which is elliptic. In it, the tensor S' is 
decomposed into a sum of two components of the form T+ £9(X), where T is a 
symmetric and trace-free tensor, X is a l-form and L9 is the conformal Killing 
operator which is also the adjoint of the divergence operator Sg, > V%Sap. The 
system (10.16), written in terms of this decomposition, yields equations for g, 
X, and T whose linearization in the g and X dircctions will be scen to be bijec- 
tive (or near enough to being bijective - the details will be seen in due course). 
Thus the Implicit Function Theorem can be invoked to find solutions where the 
quantities g and X are expressed as functions of T. The second step is then to 
show that all solutions of the associated system are also solutions of the origi- 
nal system (10.16). This will turn out to be true when the metric g = 6 + h is 
sufficiently close to 6, and relies on a Poincaré inequality and the integrability 
condition. The Author wishes to thank H. Friedrich for suggesting this approach 
for solving (10.16). 

The method outlined above for solving the exteuded constraints in the time 
symmetric case is in fact a method for solving the usual vacuum constraint equa- 
tions in the time-symmetric case (namely the equation R(g) = 0, which follows 
from (10.16) by taking a trace) because of the equivalence of the extended con- 
straints and the usual constraints described earlier. The differences between this 
method and the ‘classical’ Lichnerowicz-York method for solving the constraint 
equations are now readily apparent. In the classical method, one freely prescribes 
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a metric go on 2:3 and cousiders the conformally rescaled metric g =u ‘gg. where 
1: R3 — R is an unknown function. One then reads the equation R(u*go) = 0 
as a semi-linear elliptic equation for u. In contrast, the present method treats 
the metric g and the one-form X as the unknowns and leads to a quasi-linear 
elliptic system for these quautities in terms of the freely preseribable quantity 
T, which is a component of the curvature of the solution. 


REMARK: The Main Theorem does not fall into the domain of prescribed Ricci 
curvature as, for example, do the results of De Turck and his collaborators |9, 12- 
14]. In these papers, the authors suppose a fixed symmetric tensor S is given 
on a set O and attempt to find conditions under which a metric g exists on O 
so that Ric(g) = S. In the Main Theorem, by contrast. the tensor S is itself an 
unknown quantity and only a component is prescribed ahead of time by the free 
data. Furthermore, De Turck’s results are local in nature since O is usually an 
open set in R”, while the Main Theorem of this article gives a global (though 
perturbative) result. 


10.3.2 Formulating an Elliptic Problem 


The first task in the proof of the Main Theorem is to construct the associ- 
ated elliptic system that is to be solved by the Implicit Function Theorem. To 
this end, recall that the Ricci curvature operator in (10.16) is not elliptic, but 
that imposing the coordinate gauge choice defined by the harmonic coordinate 
condition makes the Ricci operator elliptic. As indicated in Sect. 10.2.3, assum- 
ing a priori that the harmonic coordinate condition is satisfied by the metric 
6+h is equivalent to replacing the Ricci operator by the reduced Ricci operator 
Ric (5 +h). (Of course, this assumption must be justified later on: i. e. it must 
be shown that 6 + h does indeed satisfy the harmonic coordinate condition, and 
this is precisely what the second step of the proof of the Main Theorem will 
accomplish). The remaining operator in (10.16) is underdetermined elliptic, and 
an elliptic operator can be constructed from this by using a standard technique 
known as the York decomposition (see [26] but also [8, 11] for a thorough analysis 
of this method). Write a symmetric, trace-free tensor S in terms of a 1-form X 
and a freely prescribed symmetric tensor T as 


Sty XT) = 1" 4 ee (10.17) 
where T* = T— 3Trs4n(T)(6 +h) is the trace-free part of T and £L+*(X) is the 


conformal Killing operator with respect to the metric 6 + h acting on X. This 
is defined for a general metric g by 


: ae 
Le (XxX) = VaXs + VeXe — 3 VV XcGab 


where V is the covariant derivative of the metric g. The reason for making 
this choice is that the composition of the divergence operator in ( 10.16) and 
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the conformal Killing operator, that is the composite operator div, o £9 given 
componentwise by 


a 
[div, ie) Lee), =Vv* (Vax ar Waka — 3¥ XcGav) 


1 
i oN 3 VoV' Xa tea 


is elliptic, as can easily be seen by computing its symbol. However, the observa- 
tion that the conformal Killing operator is the formal adjoint of the divergence 
operator Sp > V"S., taking symmetric, trace-free tensors to 1-forms obvi- 
ates these calculations because it is well-known that the compositon PP* of an 
underdetermined elliptic operator P with its adjoint is elliptic. 

These considerations lead to the following definition of the associated system, 
given here in index-free notation for ease of presentation: 


Ric! (6 + h) = S(h, X,T), 
Give ty Coli, | — 0, 
where S(h.X.T) is as in (10.17) and is called the York operator. As will be 
shown in due course. the map defined by 
We (6 +h)— Sih x7) 
aivina, 0191 Rh, +2 } 


(10.18) 


Gh. X.T)= ( (10.19) 
on appropriate Banach spaces has a bounded, elliptic linearization in the h and 
X directions and as a result. the Implicit Function Theorem yields solutions 
h(T) and X(T) as smooth functions of sufficiently small tensors 7. 


10.3.3 Choosing the Banach Spaces 


Before proceeding with the solution of the equations (10.18), it is necessary 
to specify in what Banach spaces of tensors the equations are to be solved. The 
notion of asymptotic flatness in R*® should be encoded rigorously into the function 
spaces by requiring that the relevant objects belong to a space of tensors with 
built-in control at infinity. Furthermore, the spaces should be chosen to exploit 
the Fredholm properties of the operators appearing in the map ®. Both these 
ends will be served by weighted Sobolev spaces, and an appropriate choice of 
these spaces for use in the Main Theorem will be made below. Begin, however, 
with a short introduction to these spaces. 

Let T’ be any tensor on R®. (This tensor may be of any order — the norm 
|| -{] appearing in the following definition is then simply the norm on such tensors 
that is induced from the metric of R*. Also, Sobolev spaces for tensors on R” can 
be defined equally well, but since solving the conformal constraint equations is 
explicitly a three-dimensional problem, all definitions and theorems concerning 
these spaces will be stated for R*.) The H*:’ Sobolev norm of T is the quantity 


kp 1/2 
T llee.e = (>-/ Iv'rIPon20-9-9 | 
R3 


Pa 
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where o(x) = (1+r2)!/2 is the weight function and r? = (x")* + (x2)? + (x3)? is 
the squared distance to the origin. Note that Bartnik’s convention for describing 
the weighted spaces is being used (the reason for this is psychological: if f € pe 
and f is smooth enough to invoke the Sobolev Embedding Theorem (see below). 
then f(x) = o(r®) as r + 00, which is easy to remember — see [5] for details). 

The space of H*8 functions of R° will be denoted by H°(R*) and the 
space of H*-8 sections of a tensor bundle B over R® will be denoted by H ‘UD, 
As an abbreviation, or where the context makes the bundle clear, such a space 
may be indicated simply by H*%. Note also that the following convention for 
integration will be used in the rest of this paper. An integral of the form al = 
as in the definition above, denotes an integral of f with respect to the standard 
Euclidean volume form. Integrals of quantities with respect to the volume form 
of a different metric will be indicated explicitly, as, for example, ie f dVolg. 

The spaces of H*% tensors satisfy several important analytic properties and 
the reader is asked to consult Bartnik’s paper, or others on the same topic [5, 
8, 10,11], for details. The three most important properties that will be used in 
the sequel are the Sobolev Embedding Theorem, the Poincaré Inequality and 
Rellich’s Lemma; these will be restated here for easy reference: 


1. The Sobolev Embedding Theorem states that if k > 3 and T is a tensor in 
H*8 then T is C°. Furthermore, if the weighted Ck norm of a tensor T is 
given by 


kh 
Ties = DLs vl fa =) a 


ail 


where ||T||o = sup{||T(z)|| : 2 € R?} (using the Euclidean metric of R® to 
define and measure the pointwise norm of T and its derivatives), then in 
fact, T € C3 and ||T||c9 < Cl|T || qe. 


2. The Poincare Inequality states that if 3 < 0, then 


IF llao.2 SCV Fl x0.9-1 , 


whenever f is a function in H!7(R3). 


3. The Rellich Lemma states that the inclusion H*-°(B) C H*-*'(B), for any 
tensor bundle B, is compact when k’ < k and 3’ > @. In other words, if T; is 
a uniformly bounded sequence of tensors in H*’, then there is a subsequence 
T; converging to a tensor T in H* 9. 


REMARK: The coustant C appearing in the estimates above is meant asa general 
numerical constant, independent of the tensors or functions measured in the 
estimate. In the remainder of this article, any such constant will be denoted by 
a generic C, unless it is important to emphasize otherwise. . 

In addition to the three properties above, two important results that are 


valid in weighted Sobolev spaces will be needed in the sequel. The first concerns 
integration. 


10 Exploring the Conformal Constraint Equations aii 


Duality Lemma: /f u € H'7(R*) and v € H'~?-7-3(R3), then the inte- 
gral _ wee is well defined. Furthermore. the functional analytic dual space 
of H®7(IR*) is isomorphic to H°-Y-3(R3) under the pairing v > dy where 
d,(u) = Jee U:U. 


Proof: Choose u and v as in the statement of the lemma. Then by Holder’s 
inequality, 


i: lu 5 v| <S i lulo—7—3/2 5 ig= = 3872 
RS R3 


1/2 1/2 
Ee (| wo72?-3 i) yg 7 2(-7-3)-3 
~ \ips R3 


See 


The product u-v is thus in L! and so its integral is well defined. The statement 
about duality follows from the Riesz Representation Theorem for L? and the 
inequality above. See [20.25] for details. O 


The second result concerns the Fredholm properties of certain linear, elliptic 
partial differential operators on weighted Sobolev spaces. 


Invertibility Theorem: Suppose B is any tensor bundle over R? and let Q : 
H*?(B) — H*-*8-2(B) be any linear, second order, elliptic, homogeneous, 
partial differential operator with constant coefficients mapping between weighted 
Sobolev spaces of sections of B, and k > 2. Then Q is surjective if 8 ¢ Z and 
38> —-1 and injective if 3 ¢g Z and G < 0. It is thus bijective when 3 € (—1,0). 
The operator Q is not Fredholm if 6 € Z. 


Proof: The proof of this result can be found in [10], but see also [21] for an 
excellent discussion of the intuitive foundation underlying the theory of elliptic 
operators on weighted spaces. 0 


CHOICE OF BANACH SPACES 


Denote by S?(IR*) the symmetric tensors over R? and by A'(R*) the 1-forms 
of R?. Let 3 be any number in (—1,0) and let k be any integer strictly larger 
than 2. Solutions of the associated system will be found in the following Banach 


spaces: 


e metrics 6 +h will be found so that h € H*?(S?(R°)); 
e i-forms X will be found in H*~19~!(A! (R*)); 
e tensors T' will be found in H*~?-?~?($?(R%)). 


The preceding choice of Banach spaces will be justified in the next section by 
showing that solutions of the associated system exist in these spaces. However, 
an argument can be made right now that suggests that the spaces above are 
indeed the correct ones in which to expect to find solutions. First, in order to 
ensure that the metric 6 +h is asymptotically flat, h must decay as r — oo, and 
this holds by the Sobolev Embedding Theorem when / < 0. Next, a non-trivial, 
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asymptotically flat. metric satisfying the constraint equations must satisfy the 
Positive Mass Theorem [24] and consequently must have non-zero ADM mass. 
Thus the r~! term in the asymptotic expansion of h must be allowed to be non- 
zero, which by the Sobolev Embedding Pheorcin iniposes the further requirement 
that 3 > —1. Furthermore, k > 4 implies that the Sobolev Embedding ‘Theorem 
can be applied to the second derivatives of the metric, and thus the curvature 
of the metric decays pointwise as r + oc. Finally, the h, X and T quantities are 
chosen in different Sobolev spaces because of the differing numbers of derivatives 
taken on these quantities in the associated system. For instance, the reduced 
Ricci curvature operator is homogeneous and of degree two and thus sends a 
metric in H* to a tensor in H*~?:4-2. The operator S(h. X.T) is homogeneous 
but is only of degree one in X and of degree zero in T: it thus maps to |S bmn ca 
only when the weightings on X and T match together properly and match the 
weighting on the metric h as in the choice above. 


10.3.4 First Attempt to Solve the Associated System 


The Implicit Function Theorem, the tool which will be used to solve the associ- 
ated system, is restated here for ease of reference. 


Implicit Function Theorem: Let @: A x B > C be a smooth map between 
Banach spaces and suppose that (0.0) = 0. If the restricted linearized operator 
D&(0, O) era : AC is an isomorphism, then there exists an open setu C B 
which contains 0 and a smooth function 6: U 4 A with o(0) = 0 so that 


&($(b),b) = 0. 


For an excellent discussion and proof of this theorem. see [1]. In order to use this 
theorem, let 


A= {(hyX) 6 HOW Se(R?))< Hee" ae 
BENT 2 H* > -"(Saaemayt. 
C= H* el ol) \ He Send i as caccall 


then the linearization of the operator @ in the A direction at the origin must be 
calculated and its mapping properties understood. 

The linearization of @ is actually quite simple when evaluated at the origin 
because the only nonlinearities in ® occur in the second order terms of the 
reduced Ricci operator and in terms that are quadratic in the derivatives of the 
metric (such as in products of Christoffel symbols or in the connection terms). 
Since the covariant derivative of the Euclidean metric is trivial. it is thus easv 
to see that the linearization of a covariant derivative operator at the Euclidean 
metric is just the Euclidean derivative operator, and it is now a straightforward 
matter to deduce from the definition of the associated system in (10.18) that the 
linearization of ® in the A x {0} direction is 


(10.20) 


D#(0, 0,0) (h, X,0) = € . oa 


div o £(X) 
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whi is thie hacen Laplaciaimend’L ithe Enelitleanconfonnal Willing 
operator. 

Denote by Ps the operator D&(0, 0,0)(-,-,0). It is a bounded linear operator 
between the appropriate weighted Sobolev spaces because of the way in which the 
weights were chosen in Sect. 10.3.3. To determine whether Ps is an isomorphism, 
one appeals to the Invertibilitv Theorem. Recall that the weight .3 in the domain 
spaces of Ps has been chosen between —1 and 0. 


INJECTIVITY OF P; 


Suppose (h. X) belong to the kernel of P;(h, X). In other words, (h, X) solves 
the equation Ps(h.X) = (0,0), or 


I 
—=Ah ~ £(X) =0, 


liga Nee). 


Since the operator divo £ : H*~'-°—1(A1(R*)) + H*-38-3(A1(R3)) is a linear, 
elliptic, homogeneous. constant coefhicient operator of second order, the Invert- 
ibility Theorem applies, and since 6 — 1 € (—2,—1) when @ € (-—1,0), it is 
thus injective. Hence X = 0. The remaining equation now reads Ah = 0 and 
again. since A: H*-?($?(R3)) > H*~?.8~2($2(R3)) and @ € (—1,0), A is an 
isomorphism and thus h = 0. Hence P; is injective. 

SURJECTIVITY OF P; 

Although the operator P35 is injective, it is not surjective. First note that the 
Invertibility Theorem does not guarantee surjectivity in the same way that it 
guaranteed injectivity. To see this, attempt to solve the equations Ps(h, X) = 
(f.g) for any f € H*-?-8-2(S?(R°)) and g € H*—*%-3(A!(R)). In other words, 
consider the system of equations: 


| 
5a Lief. 
gay ON 7. 


S 


according to the Invertibility Theorem. The full equations P5(h, X) = (f,g) can 
thus not necessarily be solved. 

To show that Ps actually does fail to be surjective, it is necessary to show that 
the dimension of its cokernel in H*?(S?(R*)) x H*~18-3(Al(R®)) is strictly 
greater than zero. First, note that if X, satisfies div o £(X,) = g, then the re- 
maining equation —ZAh = £L(X,)+f can be solved by the Invertibility Theorem 
since the weight 3 is chosen such that A is an isomorphism. Thus the dimension 
of the cokernel of Ps is equal to the dimension of the cokernel of divo £ as an 
operator between H*—19-!(A1(R3)) and H*~*9-3(Al(R*)). 

To characterize the cokernel of div o £, one appeals to general, function- 
theoretic properties of linear, second order, homogeneous, elliptic operators on 


Because @ — 1 € (—2,-1), the operator div o £ is not necessarily surjective 
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weighted Sobolev spaces. The following lemma and its proof show how this is 


done. 


Cokernel Lemma: Suppose B is any tensor bundle over R° and let 
O* HPO(B) = 47 


be a linear, second order, homogeneous, elliptic operator on weighted Sobolev 
spaces of sections of B where k > 2 and y ¢ Z, y < —1. The image of the 
operator Q is the space: 


tm(Q) = {w Cua a4) | (wiz) = OV = we Keri QO; —1 -»)} 
(10.21) 
where the inner product (-,-) is induced on B from the Euclidean metric of R®, 
the operator Q* is the formal adjoint of Q, and Ker(Q*; —1 — y) 1s its kernel as 
an operator from H*®-!-7(B) to H®~2:-3-7(B), 


Proof: Denote the space on the right hand side of equation (10.21) by W. Suppose 
that k = 2 and consider first the containment Im(Q) C W. Choose Q(y) € Im(Q) 
and z € Ker(Q*;—1— 7). Since Q(y) € H*7~*(B), the integral J,3(Q(y).z) is 
well defined by the Duality Lemma. 7 


CLAIM: This integral equals f,. (y, Q*(z)). 


The equality of the integrals on smooth, compactly supported sections of B is 
true by definition of the adjoint. The equality of the integrals for H*-7 sections 
follows because C° sections of B are dense in H*7 sections of B [5]. 

The integral f,3(Q(y),z) is thus zero and so Q(y) € W. 

The reverse containment W C Im(Q) is proved as follows. Suppose wg be- 
longs to W; thus, w) € H®?~?(B) and satisfies [,,(wo.z) = 0 for all z € 
Ker(Q*;—1 — y). Suppose also that wo ¢ [m(Q). Since Q is elliptic, Im(Q) 
is closed; thus by the Hahn-Banach theorem, there exists a linear functional 
@ on H®7~?(B) so that ¢(wo) # 0 but Oe eS = 0. Again by the Duality 
Lemima, there is a mique zy € A" | °(B) sostharwrer) = L.ccmmnapedonmall 
w € H®:7~?(B). Therefore, late = 0 implies that 


0 = o(Q(y)) 
=| yoo. Q(y)) 
R3 


| Gee) 


for all y € H*7(B). Thus Q*(zo) = 0 or z € Ker(Q*;—1 —). But now, 
the assumptions ¢(wo) # 0 and f,. (wo, z) = 0 for all z € Ker(Q*;—1— 7) are 
mutually contradictory. Thus it must be that wo € Im(Q). Finally, the extension 
to k > 2 follows in a similar manner by standard functional analysis. © 
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Apply this theorem to the operator Q = divoL with = Oo lNow,. C=), 
so in order to solve the equation div o £(X) = g, the tensors g must satisfy the 


constraints 
/ gaY° =0, 
R3 


where Y is any tensor in the kernel of divo £ in the space H*—1-!-7(A1(R3)). 

The kernel of div o £ is well known and consists of 1-forms dual to the confor- 
mal Willing fields of R*. There are precisely ten linearly independent families of 
such vector fields: the translation vector fields, the rotation vector fields, the di- 
lation Held and three so-called special conformal Willing fields (these correspond 
to transformations of the form io T oi, where 7 is the inversion with respect to 
the unit circle and T is a translation). The asymptotic behaviour of these vec- 
tor fields can thus be computed exactly: the translations have constant norm, 
the rotations and dilations have norm growing linearly in the distance from the 
origin, and the special vector fields have quadratic growth in the distance from 
the origin. Since —1 — y € (0,1) when @ € (—1,0), the only 1-forms dual to the 
conformal Killing fields in HAN IR are thus those spanned by the 
translation 1-forms dz!, dx? and dxr?. Consequently, the image of Q = divoL 
in the space H*—*:7~?(A1(iR)) can be characterized as follows: 


Im(div o £L) = 2 € ata OA IR* \) oe / eee 1,2,3} : 
JR3 


where g, are the components of g in the standard coordinates of R°. 

The conclusion that can be drawn from the analysis of this section is that 
the equation $(h. X,T) = (0,0) is not solvable near (0,0,0) using the Implicit 
Function Theorem. The non-surjectivity of the linearized operator at (0,0, 0) 
is the essential obstruction. The best that can be achieved using the Implicit 
Function Theorem is thus that the equation &(h, X,7) = (0,0) can be solved 
up to a term that is transverse to the space Im(div o £). It will turn out that 
this is nevertheless sufficient for solving the full equations as a result of the 
integrability conditions built into the equations. But in order to show this, the 
associated system defined in the previous section must be modified somewhat. 


10.3.5 Reestablishing Surjectivity 
and Solving the Associated System 


In order to modify the associated system appropriately, first note that the space 
H*-3.6—-3( A1(R®)) can be written as Im(div o L) @ W in many different ways; 
but in each case, W is a three dimensional subspace of H*—3:9~3(A}(R*)) whose 
members do not integrate to zero upon taking the Euclidean inner product with 
the translation 1-forms. One such choice is 


W =span{¢ dx} 4=1,2,3 : 


where @ is any smooth, positive function of compact support whose integral over 
R? is equal to 1. 
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Again, denote the domain space of the operator @ by A. The previous para- 
graph suggests Chat one should attempt to Construct a new associated operator 
&' that extends ® in such a way that @ : A x R® > Im(P5) ® W, where the 
additional R® factor in the domain should map under the linearization D& at 
the solution (0,0,0;0) € A x R° onto the W factor in the image. If such a 
construction is possible, then the equation @’(h, X,T; A) = (0,0) can be solved 
using the Implicit Function Theorem. 

Construct the operator & : A x R? + H*~38-3(A1(R%)) according to the 
prescription 


(10.22) 


Ric! (6 + h) — S(h, X,T) 
OG en = 


divsun 05(h, 8. 1) — So eee dae 
where, as before, Ric’ is the reduced Ricci operator and S(-,-,-) is the York 


operator. The linearization of & at (0,0,0;0) in the directions transverse to the 
T direction is easily seen to be 


— tA ew) 
D&' (5,0, 0;0)(h, X,0; A) = 2 10.23 
( M ) e CL(X\— em ede te 


Denote this new operator by P;. It is still bounded because 6 has compact 
support, and it is now also bijective by the following arguments. 


INJECTIVITY OF P5 


Suppose Ps(h, X; A) = (0,0). Integrate the components of the second equa- 
tion; by the divergence theorem for the Euclidean metric (valid because constant 
functions can be integrated against H*—3° 3 functions when 3 € (—1.0) ac- 
cording to the Duality Lemma), the divergence terms integrate to zero, yielding 
Aa = 0 for all a. The argument that both X and h are then equal to zero follows 
as in Sect. 10.3.4. 


SURJECTIVITY OF Px 


Suppose that P5(h, X;A) = (f.g). First choose the components A, so that 


| (Ga + Aad) = 0 
R3 


for each a. The equation div o £(X) = g — pa Ag dx* can then be solved for 
Xg according to the characterization of the image of the operator div o £ from 
the previous section. The remaining equation —ZAh = £(X,) + f can then be 
solved because 3 € (—1,0) makes A an isomorphism. 

The implicit Function Theorem can now be invoked to solve the equation 
@'(h, X,T;) = (0,0) near (0,0,0;0). To be precise, there is a neighbourhood 
Uc H*-*8-2(52(R3)) with the following property. If T € U, then there 
is a metric 6 + h(T) with A(T) € H*°(S?(R%)), a covector field X(T) € 
Ges” (A'(R°)), and three real numbers \,(T’) so that 


&'(h(T), X(T), T;(T)) = (0,0). 
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Furthermore, the various functions T 4 A(T), ete., are smooth in the appropri- 
ate Banach space norms. In particular, there exists a constant C so that 


ey pas = CL || pe-2.8-2, 
X ye-1.0-1 < C||T || qe-2.6 2, (10.24) 
aN os Ie ie Yaa 


where || - 


andard Euclidean norm of R?, as long as T € U. 


10.3.6 Satisfying the Harmonic Coordinate Condition 


Sect. 10.3.5 shows how the associated system (10.18) can be modified in such a 
way that it can be solved using the Implicit Function Theorem. This procedure 
results in a family of solutions of the equations 


Ric! (6 +h) = S(h, X,T), 
; : ne | (10.25) 
divs 0 Olt, x, 7) = AO, 


where A = aa Aq dx®. It remains to show whether the original equations 
(10.16) are satisfied by the solution 6+ h and S(h, X,T). This will be done by 
showing that the integrability conditions built into the extended constraint equa- 
tions (i.e. the Bianchi identity only, since the time-symmetric assumption has 
eliminated the other integrability condition) actually ensure that if (h, X,T; A) 
solves (10.25). then A = 0 and h+ 6 satisfies the harmonic coordinate condition. 
Therefore Ric’ (6+h) = Ric(6+h) and solutions of (10.25) are indeed solutions 
of the full equations. 

To prove this claim. assume instead that A aud the quantities [°° are nonzero. 
Argue towards a contradiction as follows. First, write g = 6 + h for short. The 
Bianchi identity div, (Ric(g) — sR(g 1g = = 0, applied to equation (10.9) defining 
the reduced Ricci operator yields the identity 


HH aR Gan)." = ce, ae De im on 


which is equivalent to 
Dina . “a R; La = 2oAb ’ (10.26) 


after using the modified associated system and commuting covariant eh LINeNONEE 
appropriately. [If Q),, denotes fie wpmror ul, * eM Bly + ee b h)|? uy. then 
(10.26) asserts that 2A. is in the image of H*~1:°~1(A1(R*)) ate Qh, be- 
cause h € H*-8(S?(IR°)) and the I are obtained from 6 + h by differentiation. 
This. however. can be shown to violate the following basic result about elliptic 
operators. 


Stability Lemma: Let B be a tensor bundle over R® and let Q- : H'7(B) > 
H'-2.-2(B), € € [0,1], be a continuous family of linear, homogeneous, second 
order. Clliptic operators, for all> @ Zo > < —-1. Furthermore. suppose Qe 
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uniformly injective for any ¢ whenever 7 < —1; 1.e. for each y ¢ Z, y < —1, 
Ihere isa constant Cl independent of 2 so that |Q-(y)im 2 2 > Cllylae>. Of 
2 Z [in(Qo). then there-erists 24 2 0 so that-o Iaa(Q-) for all 2 <a. 

Proof: Suppose the contrary; then for some y < —1, there exists a sequence 
€; — 0 and a sequence y; € H'7(B) so that z = Q-,(y). By the uniform 
injectivity of Q-, ||yil| ger < Cllz||qe-2.-2 and is thus uniformly bounded. By 
Rellich’s Lemma, there exists a subsequence y; which converges to an element 
y in H'—17+?, where p is small enough so that y + p < —1. Again, by uniform 
injectivity, 


Ihave _ yee senielit a Ge lige Ys) ih — ie 
< Cli@n="0 Ge meEAR ss 
= C|]Qx _ Qj’ llop : ly ll eptr+e 


= CO Q;! lop ° Ily37| H 
—> 0. 
by the continuity of Q- and the uniform boundedness of y;. Here, || - ||,» denotes 


the relevant operator norm. The subsequence y;’ is thus Cauchy in the H'7+? 
norm and so y, — y in this norm. But now, 


z= jim Qe,(ve) = Qoly). 


contradicting the fact that z gIm(Qo). = 

In order to derive a contradiction from (10.26) using this lemma, the uniform 
injectivity of @;, must be established and it must be shown that oA, does not 
belong to the image of Qo. 


UNIFORM INJECTIVITY OF Qp, 


Suppose that Q;,(u) = 0 for u € H*~17(A!(R%)) where 7 < —1. In other 
words, I,.,° + RéT, = 0. From this, one easily deduces: 


—Ag|lull? = 2(Ropu?u? — ||Vull?) . (10.27) 


Before continuing, recall the following facts about Green’s identity in weighted 
Sobolev spaces. If functions u and v are chosen such that v € H* ‘Y(R*) and 
ucH Rae (Ra) for some y, then the integrals appearing in Green’s identity 
for a general metric g on a large ball B,, that is 


A uA,gudVol, +f Vu- VudVol, = i ee ose (10.28) 
a ay : ap, On 


where dA, is the area form of the metric g, are all well defined as r > 00. Thus 
by applying a density argument as in the proof of the Cokernel Lemma. one can 
conclude that 


| uAgudVol, + / Vu: Vodvols— 3, 
R3 Fy R3 
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in the limit of (10.28) as r > oo. 
With this in mind. integrate both sides of equation (10.27) against the volume 
form of the metric g = 6 +h to obtain 


i 
5 i A,g|\u|l? dVol, = [ Rapuu? dVol, — i || Vul|? dVol, . (10.29) 
RS R3 R3 


Since u € H*~)7 and 1 € H*-1-7—! (true since y < —1), Green’s Identity 
applied to the left hand side of (10.29) gives f,, Ag||u||? = 0. Consequently, 


v< | Rrevqgi tha PRT aly | | Vul?dVol, 
J RS R3 : 


K / || Rie(g)|| jul aVoly — C i | Vilul| [2 aVol, (10.30) 
Rs R3 


for some constant C, by the Cauchy-Schwarz inequality and straightforward 
algebra. Next, assume that A is small in a pointwise sense (this assumption 
follows from the Sobolev Embedding Theorem if h is sufficiently small in the 
H* norm and k3). In fact, assume that h is sufficiently close to 0 so that all 
norms, derivatives and volume forms of the metric g can be replaced by their 
Euclidean counterparts (at the expense of changing C of course). Finally, since 
|w|| is a scalar function, the derivative operator in (10.30) can be replaced by 
the Euclidean derivative opcrator without introducing lower order terms. Thus, 
there exists a new constant C' so that the estimate 


_ i || Rée(g)|||lull* — cf | Vile 1? (10.31) 


holds, where the norms and derivatives appearing here are those of the Euclidean 
metric. Next, Ric(g) € H*-*:°-? because g — 6 € H*. But since k > 4, the 
Sobolev Embedding Theorem gives Ric(g) € C® p42: That is, 


sup | Ric(g) 0° *2|| < @ <0, 


which implies that 
sup || Ric(g) -o°|| = © = Go, 
3 


since 3 < 0. Finally. apply the Poincaré inequality for weighted Sobolev norms 
ul| to deduce 


to the function | 


: : mea) 
[ | Ric(g)|| IIull2 < || Ric(g) - 07llo i ul(2o 
R3 R3 
be | | Vj 2 
R3 
< Clg - tee | Vitel 2 


< Cline fh IVP (10.32) 


< C|| Ric(g) 
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again by the Sobolev Embedding Theorem and the fact that 3 < 0. Using (10.32) 
in Inequality (10.31) leads to the contradiction because the preceding estimates 


imply 
0 < (CllAll ie. — 1) i lL Viel 7, 


while if ||/|| ;y«.9 is sufficiently small, the right hand side above is clearly negative. 
Avoiding this contradiction requires V||u|| = 0. But since the Sobolev Embed- 
ding Theorem applied to u € H*~17 shows that ||u|| decays at infinity when 
+ < —l, it must be true that u = 0. 

The operator Q, acting on H*~!-7 1-forms is injective for all ~ < —1 when- 
ever h is sufficiently close to zero in the H*’ norm. The uniform injectivity 
follows in the standard way from the injectivity of each Q;, and the fact that the 
constant in the elliptic estimate for these operators is independent of A, again 
provided fh is sufficiently near to 0. 


IMAGE OF Qo 


The ¢A term in (10.25) was specifically chosen in Sect. 10.3.5 to satisfy the 
integral condition f,3(A¢, dx’) # 0 (since A. = O for all a). This condition 
ensures that indeed 2¢A, is not in the image of the operator Qo = Ag acting 
on the space of H':7 1-forms of R* because the image of A; in H'? for y < —1 
is perpendicular to the harmonic polynomials of degree less than the nearest 
integer less than y, and this always includes the constants. 

The Stability Lemma thus applies to equation (10.26) and implies that oA 
can not be in the image of Q, when A is sufficiently small in the H*° norm, 
unless of course A = 0. Now, by the injectivity of the operator Q,, this in turn 
implies that ||I"|| = 0, or that ’° = 0 for each a. Consequently, the harmonic 
coordinate condition for the metric 6 +h is satisfied. and as indicated earlier. 
this implies that the metric 6 +h and the tensor S(h, X.T) satisfy the time- 
symmetric extended constraint equations (10.16). This completes the proof of 
the Main Theorem. 0 
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11 Criteria for (In)finite Extent 
of Static Perfect Fluids 


Walter Simon 


Institut fiir theoretische Physik der Universitat Wien, 
Boltzmanngasse 5, A-1090 Wien 


Abstract. In Newton’s and in Einstein’s theory we give criteria on the equation 
of state of a barotropic perfect fluid which guarantee that the corresponding one- 
parameter family of static, spherically symmetric solutions has finite extent. These 
criteria are closely related to ones which are known to ensure finite or infinite ex- 
tent of the fluid region if the assumption of spherical symmetry is replaced by certain 
asymptotic falloff conditions on the solutions. We improve this result by relaxing the 
asymptotic assumptions. Our conditions on the equation of state are also related to 
(but less restrictive than) ones under which it has been shown in Relativity that static, 
asymptotically flat fluid solutions are spherically symmetric. We present all these re- 
sults in a unified way. 


11.1 Introduction 


In this work we consider static, self-gravitating perfect fluids with a barotropic 
equation of state (EOS) p(p) relating density and pressure, in Newton’s theory 
(NT) and in General relativity (GR). We are thus dealing with time-independent, 
globally regular solutions to the Evler-Poisson equations and the Evler-Einstein 
equations. Some problems which have been studied in this context are the fol- 
lowing: 


A. Do there exist (spherically symmetric, topologically R° x R, asymptotically 
flat) solutions with a given equation of state ? 

B. Are all solutions (in particular all asymptotically flat ones) necessarily topo- 
logically R? x R and spherically symmetric ? 

C. Do fluid solutions (with parameters in some given range) have finite (or 
infinite) extent and a finite (or infinite) mass ? 

D. Can solutions (if they exist) be (uniquely) determined by parameters like 
surface potential, or mass (or central pressure or -density in the spherically 
symmetric case)? 

E. Are duid solutions (with parameters in some given range) stable or wistable 
(against a certain classes of perturbations)? 

Some of the questions listed above are clearly physically relevant when one de- 

velops models for stars or a model for the distribution of stars in a galaxy, while 

others are at least of mathematical interest. A recent review dealing with some 
of these issues can be found in [2]. We will (after making a few general remarks), 
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focus here on the question of finiteness (point C.). summarizing previous work 
as well as presenting new results. 

For smooth equations of state, existence of spherically symmetric solutions 
(poiit A) has been proven satisfactorily in NT and in GR 1s. while for discon- 
tinuous equations of state an existence theory has been developed in NT only 
[19]. Regarding topology, partial results (in relativity) are given in [14]. As to 
spherical syminetry. a complete proof is available in NT 10. but the problem 
is not really settled in GR (see [12], and below). Conjectures on points A and 
B under rather general conditions will be formulated in the next section. In any 
case, it is useful to pose questions C, D and E in a general context, in partic- 
ular without assuming spherical symmetry, since the latter is not required in 
some theorems. We also note that the available results on spherical symmetry in 
GR not only have to be formulated somewhat differently for iufinite and fmite 
configurations, but the proof of the finite case actually goes the detour via a 
uniqueness theorem for a given surface potential (point D). Thus. in GR points 
A and B have so far been studied jointly with (parts of) C and D. 

Turning now to the details of the finiteness problem, an interesting aspect is 
the relevance of the behaviour of p(p) for small p. In fact, by modifying the EOS 
suitably in just an arbitrarily small neighbourhood of p = 0, all corresponding 
static solutions become necessarily finite or infinite. To see this. recall that fluid 
balls with p(0) 4 0 are always finite [18], so we can simply set p = p(€) = const. 
for p € [0,¢] to ensure finiteness. On the other hand, (as we shall see below) 
we can always produce infinite solutions e.g. by attaching a piece with a linear 
EOS p = Cp for p € (0, €]. We also recall that there are nontrivial criteria suffi- 
cient for finiteness of static fluid configurations, for example tassmning spherical 
symmetry) the existence of the integral {} dp'/p(p')? for some p > 0 (due to 
Rendall and Schmidt [18]) or (p/p)(dp/dp) = y+ O(p?—') for a constant y with 
4/3 << y < 2 (due to Makino [13]), which only involve the behaviour of the EOS 
at small pressures. 

These facts notwithstanding, it is important to realize that for the finiteness 
question the behaviour of p(p) for all p is relevant in general. The striking ex- 
amples in this context are the polytropes of index 5 in NT and the “Buchdahl” 
EOS in GR {6], viz. 


1 =u xy Il A. aN b 
Pie paces: p= =(p® = p*) ‘ps (11.1) 


where p_ is a positive constant, and p < p_ in GR. All static solutions with 
these EOS have infinite extent but finite mass 4). Criteria for (in)finiteness [22] 
(discussed and generalized below) imply, in particular, that these solutions are 
“on the verge” of having (in)finite extent and (in)finite mass in the following 
sense: Suitable. but arbitrarily small modifications of the EOS performed in an 
arbitrarily small neighbourhood of an arbitrary value po of p, necessarily force 
all solutions with po € supp p to be finite, while other small modifications near 
any po force all solutions with po € supp p to have infinite mass. 

In this paper we discuss a theorem consisting of several parts. Under suit- 
able conditions on the equation of state in cach case, the theorem shows (roughly 
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speaking) spherical syminetry from asvinptotic tlatuess. finite and infinite extent 
of asymptotically flat fluid solutions, and finite extent in the spherically sym- 
metric case. While the first part of the theorem is, in essence, just reproduced 
from [3.11] and the second part is a technically improved version of [L222 )ectlie 
final part is the main new input of the present paper. The purpose of combining 
these three parts here is to exhibit the close relationship between the respective 
conditions on the equation of state (and in particular the role of (11.1) as a 
limiting case). As a complement to the present work, Heinzle has recently ob- 
tained results on finiteness and infiniteness of static fluids [8], assuming both 
asymptotic flatness and spherical symmetry, but less restrictive conditions on 
the equation of state than we do. 

This report is organized as follows. In the next section we will give some 
preliminary material and quote the theorem discussed above. Crucial tools for 
the proof of the results on (in)finiteness are Pohozaev(-type) identities leading 
to virial(-type) theorems, which we discuss in Sect. 11.3. While in NT the virial 
theorem is an equality (without further assumptions), in GR one obtains in the 
same manner only a “virial inequality”, (but equalities can still be derived when 
spherical symmetry is assumed [8]). Correspondingly, the “general” Newtonian 
virial theorem yields criteria both for finiteness and infiniteness of the fluid 
configuration, whereas in GR one only obtains a finiteness criterion in the same 
fashion, (but again an infiniteness criterion in the spherically symmetric case 
[3]). However, even without this latter assumption a criterion for infiniteness 
also exists in GR and is proven using the positive mass theorem with respect 
to a suitably conformally rescaled metric (a procedure which is, on the other 
hand. meaningless in NT). The proofs of the new parts of the main theorem are 
given in Sect. 11.4. In the final section we expose our results in the light of the 
“quasi-polvtropic” family of EOS. 


11.2 The Main Theorem 


We will treat NT and GR in a “parallel” fashion as far as possible. This means 
that, if equations in NT and GR are direct analogues, we give them in left and 
right columns, respectively, and use the same symbols and the same numbers for 
corresponding quantities to facilitate comparison. Lu cit her situation. we consider 
a Riemannian manifold (M,g) with a scalar function V. In the Conjecture and 
the Theorem below, we will take V and g to be in some Sobolev space Li a6 
(using this symbol we follow Lee and Parker {9]), with exponent g > 4 and with 
k, the degree of (weak) differentiability, equal to either 0,1 or 2. Furthermore, 
we consider on (M,g) the non-negative functions p € Lj.,,, and p € Lj, related 
by an EOS p(p) which is C~! (if k > 1) and piecewise C*. This means that for 
k = 0 we allow the density to “jump”, while k > 1 forbids such jumps. We also 
require that (g,V) satisfy on M (at least in a weak sense) the Euler-Poisson 
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equations resp. the Euler-Einstein equations which we write as follows: 


AV! = —4np, AV = 4n(p + 3p)V, egies) 
espe = (0), ee = VDD + 4r(p — D)9i;; Chis) 
Dip = pDiV—, Dip = —V~"(p + p) DV. (11.4) 


The reason why we use here V~! on the I.h. side will become clear shortly. In 
the GR case, M' can be understood as hypersurface orthogonal to a time-like 
Killing vector €, and V denotes the norm of €. The covariant derivative D;, 
the Laplacian A = D;D' and the Ricci tensor R,; refer to g. As to the Euler 
equation, there is a difference between NT and GR: While in the former case 
we require that p € L? and postulate (11.4), the corresponding (weak) version 
in GR can be derived as follows. 


Lemma 11.1. (C.f. Remark 1.8. of [14].) Let (M,g,V) be a L3 solution which 
satisfies the GR-side of the field equations (11.2) and 111.3, weakly. Then p= Lt 
and Euler’s equation (11.4) also hold weakly. 


Proof. Since C§° functions lie dense in L7 we can approximate g by a sequence 
of such functions. For any test function ¢ € C§° we have then the following weak 
form of the Bianchi identity: 


ee i 
/ D'¢ (Ri; on =Rgi;)dV = 0, (11.5) 
M 2 


where dV is the volume element w.r. to g. Approximating now also V,p and p 
by C65°-functions we easily obtain the required result. O 


While we allow p to have zeros in general (in particular at p = 0) we always 
assume that the integrals 


Po Ay P if 

=a BCE rei) os (11.6) 

o p(y’) o plp')+p' 

exist for some interval p € [0, Pmax|. (The integral does not exist e.g. for linear 
equations of state p = Cp). Obviously I" is a continuous function of p and also 
on M. In NT, from Euler’s equation, we have D;(V~! — Tr) = 0 and so the 
expression in parenthesis is a constant V~' equal to V~! at p = 0, whence V, 
is called the surface potential. In GR, the same conclusions can be drawn from 
D,(Ve") = 0. Integrating (11.4) we obtain 


P= Va Vee, I =1nV, — InV. lisa 


V is related to the standard Newtonian potential U by U = 1—V~!. To formulate 
our theorems we now introduce some quantities defined from the EOS, and 
proceed with a lemma on their mutual relationship. If p(p) is C° and piecewise 
C' we define 

.-@ _ pp dp 


= ’ KK = . 
dp p+ 3pdp ee) 
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and if p(p) is C*~1 (for k = 1,2) and piecewise C* (fork =O; 1,2): 


ijt — Gn; ie — 1) — Gp, (11.9) 
+ 3; 
I, = 6px — 5p, je 6s ary (11.10) 
_ ; dk 
[ys = Sp— + k*, = 5 — ++ 10k. ; 
Ps ' 2 Lom PN gee + 10K alls 


The static spherically synimetric solutions corresponding to Jp = 0 and I, = 0 
are known explicitly and read (c.f. [5] for NT and [4,6] for GR), 


” M M 
eo — 1—-V= 12) 


\/ SZ p_-M4 +1? \/ fF p-M4 4724 4 


where AM is the mass which can take any positive value in NT. In GR, M is 
bounded from below by 3Af~? < 16ap_, and the metric on M is 


g = [(2/(1+ V)]*5 


where 6 is the Kronecker symbol. 
We continue with a result on the relation between the quantities I,. 


Proposition 11.1. Assume that p > 0 for p> 0, and that limp-,9 p~'p exists. 
Let {I;, > 0}, {I, =0} and {I, <0} denote the sets of equations of state which 
are C*—! (for k = 1,2), piecewise C* for k = 0,1,2 and which satisfy, for all 
p € (0, pmarl, Ip > 0, Ip = 0, or Ip, < 0, respectively. Then 


tee) Catto: 0}, (11.13) 
{Ip <0} C {h <0} € {hy <0}. (11.15) 


Proof. These results are due to the fact that the J; are in a certain sense the 
integrals of J;41. In particular, from (11.4), (11.7), (11.9) and (11.10) we obtain 


dq. «el ; 
pat Muy =e ‘hi, Ce ae (AAG) 


To show (11.13) and the second inclusion in (11.15) we note that p ‘Ig vanishes 
at p = 0, which is obvious when p, # 0. As to the case ps = 0, we first note 
that the existence of I and of lim, p~'p implies limp4op7'p = 0 (c.f. [8], 
Appendix A) and so the assertion follows from (11.9). Therefore, when J; 2 0, 
I, =0 or J; < 0, the same holds for Jp. 

Each of the conditions J; = 0 and Jp = 0 (together with the differentiability 
assumptions) characterizes the l-parameter families @i EOS (11.1) aed so the 
sets {I; = 0} = {Io = 0} of corresponding solutions are given by (11.12). The 
condition Jy = 0 admits the case p = const. and a two-parameter family of EOS 
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which reads p = 1 /6(p_' ° 96/5 — ,) in NT (where p_ and p, are constants 
with p. > p,), while in GR it is given in [21] (together with the corresponding 
static solutions). 

Finally, the first inclusion in (11.15) is proven in [3] (in a similar way as 
above). 


We now impose falloff conditions on g and V in terms of weighted Sobolev 
spaces Li, (defined as in Def. (2.1) of Bartnik ‘Lo and Sect. 9 of Lec and Parker, 
[9] following again the notation of the latter paper). 


Definition 11.1. A Lj semtiem(: g.1) wl LIP2N yh eos called asvinptoti- 
cally flat (AF) if 


1. The “end” M& = M \ {a compact set} is diffeomorphic to R? \ B where B 
is a closed ball. 
2. On M&, 1—V =o0(1), and the metric g satisfies, for some g > 4 and a > 0, 


g — HENLE... (11.17) 


Thus, in this definition of AF we have supplemented Bartnik’s falloff condition 
[1] for g by the requirement that V — const. at infinity (with the convention 
that consi. — 1), 


Definition 11.2. An AF solution (M,g,V) of (11.2). (11.3) is called asymp- 
totically flat with mass decay conditions (AF MD»: if on Wt* the dnid variables 
satisfy, for some gq > 4 and a > 0, 


aul pe (11.18) 


pe Li 34. (11.19) 


Here the name “mass decay conditions” for these falloff conditions is inspired by 
similar requirements on the Ricci scalar in eqns.(4.4) of [1]. 

We remark that, to obtain our results in NT, it would be sufficient to impose 
(11.18) and (11.19) with “3” replaced by “5/2”, which would not a priori restrict 
us to finite mass. In order not to spoil the “parallel” presentation of NT and 
GR, we just restrict ourselves to remarks on this option (after the formulation 
of the theorem). 

Together with the field equations (11.2), (11.3), the AFMD conditions lead 
to the following stronger falloff properties. (We only give the formulation in GR. 
explicitly; the Newtonian case arises via obvious simplifications. ) 


Lemma 11.2. Let (M,g,V) be an AFMD GR solution. Then there exist a har- 
monic coordinate chart (M™,g) and a constant M (“the mass”) such that 


M 
I-V-— elf, (11.20) 
g-(T 22M /1)\s ele ees (121) 
p i (11.22) 
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Proof. Inserting 1 — V = o(1), (11.18) and (11.19) in (11.2) we have AV € 

Lj,-3q- Inverting the Laplacian with Proposition 2.2 of [1] we obtain (11.20). 

The next step is to insert (11.18), (11.19) and (11.20) in (11.3) which yields 

Ri; € Lj 34. By Proposition 3.3 of [1] we can now pass to the harmonic chart 

* M* and get (11.21). Finally, (11.22) is obvious after inserting (11.20) and 
Meee). = 


If we replace “3” by “5/2” in the definition of AFMD, we get Lemma 11.2 
perc the mass term, and with falloff ye for V,g and Li _3_,, for p. 

We now formulate a conjecture on points A,B and C raised in the introduc- 
tion, and compare it with our theorem. 


Conjecture 11.1. Let p(p) be a piecewise C° equation of state with p > 0, p > 0. 
Then 


A: There exists a l-parameter tamily of spherically svinmetric. AF L3 solutions 
(evteg. V yor (11.2, 013,114): 
B: Every L3-solution (M.g,V) is necessarily spherically symmetric. 
C: I. If Io < 0 holds for p € [0. p,az], then the solution either has finite extent 
or p(p) satisfies Ip = 0. 
II. If Jo > 0 holds for p € [0, pmax], then either p(p) satisfies Ip = 0 or the 
solution is not AF. 


As remarked in Sect. 11.1, part A was shown under slightly stronger assumptions 
in NT [19] and for smooth EOS in GR [18]. We refer to these papers for details. 
As to spherical symmetry (B), the following theorem requires AFMD as well 
as a condition on the EOS, while the results on finiteness require either AFMD 
or spherical symmetry, together with stronger assumptions on the EOS than 
conjectured above. 


Theorem 11.1. Let p(p) be given with p > 0 and p => 0 and assume that there 
is a solution (M,g,V) of (11.2), (11.3), (11.4) specified below. 


B: Assume that p(p) is C! with dp/dp > 0 and piecewise C? with Ip < 0 for all 
p € [0. pmax], and assume that the solution is LZ (q => 4) and AFMD. 
Then the solution is spherically symmetric. 
C: I. Jf one of the following conditions 1. or 2. holds: 
1. p(p) is piecewise C°, and Ip < 0 holds for p € [0,Pmaz]. The solution 
is AFMD. 
2. p(p) is C°, piecewise C' with dp/dp > 0, and I, < 0 holds for p € 
(0, Pmaz|. The solution is L3 (q => 4) and spherically symmetric. 
Then the solution either has finite extent, or p(p) satisfies In = 0. 
II. Assume that p(p) is piecewise C°, and Ip > 0 holds for all p € lO. eral 
Then either Ip = 0, or the solution is not AFMD. 


Some comments on this theorem are in order. 
Whenever Ip = 0, then the EOS reads (11.1), and the solutions are given by 


(aie. 
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Part Bof this theorem has been proven in [12] in the smooth case. but extends 
straightforwardly to the present setting. 

Part C.L.1 has in essence been shown in [22], while C.II is proven in [22] 
and (assuming J; > 0) in [11]. Compared to these papers, we set out here from 
weaker assumptions on differentiability and on the falloff (as to NT, c.f. the 
remarks after Definition 11.2 and after Lemma 11.2). 

The main new result of the present paper is part C.1.2. Its proof goes, in 
essence, the detour via C.1.1, i.e. we first show that assumptions C.I.2 (together 
with the field equations) imply falloff conditions similar to (11.20). (11.21) and 
(11.22) which can be used alternatively to the AFMD ones in C.I.1. in the 
spherically symmetric case. Since we also know from Proposition | that 4 < 0 
implies Ig < 0, finite extent of the solution follows. 

We note that C.I.1 and C.I.2 are also related in the sense that they require 
similar auxiliary results (in particular Lemma 4), and so we found it useful to 
repeat (from [{22]) the whole proof of C.I.1 here. 

A natural extension of part C of the above theorem has been obtained by 
Heinzle [8]. From the EOS he defines quantities J_; in NT and Jo in GR whose 
signs again determine the (in)finiteness properties of solutions which are now 
asstuned to be both spherically svinmetric and asvinptotically Hat. Moreover. as 
an extension of Proposition 11.1, it is shown in [8] that if Jp has a sign (and 
if limp_+40 p ‘p exists), then J_, and Jo have the same sign as Jp. Hence these 
quantities extend our “/; series” in a natural manner. and Heinzle’s ins finiteness 
results require rather weak conditions on the EOS. 


113) ihe Virial Theorem 


This section contains two easy technical lemmas followed by the “virial theorem” 
(as a proposition). The latter is a tool for the proof of the Theorem in Sect. 11.4. 


Lemma 11.3 (The modified Pohozaev identity). ([22: compare 16,) On 
(M,g) with M ~ R® and g flat, let € be a dilation, i.e. Di:€;) = 6;; (in Carte- 
sian coordinates x’, £; = x'). Assume that o = o(X) with X € L3, 0 € Lé 
(q = 4) satisfies AX = 4no, and define functions T(X) = ie o(X')dX’ and 
Z = D;X DIX. (Here t is defined only up to an additive constant). Then we 
have 


F i e il 
Di[(€D;X + 5X)D'X — = ZE' + nré"] = 2n(oX + 6r). (11.23) 


This Lenuna, which is proven by straightforward computation. will be applied 
below in NT, with X =1-V-!,o=pandr=p. 

In spaces in which there exists a (general) conformal Killing vector €, (i.e. 
C[D:&;] = 0 where C denotes the symmetric, trace-free part) there is an obvious 
generalization of (11.23). A more subtle generalization is the following. 


Lemma 11.4. Let (\M.g') bea Riemannian 3-manifold with g' € L3 and Ricci- 
tensor and -scalar Ri;, R’ = g' Ri, and Bi; = C’'[Rj,] (where C’ denotes the 
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symmetric, trace-free part w.r. to g'). Assume further that there exist a vector 
field yn! € LY and a function a! € L? such that 


C'[Djn;) = a! Bi,. (11.24) 
Then , 
D' (Ri; ~ 5950”) = a’ B;, BY’ — ge Din” (Hie 25) 
and if g’ € Li, 
, ere ee 
DBA") = a’ Bi, Bw ve gl Dik’. (11.26) 


The derivatives on the lh. sides on (11.25) and (11.26) are to be understood in 
the weak sense. 


Proof. (11.25) and (11.26) follow from (11.24) by approximating 7’ with a se- 
quence of C’>~ functions, and from the weak Bianchi identity (11.5) with respect 
tore. Ul 


If there exists a conformal Killing vector € then we could in principle take n = € 
in Lenima 11.4. Instead. we will make later use of this lemma with the more 
sophisticated choice: 


1 
ge (1 — V1 iq. = Ta Eatery Geo) 
{eV 
fe Diy), = ee saat (11.28) 
. V(1+V/)? 
Seve. Rie i ; (11.29) 


As to the GR case of (11.25) we note that, using (11.27)-(11.29), the lh. side 
can be rewritten (after multiplying with (det g’/det g)'/*) as 


| ‘DIV 1-5V \ ni 
D, | — (vw +87 — sx (0+ = p) D'v)). (11.30) 
=) 


par i-v 


where W = D;V D'V. The quantities on the r.h. side of (11.25) read explicitly: 


R’ =2567(1+ V)~°*[p(1 — V) — 6pV], Cites 0 
Din’ = 32(1 — V?)~4[2nV (1 — V7)(p + 3p) + 3W], (11.32) 


and so Din!’ > 0. 
We can now show the following 


Proposition 11.2 (The ‘“Virial theorem”). Let (M.g.V) be AFMD. Then 
there is a B > 0 such that 


[100 —V—') + 6pldv =0, iL Blp(1—V~')+6pj\dV <0. = (11.33) 
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Proof. In NT we integrate the Pohozaev identity (11.23), apply the divergence 
theorem and note that the resulting surface terms vanish by virtue of the asymp- 
totic properties derived in Lemma 11.2 (see also the remark after this lemma). In 
GR we apply the same reasoning to (11.25), using (11.31), B = = (26a) 
V) °D‘n/* and again Lemma 11.2 for the surface terms. O 


11.4 Proof of the Main Theorem 


We first sketch the ideas of the proof. For part C.I.1 in general, and also for 
part C.II in NT we can use the virial theorem described above (which requires 
asymptotic flatness). We find that the sign of Jp, together with V, < 1 or V, = 
1, determine the signs of the r.h. sides of (11.33), which directly leads to the 
required conclusions. To show C.1.2 we introduce the quantities 


W 20) ow W =(1-V?)-4W, (11.34) 
g=(—-V a, = = Vaya, (11.35) 
= 4a f° Cane a = ft aS 
2 Seer W dV, 11.36 
ue a Cae o= Ce Mele 


where V, is a constant specified below. We then employ (11.26), again with the 
choices (11.27),(11.28) and (11.29). As the r.h. side now contains D/R’ (instead 
of R’ in (11.25)), controlling the sign now requires, (instead of Ip < 0), the more 
restrictive condition J, < 0. In fact, assuming now also that the fluid region 
extends to infinity (i.e. V, = 1) we can write (11.26) in the form: 


A(W —Wo) >0 (11.37) 


with Wo > > C? = const. > 0. If we were to assume that (M,9.V) is AFMD, we 
could now form a compactification M = MUA of this manifold by adding the 
point at infinity A, and W, Wo and the metric g would have C!-extensions to A. 
Then the maximum principle would immediately lead again to the conclusions of 
C.1.1. Without asymptotic conditions we can still apply the maximum principle 
to (11.37) on a finite domain D. Assuming also spherical symmetry and taking 
Vz in (11.36) to be the value of V at the centre, we conclude that W > Wo =O, 
which gives 1 — V < 1/Cr on a ball B, of radius r. Thus, extending B, we con- 
trol the asymptotic behaviour of V. With some further technical manipulations 
based on the fact that AV is positive, we can then prove that (M,g, V) satisfies 
asymptotic conditions similar to the AFMD ones. These in fact guarantee the 
existence of a C’ compactification as well as the vanishing of the surface terms 
in the integrals of (11.23) and (11.30). We then obtain the required conclusion 
J, = 0 either from the maximum principle or by applying the reasoning of Onl 
= We remark that, from (11.30), we could also write (11.26) in the form A(W- 
W,) = 0 for some W,(V) (assuming infinite extent and J; < 0). This relation 
can, however, not replace e (11. 37) in the proof sketched above as we do not have 
control over the sign of W; (whereas Wo > 0). 
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Finally, to show part C.II in the Einstein case, we use the rigidity case of the 
positive mass theorem on (M.Q’). 
We now turn to the details. 


Proof (of part C.I.1 of the Theorem). Using (11.7),(11.9) and the virial theorem 
(11.33), we find that 


f tea-v) 10 0, / BU(V,—1)(p+6p) — Jo] dv < 0, (11.38) 
M M 


where Jo has here to be considered as a function on M. The statement of the 
theorem now follows immediately from (11.38). 0 


Proof (of part C.II). In NT the second part of the theorem also follows easily 
from (11.38). As to the GR case, we find from (11.20) that the metric g’ is 1, ae 
has vanishing mass, and R’ > 0 due to (11.7), (11.9), (11.31) and Ip > 0. The 
“vanishing mass-" case of the positive mass theorem [20] hence implies that g’ 
is flat. and so R’ vanishes identically. Using (11.31) together with (11.4) gives 
the Buchdah! EOS. O 


Proof (of part C.I.2). We show that the requirements imply asymptotic con- 
ditions which. in essence, reduce the problem to C.I.1. We treat NT and GR 
simultaneously. 

Observing from (11.31) that the Ricci scalar R’ with respect to g’ is a function 
of Vo we first show that /, < O implies a lower bound for dR’ /dV. To do so, we 
note first that the existence of I and dp/dp > 0 imply that limy_,o p~'p = 0 (c.f. 
Appendix A of [8]). By a straightforward computation, using I; < 0, p~*Ip < 0 
(which follows from Proposition 11.1 and from the previous remark), and (11.7) 
we get: 


Ge Vices, ie eae Pia 
32nV4pKdV 2567(p + 3p)K dV 
=5k  +1—-V™ =V (bee 1) = 1 
eo? Tce tae > 12V? Be ae ee 7 1 (11.39) 
p Ce oP 
at Ve Sy, SVE = 1 ye a 


We now assume that the fluid extends to infinity, (i.e. V; = 1), which will lead to 
a contradiction. It follows from (11.39) that dR’/dV > 0. Restricting ourselves 
to spherical symmetry we have We = = (0 at the centre by definition, and W = 0 
since V takes its minimum there. Applying the maximum principle to (11.37) on 
any ball B, (bounded by r = const.) we obtain W > Wo on B,. Next, since the 
integrand (11.36) is non-negative, Wo(V) increases monotonically with V (and 
with r); in particular there is a constant C' > 0 such that W > Wo > C?. 

Below we give the proof of the relativistic case explicitly. (The Newtonian 
case can easily be obtained by suitable simplific ations). 
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We introduce coordinates such that 


ds? = g,jdx'dxd = (1 —2r74m/(r))~!dr? + 7? (d6? + sin? 6d¢”), (11.40) 


where m(r) = 4m {5 rp ! Writing out the bound W > C? explicitly we 
obtain, since ae aap 
eee | ee ee (11.41) 


dr1—-V (1—V)?2 dr ~ (1—V?)? dr 


which implies that 


l ; 
-{- — 11.42 
=e ( ) 


The crucial step is now to get an upper bound for r?dV/dr. Writing (11.2) as 


Es G rT) = 4nrV(p+ 3p)r? Orr, (11.43) 
dr dr 

and noting that the r.h. side is non-negative for p > 0, we find that dV/dr is 
positive and that r?\/W is strictly monotonically increasing. (Note that, from 
Theorem 2 of [18], g’” does not go to zero for finite r. This argument also holds 
under the present differentiability assumptions). We now show by an indirect 
argument that r2/W is bounded as r — oo. Assuming the contrary, namely 
that 


VD>0 and Vr; J ro>71 suchthat r?VW|,, > D, (11.44) 
we get from monotonicity that 
V¥D>0 dro suchthat Vr>ro r°VW>D, (11.45) 
and, since g”” < 1, we also have r*dV/dr > D for sufficiently large r. Integrating 
the latter relation between some 7 and infinity we get a contradiction to (11.42). 
Therefore, r2./W is bounded. 


Using next the divergence theorem and V, < V (where V, is the value of V 
at the centre) we obtain: 


mr) =f pr?ar! < fP planar! < vo" [ v(p+ 8p) /aeer"2dr’ = 
0 0) 0 


=V r? /Wdw < oo. (11.46) 
r=const. 
Therefore, the ADM-mass M = lim,_,.. m(r) exists, g™™ > 1, and the limit 


: : dV 
lim r(1—V) = lim re = lim r?>VW=N (11.47) 


TCO T=Foo 7 TOO 
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exists as well (and is called the “Nomar mass”). Moreover. we note that cut a 
and, from (11.4), that p € Lj _ 4. Finally, using (11.2) or (11.43) again, we obtain: 


dy 

dr 

While these properties are slightly different from the AFMD conditions as 

defined in Seet. 11.2.. they still imply that the surface integral arising by applying 

the divergence theorem to (11.30) vanishes. To see this, we rewrite the latter 
expression as follows (using spherical symmetry and multiplying with r?): 


d r? dw 8sw?/2 P54 
View! LACT. l SAVIN EES eS 
dr F pee ( wae aye (> eo 
(11.49) 


using the divergence theorem and inserting (11.47), r*}W — N®, and (11.48). 
Recalling that J; < 0 implies Ig < 0, the virial theorem (11.33) now applies and 
we get finite extent. 

As remarked before, it also follows that g, We and Wo have C! extensions 
to the point at infinity A of a compactification M = M U A. Hence (instead of 
using the virial theorem in the form (11.33)), we could also apply the maximum 
principle to (11.37) to show finiteness. © 


{ ——————— 
= ——W + 8V (0+ 3p) V/GrrW € Lo,_5- (11.48) 


11.5 Discussion 


Here we discuss further the results on finiteness in the light of what we call 
“quasipolytropes 
ad wes ; rey, (0) p* | (11.50) 
where K.n € R* and f : (0.4) > R is a smooth function. Obviously, for f = 0, 
(but in general also for small p), we are left with the polytropic EOS, while the 
limit n = 0 reduces to the incompressible case p = const.. These quasipolytropes 
seem to comprise all physically interesting EOS, in NT as well as in GR. 
Let us first compare the polytropes in NT with the “Generalized Buchdahl 


EOS” in GR obtained from (11.50) with the choice 1/K = (n + iayqmes and 
f(p!/") = (p\/” — p'/™)~! for some constant p_, and for p < p_, viz. 
1 i ny! l gel, BN 
Os ar ie ten?” (P= IP") ‘2 miles) 


For the Newtonian polytropes we now find that Ig = (n — 5)p and 1) = 
p(n — 5)/(n+ 1). In GR, the integral (11.6) for J” is still elementary but the 
expressions for Jj and J; are rather involved. Nevertheless, they still have the 
appealing property that the quantities Jo and 4; are negative iff n < 5, zero 
for n = 5, (this is the “Buchdahl”- case considered above, c.f. (11.1),(11.12)) 
and positive iff n > 5. Hence the (in)finiteness properties of all static solutions 
(satisfving also the other requirements of C.P and C11) depend only on the EOS 
and are obvious from the theorem. 
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While in NT the polytropes are also (for special values of n) adiabates and 
therefore physically significant. the adiabates in GR are neither polytropes nor 
do they coincide with (11.51). Instead, comparing again with the Newtonian 
polytropes, they read: [7] 


1 1 


p= (n+ 1)s pepe, p= (n+1)*T p2* pat + mp. (11.52) 


The integral (11.6) for J’ is again elementary in the GR case of (11.52). We get 
Ig < 0 (and hence finiteness for AF MD solutions) if 


= 5 nal 
n<65, pee (2-1) : (11.53) 


n+1i\n 


Thus adiabatic, asymptotically flat solutions whose pressure nowhere exceeds 
(11.53) are finite. The condition I; < 0, which guarantees finiteness for spheri- 
cally symmetric solutions, leads to a (smaller) upper bound on p which can also 
be computed explicitly. 

We now consider a fixed EOS in the general class (11.50) and the correspond- 
ing one-parameter family of static, spherically symmetric solutions. Rendall and 
Schmidt have shown [18] that. for 1 < n < 5 the fluid region is finite provided 
that the central density p, is below a critical value p.;i¢, while for n > 5 the fluid 
is always infinite (with infinite mass). More recently. Makino has proven that 
the fluid is always finite for 1 <n < 3. On the other hand, our theorem implies 
that finiteness for small p,. is guaranteed in the range 0 < n < 5, and allows 
us to estimate .,;z. Now the interesting remaining question is what happens 
for 0 < n < 5 if the central density is increased. For polytropes in GR, this 
question has been investigated by Nilsson and Uggla [15] using a combination of 
dynamical system techniques with numerical ones. They find that all solutions 
are finite for n < 3.339. For larger values they observe, somewhat surprisingly, a 
discrete set of central densities with infinite configurations. some of which have 
finite but others infinite mass. The mathematical side of these phenomena still 
deserves to be understood. 

We finally remark that interesting results on finiteness have also been ob- 
tained for Vlasov-Poisson and Vlasov-Einstein systems by Rein and Rendall [17]. 
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12 Problems and Successes 
in the Numerical Approach 
to the Conformal Field Equations 


Sascha Husa 


Max-Planck-Institut fiir Gravitationsphysik, 14476 Golm, Germany 


Abstract. This talk reports on the status of an approach to the numerical study of 
isolated systems with the conformal field equations. We first describe the algorithms 
used in a code which has been developed at the AEFI in the last years, and discuss a 
milestone result obtained by Hiibner. Then we present more recent results as examples 
to sketch the problems we face in the conformal approach to numerical relativity and 
outline a possible roadmap toward making this approach a practical tool. 


I21 §6Introduction 


Since the early work of Hahn and Lindquist [1], Smarr [2] and Eppley [3], nu- 
merical relativity has become an important subfield of the theory of gravitation. 
To outsiders the progress often seems marginal and unsatisfactory. The clas- 
sic goal of providing waveform catalogs for the newly built gravitational wave 
detectors has still not been reached (although considerable progress has been 
made recently [4]). By the nature of general relativity, the simulation of isolated 
systems poses particularly hard problems. Mathematically such systems can be 
formalized by the concept of asymptotically flat space-times (see, e.g., the stan- 
dard textbook of Wald [5]), but it turns out that important quantities such as 
the total mass, (angular) momentum or emitted gravitational radiation can only 
consistently be defined at infinity. The traditional approach of introducing an ar- 
bitrary spatial cutoff introduces ambiguities and is not satisfactory at least from 
a mathematical point of view. A remedy is suggested by conformal compactif- 
cation methods, such as the characteristic approach presented by Luis Lehner in 
this volume, or Friedrich’s conformal field equations, which he describes in this 
volume. The latter approach avoids the problems associated with the appearance 
of caustics in the characteristic formulation by allowing to foliate the compact- 
ified metric by space-like hypersurfaces. These hypersurfaces are analogous to 
the staudard lyperboloid in Minkowski space-time and are asymptotically nall 
in the physical space-time. The price to pay is the loss of the simplicity inherent 
in the use of null coordinates, and one has to deal with the full complexity of 
3+1 numerical relativity. 

Some issues of the numerical solution of the conformal field equations have 
been laid out by Frauendiener in this volume, and in a Living Review [6], and he 
has also discussed his code to treat space-times with a hypersurface orthogonal 
Killing vector and toroidal .7’s. The purpose of the present article is to show 
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the status of numerical simulations based on the conformal field equations in 
3D i.e., three space dimensions without assuming any continuous symmetries 
and to discuss what is needed in order to render this approach a practical tool 
to investigate physically interesting space-times. By making fiture mul infinity 
accessible to (completely regular and well defined) local computations, the ap- 
proach excels at the extraction of radiation e.g., the quantities to hopefully be 
measured within the next years by new large-scale detectors. One of the main 
pedagogical goals will be to explain the challenges of numerical relativity aud to 
highlight some open problems related to constructing Lyperboloidal initial data 
and actually carrying out long-time stable and accurate simulations. For an even 
more condensed account of the conformal approach to numerical relativity see [7]. 
The organization is as follows: Sect. 12.2 introduces the algorithms developed 
in the last years by Peter Hiibner (the radiation extraction procedure, which I 
will only mention briefly. is based on work of Hiibuer and Marsha Weaver). aud 
implemented in a set of codes by Peter Hiibner (who has recently left the field). 
All results presented here have been obtained with these codes, which Hubner 
has described in a series of articles [8-11]. Sect. 12.3 will start with a brief 
description of the evolution of weak initial data which possess a regular point i* 
representing future time-like infinity, based on the work of Hiibner [11]. Then I 
will discuss the evolution of slightly stronger initial data which exhibit various 
problems that will have to be solved, e.g. the choice of gauge. and use this as 
a starting point for discussing the main current problems. In Sect. 12.4 purely 
computational aspects of this project will be discussed, and in Sect. 12.5 I will 
sum up the current status and sketch a possible roadmap for further work. 


12.2 Algorithms 


12.2.1 Problem Overview 


The conformal field equations are formulated in terms of an unphysical Lo- 
rentzian metric gap defined on an unphysical manifold M which gives rise to a 
physical metric gap = 277 gas, where the conformal factor 2 is determined by the 
equations. The physical manifold M is then given by M = {pe M|2(p) > 0}. 

Contrary to the formalism used by Frauendiener. we use a metric based 
formulation of the conformal field equations: 


i n 1 é 
Vallee — Vitae = —75 ((VaR) Ge — (VoR) ac) — 2(Vas2) date*, (12.1) 
Vadabe* = 0, (12.2) 
1 ho Sie 
VaVo8t = 7 gab Vi V8 — 5 Rav 2, (12.3) 
| (ines | Il 
Ga Vi)) = ee - 
gVe(ViVos2) 5 Rar V2 — 5 OVAR 1p Vad R, (12.4) 
) - - R 
ie = Rdave" at (Geja fy? my 9" (akye) a 6 Gela9o}"> (12.5) 


62 VV 2 Oe eee (12.6) 
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Here the Rice scalar R of gap is considered a given function of the coordinates. 
For any po 101)’ (Gaus Ray, dave’, 2), Rageis ihe, traceless part of the Ricci tensor, 
aaindeCQrde,,. wee Wevl tensor of gap. Note that the equations are regular even for 
§2 = 0. These “conformal field equations” render possible studies of the global 
structure of space-times, e.g., reading off radiation at null infinity, by solving 
regular equations. 

The 3+1 deconiposition of the conformal geometry can be carried out as 
usual in general relativity, e.g., 


a . 2/7 = 
Jab = Nab — NaNy = 2" (hab — Ratio), 


where fap and has, are the Riemannian 3-metrics induced by gap respectively 
Gap On a space-like hypersurface with unit normals ng, and equivalently ig = 
[oie (om signatare is =. -. -i). The relation of the extrinsic curvatures 
(hee. = 5LiNar, he 3Ln on is then easily derived as kay = Akar + OQohar), 
where 929 = n°V,92. Rote that for regular components of ha, and kay, the 
corresponding components of ha, and kay with respect to the same coordinate 
system will in general diverge due to the compactification effect. However for 
the coordinate independent traces k = h@°’kap, k= he kop we get 


Qk = (k +39), 


which can be assumed regular everywhere. Note that at %, k = —3 . Since %+ 
is an ingoing null surface (with (V,{2)(V°Q2) = 0 but Va #0 ), we have that 
2 <0 at Y*. It follows that k > 0 at %*. We will thus call regular space-like 
hypersurfaces in M hyperboloidal hypersurfaces, since in M they are analogous 
to the standard hyperboloids t? — x? — y? — z* = 3/k? in Minkowski space, 
which provide the standard example. Since such hypersurfaces cross ¥ but are 
everywhere space-like in M, they allow to access .Y and radiation quantities 
defined there by solving a Cauchy problem (in contrast to a characteristic initial 
value problem which utilizes a null surface slicing). Note that hyperboloidal 
hypersurfaces which cross .4* are only Cauchy surfaces for the future domain of 
dependence of the initial slice of M, we therefore call our studies semi-global. 

We will not discuss the full 3+ 1 equations here for brevity, but rather refer 
to [8]. What is important, is that the equations split into symmetric hyperbolic 
evolution equations plus constraints which are propagated by the evolution ole 
tions [8]. The evolution variables are hap, kav, the eu ue H coefficients ypc, 
projections ©" R, = n i ‘Ry. and “Rap = Rahs Roa of the traceless 4- 
dimensional Ricci tensor Rya, ae electric and magnetic components Egy, Bay of 
the rescaled Weyl tensor dape4, as well as 92, 29, Va82, V°Va® — in total this 
makes 57 quantities. In addition the gauge source functions q, R and N® have 
to be specified, in order to guarantee symmetric hyperbolicity they are given as 
functions of the coordinates. Here g determines the lapse as N = e4Vdet h and 
N® is the shift vector. The Ricci scalar R can be thought of as implicitly steering 
the conformal factor £2. 

The numerical treatment of the constraints and evolution equations will be 
described below. But before, let us spend some time on general considerations 
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about the treatment of null infinity. Since Q is an evolution variable and not 
specified a priori, % will in general not be aligned with grid points. and interpo- 
lation has to be used to evaluate computed quantities at locations of vanishing 
92. For the physically interesting, case of modeling an isolated system, “physical” 
I ~i.e., the component of Y that idealizes us outside observers and our grav- 
itational wave detectors (neglecting cosmological effects such as redshift ete.) 

has spherical topology. There may be more than one component of ¥, ie., 
additional spherical componcuts associated with “topological black holes” (see 
Sect. 12.2.3). In principle it is possible of course to control the movement of Ba 
through the grid by the gauge choice ~ see [12] for how to achieve 4 —freezing 
within Frauendiener’s formulation, where .4 does not change its coordinate lo- 
cation. 

What is the significance of how -¥ moves through the grid? This question is 
directly related to the question for the global structure of space-time. Although 
many questions are left open. the present understanding of the global structure of 
generic vac space-times. which can be coustracted from regular initial data, 
does provide some hints. First, note that space-times which are asymptotically 
flat in space-like and null directions _ i.e., isolated systems — do not necessarily 
have to be asymptotically flat in time-like directions. An example would be a 
space-time that contains a star or a black hole. In such cases where the end 
state of the system is not flat space, we can not expect the conformal space- 
time (M, gap) to contain a regular point 7+. In the case of sufficiently weak 
data however, Friedrich has shown in [13] that a regular point 2* will exist - 
consistent with our intuition. The global structure is then similar to Minkowski 
space. The standard conformal compactification of Minkowski space is discussed 
in textbooks (see e.g. [5]) as a mapping to the Einstein static universe. There % 
moves inward and contracts to a point within finite coordinate time. In order to 
resolve such situations it seems most appropriate to choose a gauge which mimics 
this behavior, i.e., where Y contracts to a point after finite coordinate time. The 
boundary of the computational domain is set in the unphysical region and the 
physical region contracts in coordinate space. Accordingly. the initial data are 
also extended beyond the physical region of space-time. It is this scenario which 
is best understood so far, and which is presented in some more detail in Sect. 
ey Se 

For sufficiently strong regular data it is known that singularities develop [14] 

according to the cosmic censorship conjecture [15] such singularities should 
generically be hidden inside of black holes. For such data we cannot expect a 
regular point i* to exist. In the case when i* is singular (and not much else is 
currently known even about the 7* of Kruskal space-time — see however Bernd 
Schmidt’s contribution in this volume) we have to expect structure like sharp 
gradients near i+, which makes it unlikely that we can afford to significantly 
reduce the size of the physical region in coordinate space (at least not without 
adaptive mesh refinement - a technology not yet available for 3D evolutions). 
A ¥#-freezing gauge may be appropriate for such a situation. Furthermore, phe- 
nomena like quasi-normal ring-down, or the orbital motion of a two-black hole 


a Problems and Successes in the Numerical Approach 243 


system suggest that the numerical time-coordinate better be adapted to the 
intrinsic time scale of the system. Associated with quasi-normal ring-down for 
example is a fixed period in Bondi-time, which suggests Bondi time as a time 
coordinate near .¥ in a situation dominated by ring-down. Thus, for black hole 
space-times it might turn out that the best choice of gauge fixes ¥ to a par- 
ticular coordinate position, and shifts i+ into the infinite future !. It could be 
possible that in such a case the boundary can be chosen to either coincide with 
JF . or to be put just a small number of grid-points outside, which would raise the 
question for an evohition algorithm that does not require a topologically rectan- 
gular grid. We see that the optimal choice of numerical algorithms and gauges 
may be tightly related to the global structure of the investigated space-times - 
which is actually one of the main questions our simulations should be able to 
answer! 


12.2.2 Construction of “Extended” Hyperboloidal Initial Data 


Evolution of a solution to the Einstein equations starts with a solution to the 
constraints. The constraints of the conformal field equations (see Eq. (14) of 
Ref. |8]) are regular equations on the whole conformal space-time (M, gap). How- 
ever. they have not yet been cast into a standard type of PDE system, such as 
a system of elliptic PDEs 7. One therefore resorts to a 3-step method [10]: 


1. Obtain data for the Einstein equations: the first and second fundamental 
forms his and kab induced on » by gap, corresponding in the compactified 
picture to Aes, kan and §2 and 29. This yields so-called “ minimal data”. 

2. Complete the minimal data on S to data for all variables using the conformal 
constraints - in principle this is mere algebra and differentiation. 

3. Extend the data from & to © in some ad hoc but sufficiently smooth and 
“well-behaved” way. 


In order to simplify the first step, the implementation of the code is restricted 
to a subclass of hyperboloidal slices where initially kab is pure trace, a thavk. 


The momentum constraint V? kab — Vak = 0 then implies k = const. #0. We 
always set k > 0. In order to reduce the Hamiltonian constraint 


(32: a ke? = kapk® 
to one elliptic equation of second order, we use a modified Lichnerowicz ansatz 
hab = = f)- Bas? ee 


with two conformal factors 2 and ¢. The principal idea is to choose ha, and £2, 
and solve for @, as we will describe now. First, the “boundary defining” function 
f is chosen to vanish on a 2-surface S — the boundary of 2 and initial cut of #% 


1 Note however, that in the absence of results, we are left to speculation here. 
2 Work toward this goal is reported in this volume by Adrian Butscher. 
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- with non-vanishing gradient on S. The topology of S is chosen as spherical for 
asvinptotically Minkowski space-times. Then we choose i, to be a Riemannian 
metric on ¥, with the only restriction that the extrinsic 2-curvature induced by 
hap on S is pure trace, which is required as a smoothness condition [16]. With 
this ansatz hq, is singular at S, indicating that S represents an infinity. The 
Hamiltonian constraint then reduces to the Yamabe equation for the conformal 
factor ¢: 


| 
LEV VRS 1 OF Cig (; PORT ie ENO non Tew e2| ome — 


2. 


This is a semi-linear elliptic equation except at S, where the principal part 
vanishes for a regular solution. This however determines the boundary values as 


o* = 9k-2 (V2) (Va). (27) 


Existence and uniqueness of a positive solution to the Yamabe equation and 
the corresponding existence and uniqueness of regular data for the conformal 
field equations using the approach outlined above have been proven by Anders- 
son, Chrusciel and Friedrich [16]. Solutions to the Yamabe equation — and thus 
minimal initial data — can either be taken from exact solutions or from numer- 
ical solutions of the Yamabe equation. Exact solutions which possess a Y of 
spherical topology have been implemented for Minkowski space and for Kruskal 
space-time — see the contribution of Bernd Schmidt in this volume. These solu- 
tions are defined even outside of 4%, and thus can directly be completed to initial 
data for all variables by using the conformal constraints. 

If the Yamabe equation is solved numerically. the boundary has to be chosen 
at S, the initial cut of .%, with boundary values satisfving Eq. (12.7). If the 
equation would be solved on a larger (more convenient Cartesian) grid. generic 
boundary conditions would cause the solution to lack sufficient differentiability 
at S, see Htibner’s discussion in [9]. This problem is due to the degeneracy of the 
Yamabe equation at S. Unfortunately. this means that we have to solve an elliptic 
problem with spherical boundary. This problem is solved by combining the use 
of spherical coordinates with pseudo-spectral collocation methods. In pseudo- 
spectral methods the solution is expanded in (analytically known) basis functions 

here a Fourier series for the angles and a Chebyshev series for the radial 
coordinate. For an introduction to pseudo-spectral methods see e.g. [17-19]. This 
allows to take care of coordinate singularities ina clean wav. provided that all 
tensor components are computed with respect to a regular (e.g., Cartesian) basis 
and that no collocation points align with the coordinate singularities. Another 
significant advantage of spectral methods is their fast convergence: for smooth 
solutions they typically converge exponentially with resolution. The necessary 
conversions between the collocation and spectral representations are carried out 
as fast Fourier transformations with the FFTW library [20]. The nonlinearities 
are dealt with by a Newton iteration [21], the resulting linear equations are 
solved by an algebraic multigrid linear solver (the AMG library [22]). 

The constraints needed to complete minimal initial data to data for all evolu- 
tion variables split into two groups: those that require divisions by the conformal 
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factor 2 to solve for the unknown variable, and those which do not. The latter 
do not cause any problems and can be solved without taking special care at 
§2 = 0. The first group, needed to compute “ R, Eup and Ba», however does 
require special numerical techniques to carry out the division, and furthermore 
it is not known if their solution outside of .Y actually allows solutions which are 
sufficiently smooth beyond .¥. Thus, at least for these we have to find some ad- 
hoc extension. Note that in the case of analytical minimal data, the additional 
constraints are solved on the whole time evolution grid. 

The simplest approach to the numerical division by 2 would be an implemen- 
tation of Hospital's rule, however this leads to non smooth errors and conse- 
quently toa loms of convergence 9), Instead Hiibner {9] has developed a technique 
to replace a division g = f/{2 by solving an elliptic equation of the type (ac- 
tually some additional terms added for technical reasons are omitted here for 
simplicity ) 

Veg — fh = 0 


for g. For the boundary values 27g — Qf = 0, the unique solution is = 
For technical details see [10]. The resulting linear elliptic equations for g are 
solved by the same numerical techniques as the Yamabe equation. For technical 
details see Hiibner [10]. 

Finallv. we have to extend the initia] data to the full Cartesian spatial grid 
in some way. Since solving all constraints also outside of -¥ will in general not be 
possible in a sufficiently smooth way, we have to find an ad hoc extension, which 
violates the constraints outside of .Y but is sufficiently well behaved to serve as 
initial data. The resulting constraint violation is not necessarily harmful for the 
evolution, since -¥ causally disconnects the physical region from the region of 
constraint violation. On the numerical level, errors from the constraint violating 
region will in general propagate into the physical] region, but if our scheme is 
consistent, these errors have to converge to zero with the convergence order of 
the numerical scheme (fourth order in our case). There may still be practical 
problems, that prevent us from reaching this aim, of course: making the ad-hoc 
extension well behaved is actually quite difficult, the initial constraint violation 
may trigger constraint violating modes in the equations, which take us away 
from the true solution, singularities may form in the unphysical region, etc. 

Since the time evolution grid is Cartesian, its grid points will in general 
not coincide with the collocation points of the pseudo-spectral grid. Thus fast 
Fourier transformations can not be used for transformation to the time evolution 
grid. The current implementation instead uses standard discrete (“slow”) Fourier 
transformations, which typically take up the major part of the computational 
effort of producing initial data. 

It turns out, that the combined procedure works reasonably well for certain 
data sets. For other data sets the division by 2 is not yet solved in a satisfac- 
tory way, and constraint violations are of order unity for the highest available 
resolutions. In particular this concerns the constraint Vie = eek 
(Eq. (14d) in [8]), since E4, is computed last in the hierarchy of variables and 
requires two divisions by Q. Further rescarch is required to analyze the problems 
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and cither improve the current plementation or apply alternative algorithms. 
Ultimately. it seems desirable to change the algorithm: of obtaining initial data 
to a method that solves the conformal constraints directly and therefore does 
not suffer from the current problems. This approach may of course introduce 
new problems like an elliptic system too large to be handled in practice. 


12.2.3. Black Hole Initial Data 


Since the standard definition of a black hole as the interior of an event horizon 
is a global concept, it is a priori not clear what one should consider as “black 
hole initial data”. In practice, the singularity theorems [14] and the assumption 
of cosmic censorship [15] usually lead to the identification of “black hole initial 
data” with data that contain apparent horizons, and to associate the number of 
apparent horizons with the number of black holes in the initial data J 

A common strategy to produce apparent horizons is to use topologically 
nontrivial data, that is data which possess more than one asymptotically flat re- 
gion. In the time-symmetric case such data obviously possess a minimal surface! 
Asymptotic ends that extend to spatial infinity 7° are relatively easy to produce 
by compactification methods, see e.g. [27 -30] or the contribution of Dain in this 
volume. From the numerical point of view it is important that the topology of 
the computational grid is independent of the number of asymptotic regions or 
apparent horizons considered: suitable regularization procedures allow to treat 
spatial infinities as grid points. 

In the current approach to the hyperboloidal initial value problem, where 
first the Yamabe equation needs to be solved, the grid topology does depend on 
the number of topological black holes — in this case the number of initial cuts of 
Y's, which have spherical topology. One option would be of course to combine 
both ingredients and consider “mixed asymptotics” initial data. which extend to 
the physical ¥% and to unphysical interior space-like infinities which only serve 
the purpose of acting as “topological sources” for apparent horizons. 

Another option, suggested by Hiibner in [10], is to generalize the current 
code for the initial data, which only allows for one cut of 4, which has spherical 
topology, to multiple .7’s of spherical topology. For the case of one black hole this 
would correspond to the relatively simple modification to S* x R topology. For the 
case of two black holes one could implement the Schwarz alternating procedure 
(as described in Sect. 6.4.1 of Ref. [24]) to treat three .7’s with three coordinate 
patches, where each patch is adapted to a spherical coordinate system with its 
#. A more practical approach (at least to get started) could be to produce 
topologically trivial black hole initial data. Since we expect physical black holes 
to result from the collapse of topologically trivial regular initial data, such data 
would in some sense be more physical. Theorems on the existence of apparent 
horizons in Cauchy data have been presented by Beig and O Murchadha in cae 
Numerical studies in this spirit have been performed by the author [29]. Such 


* Note that both the number of components of the event and apparent horizon are 
slice-dependent. 
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data could in principle be produced with the current code once it gets coupled 
to an apparent horizon finder. For the hyperboloidal initial value problem it is 
actually not known, whether such data actually exist, but it seems physically 
reasonable. Finding such data numerically by parameter studies would be an 
interesting result in itself. A natural question in this context is whether there 
is any qualitative difference between “topological” and “non-topological” black 
holes outside of the event horizon, e.g., regarding their waveforms? 


‘12.2.4 Numerical Setup for Evolutions 


The time evolution algorithm is an implementation of a standard fourth order 
method of lines (see e.g. 251). with centered spatial differences and Runge-Kutta 
time mtecgration. Additionally. a munerical dissipation term of the type discussed 
in theorems 6.7.1 and 6.7.2 of Gustafsson, Kreiss and Oliger [25] is added to 
the right-hand-sides to damp out high frequency oscillations and keep the code 
numerically stable. Numerical experiments show that usually small amounts if 
dissipation are sufficient (the dissipation term used contains a free parameter), 
and do not change the results in any significant manner. 

A particularly subtle part of the evolution usually is the boundary treatment. 
In the conformal approach we are in the situation that the boundary is actually 
situated outside of the physical region of the grid - this is one of its essential 
advantages! In typical explicit time evolution algorithms, such as our Runge- 
Kutta method of lines, the numerical propagation speed is actually larger than 
the speed of all the characteristics (in our case the speed of light). Thus 4 does 
not shield the physical region from the influence of the boundary — but this 
influence has to converge to zero with the convergence order of the algorithm 
~ fourth order in our case. One therefore does not have to choose a “physical” 
boundary condition, the only requirements are stability and “practicality” — 
e.g., the boundary condition should avoid, if possible, the development of large 
gradients in the unphysical region to reduce the numerical “spill over” into the 
physical region, or even code crashes. 

The current implementation relies on a “transition layer” in the unphysical 
region, which is used to transform the rescaled Einstein equations to trivial 
evolution equations, which are stable with a trivial copy operation at outermost 
grid-point as a boundary condition (see Ref. [8] for details and references). We 
thus modify the evolution equations according to replace 


f+ Ad,f-b=0 + &f +a(Q) (A‘Of —b) =0, 


where a is chosen as a(§2) = 0 for 2 < 2 < 2; <0 and 1 for 2 > 92). This 
procedure works reasonably well for weak data, however there are some open 
problems. One is, that the region of large constraint violations outside of 4 may 
trigger constraint violating modes of the equations that can grow exponentially. 
Another problem ist that a “thin” transition zone causes large gradients in the 
coefficients of the equations - thus eventually leading to large gradients in the 
solution, while a “thick” transition zone means to loose many grid-points. If no 
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transition zone is used at all, and the Cartesian grid boundary touches 7, the 
ratio of the number of grid points in the physical region versus the number of 
grid points in the physical region is already 1/6 ~ 0.52. 


12.2.5 Physics Extraction 


Extracting physics from a nunicrical solution to the Einstein equations is a non- 
trivial task. Results typically show a combination of physics and coordinate 
effects which are hard to disentangle, in particular in the absence of a back- 
ground geometry or preferred coordinate system. In order to understand what 
is going on in a simulation, e.g., to find “hot spots” of inaccuracy or instability 
or bugs in an algorithm, it is often very important to visualize the “raw” data 
of a calculation. Here the visualization of scalar and in particular tensor fields in 
3D is a subtle task in itself. But beyond that, one also wants ways to factor out 
coordinate effects in some way, and ideally access physical information directly. 

One way commonly used to partially factor our coordinate effects is to look 
at curvature invariants, another possibility is to trace geodesics through space- 
time. In the current code this is done by concurrent integration of geodesics by 
means of the same 4th order Runge-Kutta scheme used already in the method 
of lines. Both null and time-like geodesics, as well as geodesics of the physical 
and rescaled metrics can be computed, and various quantities such as curvature 
invariants are computed by interpolation along the geodesics. 

Particularly important are null geodesics propagating along .¥, since they 
can be used to define a Bondi system and thus compute radiation quantities 
such as the Bondi mass or news. Note that the foliation of space-time cho- 
sen for evolution will in general not reproduce cuts of -¥ of constant Bondi 
time. Hubner has therefore implemented post-processing algorithms (using the 
IDL programming language/software system) which construct slices of constant 
Bondi time in the data corresponding to the null geodesics propagating on % 
by interpolation (the algorithms are based on unpublished work of Hiibner and 
Weaver). This evolution of geodesics is illustrated by Fig. 12.1, which shows 
three time-like geodesics originating with different initial velocities at the same 
point (20, yo, 20) = Ca aR ae) meeting a generator of Y at it. 


12.3. Results for Weak Data 


In this section I will discuss results of 3D calculations for initial data which 
evolve into a regular point i+, and which thus could be called “weak data”. 
Bernd Schmidt presents results for the Kruskal space-time in this volume (see 
also |26]). The initial conformal metric is chosen in Cartesian coordinates as 


A 
ds? = (1 ei: 3% (a? + 2*)) da dy? + dz. (12.8) 


The boundary defining function is chosen as 2 = (1 = (2? + y? + 2°) (2s 
. ; ef 
used to satisfy the smoothness condition for the conformal metric at J. 
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Fig. 12.1. Three time-like geodesics of different initial velocities (starting at 2 = 773) 


meet a generator of ¥ (starting at z = 1) at future time-like infinity zi* 


These data have been evolved previously by Hiibner for A = 1 as reported 
in [11]. For the gauge source functions he has made the “trivial” choice: R = 0, 
N® = 0, q = 0, i.e.. the conformal space-time has vanishing scalar curvature, 
the shift vanishes and the lapse is given by N = e?/deth = Vdeth. This 
simplest choice of gauge is completely sufficient for A = 1 data, and has lead 
to a milestone result of the conformal approach the evolution of weak data 
which evolve into a regular point 7+ of M, which is resolved as a single grid 
cell. With this result Hiibner has illustrated a theorem by Friedrich, who has 
shown that for sufficiently weak initial data there exists a regular point it of 
M [13]. The complete future of (the physical part of) the initial slice can thus be 
reconstructed in a finite number of computational time steps. This calculation is 
an example of a situation for which the usage of the conformal field equations is 
ideally suited: main difficulties of the problem are directly addressed and solved 
by using the conformal field equations. 

The natural next question to ask is: what happens if one increases the am- 
plitude A? To answer this question, I have performed and analyzed runs for 
integer values of A up to A = 20. The results presented here have been pro- 
duced with low resolutions of 80° (but for higher or slightly lower resolutions 
we essentially get the same results). For convergence tests of the code sce [9 
11]. While for A = 1,2 the code continues beyond 7* without problems, for all 
higher amplitudes the “trivial” gauge leads to code crashes before reaching 7”. 
Here by “code crash” we mean that computational values get undefined, e.g., the 
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code produces “not a nnimber” (NaN) values. While the phvsical data still decay 
quickly in time, a sharp peak of the lapse develops outside of .% and crashes the 
code after Bondi time ~ 8(320M) for A = 3 and ~ 1.5(3M) for A = 20 (here 
M is the initial Bondi mass). In Figs. 12.2 and 12.3 the lapse N is plotted for 
runs with A — 1 and A = 5. While for A = 1 the lapse only shows significant 
growth after t = 1 (it is located at r = y = z = 0, t = 1), for A = 5 a very 
sharp peak grows outside of .% and crashes the code at t = 0.9076. Where does 
this rapid growth come from? Note that the initial conformal metric Eq. (12.5) 
shows significant growth outside of %. Combined with the lapse N = vVdeth 
this leads to a growth of the lapse toward the grid boundary. In the present case 
a positive feedback effect with a growth of metric components in time seers to 
be responsible for the eventual crash of the code. Note that this feedback only 
takes place in a small region outside of % — further outward it is prevented by 
the transition to trivial evolution equations. 

Fig. 12.4 shows a cure of the problem: a modified gauge source function 
GTN ON e~” /2,/det h) with a = 1 leads to a very smooth lapse (and 
correspondingly also to smooth metric components). Note that in Fig. 12.4, 
due to the different lapse, the point 7* is not located at t = 1. The value of 
a = 1 here is found by moderate tuning of a to a best value (significantly 
decreasing or increasing a crashes the code before it is reached). Unfortunately, 
this modification of the lapse is not sufficient to achieve much higher amplitudes. 
As A is increased, the parameter a requires more fine tuning. which was only 
achieved for A < 8. For higher amplitudes the code crashes with significant 
differences in the maximal and minimal Bondi time achieved. while the radiation 
still decays very rapidly and the news scales almost linearly. Furthermore. the 
curvature quantities do not show excessive growth — it is thus natural to assume 
that we are still in the weak-field regime, and the crash is not connected to the 
formation of an apparent horizon or singularity. 

These results suggest that in order to model a gauge source function g that 
would allow to evolve up to i+, one would need more that one parameter, e.g., at 
least 3 parameters for a non-isotropic ansatz such as g = —(x*/a?+y?/b?+2?/c?) 
or something similar. To tune 3 or more parameters for each evolution seems how- 
ever computationally prohibitive. While some improvement is obviously possible 
through simple non-trivial models for the lapse (or other gauge source functions), 
this approach seems very limited and more understanding will be necessary to 
find practicable gauges. An interesting line of research would be to follow the 
lines of Ref. [32] in order to find evolution equations for the gauge source func- 
tions which avoid the development of pathologies. A particular aim would be to 
find equations such that the resulting system of evolution equations is symmetric 
hyperbolic. 

Fig. 12.5 shows the news function from three different runs: for A = 1.5 and 
q = 0, and for A = 5, q = —r?/a. The news from the runs for A = 1 have been 
multiplied by a factor of 25, which would exactly compensate scaling with the 
amplitude in the linear regime. We see that the three curves line up very well 
initially. The line for A = 5 and q = 0 deviates significantly to larger values of 
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the news when the runs starts to get inaccurate, but at this time most of the 
physical radiation has already left the system. The curve 
and A= 5yq= —717 
10—° ere 


Seon Aig = () 
/a line up perfectly until the value of the news drops below 


@ curves level off at dittorent values. duc to muamnerical accuracy. 
Fig. 12.6 shows the Bondi mass for this situation, again the A = 1 curve is 
scaled by a factor of 25: Again we see the quick decay of a sharp pulse of radiation. 
There is no particular structure except falloff at late times, the deviation of the 


curves at late times seems to be caused by numerical inaccuracy, in particular 
in the computation of the Bondi mass. 
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Fig. 12.2. Lapse N for the z-axis, for amplitude A = 1 and R = N° =q =O. The 
contour line marks Y (2 = 0) 


12.4 Computational Aspects 


In this section I will give a brief description of some computational aspects, 
such as the computational resources needed to carry out simulations in 3 spatial 
dimensions. Computations of this scale rely on parallel processing, that meats 
execution of our algorithms is spread over different CPU’s. From a simplistic 
point of view there are two ways to program for parallel execution: we only take 
care of parallelizing the algorithm — but we require that all CPU’s can access the 

same memory — or we both parallelize the algorithm and the data structures, 

and separate the total data into smaller chunks that fit into the local memory S 

each processor. The first alternative requires so called shared memory machines, 
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Fig. 12.3. Lapse N for the z-axis, for A = 5 and R = N* =q = 0. The contour line 
marks Y% (2 = 0) 


Fig. 12.4. Lapse N for the z-axis, for A= 5 and R = N* = 0, a = —r?. The contour 
line marks .¥ (2 = 0) 
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News from A=1, A=5 
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Fig. 12.5. News from three different runs: A marks the results for A = 1, q = 0 
(multiplied by 25 to compensate linear scaling), the solid line denotes A = 5, g = 0 
and © the run for A= 5, g = —r?/a 


Bondi mass from A=1, A=5 
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Fig. 12.6. Bondi mass from three different runs: A marks the results for A = 1, g=0 
(multiplied by 25 to compensate linear scaling), the solid line denotes A = 5, q = 0 


and o the run for A= 5,q=—r’/a 
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where the operating system and hardware take care of making data accessible 
to the CPU's consistently. taking care of several layers of main and cache mem- 
ory (which gets inereasingly difficult and expeusive as the size of the machine 
is increased). The present code has been implemented using a shared memory 
programming model. The advantage is that this cau generally be somewhat Ccas- 
ier to program, and avoids overheads in memory. The disadvantage is the high 
cost of such systems. which makes them difficult to afford and thus nonstandard 
for most large academic parallel applications. The second alternative, usually 
referred to as distributed memory, requires more work to be done by the pro- 
grammer, but more flexibly adapts to different kinds of machines such a> clusters 
of cheap workstations Commonly available in academic environments. While this 
approach usually implies a larger overhead in total memory requirements, speed 
and progranuning, complexity, it is currently the only approach capable of scaling 
from small to very large simulations. For a general introduction to the issues of 
high performance computing, Ref. [37] provides a good starting point. 

So, how much memory do we need? Let us assume a run with 150° grid points 
(the size of the largest simulations carried out with the present code so far). The 
current implementation of the fourth order Runge-Kutta algorithm uses 4 time 
levels and a mininnun of 62 erid functions (57 variables and 5 gauge source fine- 
tions). In double precision this amounts to ~ 6.7 GByte. Temporary variables, 
information on geodesics and various overheads result in a typical increase of 
memory requirements by roughly 20%. For 150 time steps lapproximately what 
it takes to reach i+ for weak data) the total amount of processed data then 
corresponds to roughly 1 Terabyte! 

If we half the grid spacing, the allocated memory increases by a factor of 
8 (neglecting overheads), the total amount of processed data by a factor of 
16, and the total required CPU time also by a factor of 16. while the error 
reduces by a factor of 16 — if we are already in the convergent regime! Given 
that the biggest academic shared memory machines in Germany have 16 GByte 
of memory available (the AEI’s Origin 2000 and the Hitachi SR8000 at LRZ 
in Munich) this shows that the margin for increasing resolution is currently 
quite small. Such an increase in resolution will however be necessary to resolve 
physically interesting situations with more structure, such as a black hole, or 
two merging black holes. A move toward distributed memory processing will 
therefore be likely in the long run. 

The current software-standard for distributed (scalable) computing is MPI 
(message passing interface) [40]. Unfortunately, writing large scale sophisticated 
codes in MPI is very time consuming. However, several software packages are 
available which imtroduce a software laver between the application programmer 
and MPI, and thus significantly reduce the effort to write parallel applications. 
Two prime examples are the Cactus Computational Toolkit (38) aud PETSc¢ [39}. 
While PETSc is a general purpose tool developed at Argonne National Labora- 
tory as parallel framework for numerical computations, Cactus has been devel- 
oped at the Albert Einstein Institute with numerical relativity in mind. While 
PETSe offers more support for munerical algorithms. in particular for parallel 
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elliptic solvers. Cactus already contains some general numerical relativity fune- 
tionality like apparent horizon finders — but no support for generic numerical 
algorithms. Apart from its numerical relativity Havor. the Cactus computational 
toolkit also has the advantage of broad support for parallel 1/O and large scale 
3D visualization. The ability to successfully mine tens or hundreds of gigabytes 
of data for relevant features is paramount to successful simulations in 3D. 

Among the essential problems in writing and maintaining large scientific 
codes are the software engineering aspects and the control of complexity. In other 
words. Codes should be reasonably documented and maintainable. For large sci- 
entific codes written and maintained by part-time-programmer scientists this 
poses a significant challenge. Writing a clear, modular code that can be under- 
stood, maintained and extended to suit new scientific uceds requires a good deal 
of design aud plauning ahead. For an introduction to software engineering issues 
see e.g. [41,42]. Another important issue for scientific codes is flexibility. Being 
able to do good science often depends on the ability to casily change algorithms. 
equations, discretization schemes etc. —- without having to restructure the code, 
without high risk of introducing new bugs. In the present case examples for the 
need of trying different things would be experiments with different evolution 
equations (e.g., metric versus frame formalism), different boundary treatments 
or different elliptic solvers. 


12.5 Discussion 


The 3D numerical simulations performed so far show that the evolutions are 
numerically stable and quite robust. However, one of the main problems in nu- 
merical relativity is the stability of the constraint propagation: while the con- 
straints do propagate when they are satistied identically initially. this assumption 
does not hold for numerical simulations. On the contrary — it seems to be quite 
typical observation that the constraints diverge exponentially, if the evolution 
does not start at the constraint surface. Preliminary results exhibit this behav- 
ior of resolution-independent exponential growth associated with a violation of 
the constraints also for the conformal approach. One of the major goals for the 
future thus has to be the improvement of the understanding of the constraint 
propagation equations. and an according, modification of the evolition equations 
(see Ref. [33] for previous work in this direction). This is essentially an analytical 
problem, but will certainly require the numerical testing of ideas. 

Another area where new developments are necessary on the analytical side 
~ along with numerical testing - is the problem of finding gauges that prevent 
pathologies like unnecessarily strong gradients. Ideally onc would want to keep 
the svunnetric hyperbolic character of the evolution system while allowing for a 
maximum of flexibility in writing down evolution equations for the gauge source 
functions. | 

Well-posedness of the evolution equations is important - but by far not suf- 
ficient for numerical purposes. While well-posedness unfortunately still has not 
yet been shown rigorously for many formulations used in numerical relativity, 
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another pnportant task seems to be to improve the understanding of the non- 
principal part of the equations, including their nonlinearities. in order to be able 
to construct numerically well-conditioned algorithms. 

The third area where significant progress seems necessary on the analytical 
side is the construction of initial data. Problems with the current algorithm 
which necessitates divisions by zero and an ad-hoc extension beyond 4 have 
not yet been resolved. A possible road toward resolving these problems has beeu 
outlined by Butscher in this volume. 

An important role in improving the analytical understanding and in setting 
up numerical experiments will be played by the utilization of simplifications. 
Particularly important are space-time svnunetries and perturbative studies. A 
particularly interesting case to be studied actnally is Minkowski space. Besides 
being an important case for code testing, it is used in current investigations to 
learn more about gauges and the stability of constraint propagation. 

More complicated are general spherically svimiuetric space-times. In the vac- 
uum case. this only leaves the Kruskal space-time aside from Minkowski space 
— but understanding the gauge problem for Kruskal space-time is an important 
milestone toward long-time black hole simulations. Moreover, spherical svinime- 
try provides a natural testing ground for all kinds of new ideas. e.g., of how 
to treat the appearance of singularities, of how to treat the unphysical region, 
numerical methods, etc. 

An alternative route to simplification, which has been very successful in nu- 
merical relativity. is perturbative analysis. e.g.. with Minkowski or Schwarzschild 
backgrounds. In the context of compactification this has been carried out nu- 
merically with characteristic codes in [35. 36°. some of the problems that showed 
up there are likely to be relevant also for the conformal approach. 

What can we expect from the conformal approach in terms of physics results? 
Where can we expect contributions to our understanding of general relativity? 
One of the most important features of the conformal approach is that it excels 
at radiation extraction without ambiguities, and — at least in principle — enables 
numerical codes to study the global structure of space-times describing isolated 
systems. As has been demonstrated in this paper, in some weak field regime 
the code works well with relatively simple choices of gauge, and could be used 
to investigate some of the above problems. It could also provide a very clean 
way to study nonlinear deviations froni linear predictions. For strong fields, in 
particular one or two black holes, the problem is much more difficult. An even 
more difficult problem is the investigation of the structure of singularities. In 
the spherically symmetric case this has been achieved by Hiibner [34], but it is 
not clear whether these methods can be carried over to the generic case without 
synnnetries, where the structure of the singularity has to be expected to be much 
more complicated. 

What is the roadmap for the future? As far as 3D simulations are concerned, 
I believe that one should try to go from relatively well controlled weak data to 
stronger data and try to identify and solve problems as they come up. In par- 
allel, it will be important to study simplified situations, like space-times with 
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symmetries or linear perturbations with a mixture of analytical and numeri- 
cal techniques. Both lines of research are hoped to unprove onr understanding 
of issues associated with choosing the gauge source functions, and controlling 
the growth of constraints. Future 3D codes, aimed at producing novel physical 
results will also require a significant effort devoted to “computational engineer- 
ing”, since flexible and solidly written codes are an absolute necessity for good 
computational science! These well known problems plaguing 3D mmucrical rela- 
tivity will have to be addressed and solved in the conformal approach in order to 
harvest its benefits. Developing the conformal approach to numerical relativity 
into a mature tool poses an important challenge for mathematical relativity: not 
only is the problem hard and requires long-term investments, it also requires 
to merge sophisticated mathematical analysis with computational cugincering. 
The aim is to produce a solid handle on exciting new physics ~ and some of the 
physics will even be accessible to experiments. 
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13. Some Aspects of the Numerical Treatment 
of the Conformal Field Equations 
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Abstract. This article discusses some of the numerical issues which become rele- 
vant in the numerical computation of initial data for the conformal field equations. In 
particular, the problem is addressed of how to obtain a solution of the Lichnérowicz- 
Yamabe-Equation which extends as smoothly as possible beyond the boundary. An- 
other problem which is discussed is the division process by which some of the initial 
data have to be constructed. 


il 86Ineroduction 


The simulation of self-gravitating isolated systems is one of the most challenging 
and hopefully rewarding tasks in relativity today. The challenge is to develop 
a reliable, accurate and maintainable code. The possible results obtained with 
this code may have consequences for different areas of classical relativity such 
as the mathematical question of the cosmic censorship hypothesis on the one 
hand and the prediction of wave forms for gravitational wave detectors on the 
other hand. There exist various approaches towards the development of such a 
code (see [39] for a recent review). Their majority is based on (variations of) 
the standard ADM equations [4]. Some of these numerical investigations have 
yielded quite impressive results {6, 25]. 

One of the most successful approaches so far towards the simulation of iso- 
lated systems is based on the characteristic formulation of Einstein’s equation 
as developed by Bondi [7], Sachs [42], Newman and Penrose [40]. This approach 
is presented by R. Bartnik and A. Norton [5], J-A. Font [15] and L. Lehner [38] 
in this volume. 

The objective of this presentation is to discuss some aspects of the conformal 
approach to numerical relativity which is based on Fricdrich’s conformal field 
equations. The general conceptional and analytical background has been given 
by Friedrich in this volume [21] while the numerical efforts have been summa- 
rized in [20], see also Husa [36]. Thus, we can take the opportunity to restrict 
ourselves to a more detailed discussion of some of the numerical problems that 
we encounter when we try to solve the conformal field equations. 

To a large extent the issues involved in the numerical treatment of the hy- 
perboloidal initial value problem for the conformal field equations are the same 
as for any system of geometric PDEs which split into evolution and constraint 
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equations. However, there are some crucial differences which are due to the fact 
that null infinity can be located on the grid which we want to discuss here. 

Any numerical implementation of such a system of PDEs will have to face 
the following broad issues: (7) the construction of initial data. (77) the design of 
a stable evolution scheme. (77) the implementation of Qneaningful) boundary 
conditions, (iv) the control of the constraint violation during the evolution and, 
finally, (v) the search for ‘good’ gauges. These subjects are by no means inde- 
pendent. In fact, the issue (v) is probably the most important one because it in- 
fluences all the others. But it is also the most obscure one because the ‘goodness’ 
of a gauge can in general not be inferred without looking at actual evolutions. 
Hence the ‘invention’ of good gauges is more like an art than a science. 

The design of a stable evolution scheme and the design of boundary condi- 
tions are to a large extent uncritical. The choice of boundary conditions is not as 
crucial for the conformal approach as it is for others. This is due to the fact that 
the boundary of the numerical grid is located in the unphysical region so that it 
is causally disconnected from the physical part of the grid. This means that the 
influence of the boundary cannot reach the interior of the space-time. Clearly, 
these statements refer only to the analytical time evolution while the discrete 
numerical evolution scheme will also propagate parasitic modes at higher speeds 
than the speed of light so that numerically there will be an influence of the 
boundary on the physical space-time. However, if we use a well-posed numerical 
formulation of the initial-boundary value problem then this influence should die 
out with the order of the scheme when we increase the accuracy. 

This implies that we have ‘only’ to make sure that our boundary conditions 
are compatible with the numerical evolution scheme in the sense that the result- 
ing scheme is well-posed. There is a large literature in the numerical analysis 
community on the various issues of boundary conditions (see e.g. [14, 28, 47]) 
which can be consulted for this purpose. The method of choice for the time 
evolution is a ‘method of lines’ with fourth-order discretization in space and a 
high order Runge-Kutta method to solve the ensuing coupled system of ODEs. 
The problem which arises in connection with the boundary conditions is that of 
complexity. A high-order numerical evolution scheme needs boundary conditions 
discretized at the same order for the overall scheme to stay at the intended order. 
This means that one has to take time derivatives at the boundary and express 
them using the evolution equations in terms of the spatial derivatives. This is 
a task which can get very complicated for such complex evolution equations as 
those obtained from the conformal field equations. 

Another issue in relation to the boundary conditions is that they should 
be compatible with the constraints. This leads to the necessity to analyse the 
the mathematical imitial-boundary value problem for the Einstein and confor- 
mal field equations. There is a recent mathematical result 24] which treats the 
standard Einstein equations but the extension to the conformal field equations is 
still lacking. There is also some related work on the initial-boundary value prob- 
lem for linearized gravity | 45. 16] and an implementation of constraint-preserving 
boundary conditions in spherical symmetry [10]. 
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The problem of keeping the constraiuts satisticd during the munerical evolu- 
TONISOTONMHichSeCiISto plague mostit not all thecodesdmanumericabrelativ ity. 
The issue here is that the numerical evolution tends to exponcntially drive away 
the system from the constraint hypersurface although the analytical time evo- 
lution guarantees that the evolution is confined to the constraint surface for all 
times [27]. The question arises as to whether this exponential violation of the 
constraints is a purely numerical effect or whether it has a cause which can be 
understood analytically. This cause would have to lie in the way small deviations 
from zero in the constraints are propagated by the time evolution. Analytically 
this is regulated by the ‘subsidiary system’ of evolution equations for the con- 
straints. Therefore. in order to shed some light onto this issue one should analyse 
the properties of that system in some detail. 

There remains the question of finding initial data for the time evolution. The 
problems which arise in this area are specific to the conformal approach and 
hence we take the opportunity to expose them here in more detail. 


13.2 The Andersson-Chrusciel-Friedrich Procedure 


The first step in any numerical simulation is to provide initial data for the evolu- 
tion equations. In the conformal! approach this means that we have to determine 
the fields on the initial hypersurface in such a way that they obey the conformal 
constraints which have been obtained from the conformal field equations by a 
standard 3 + 1-decomposition {20}. The structure of these equations is rather 
complicated and to this day they have resisted attempts to cast them into a 
form suitable for mathematical analysis or even to devise a reasonable numer- 
ical scheme for their solution. Recently, however, Butscher [9] has made some 
progress towards a reformulation of these equations. Ultimately, we should strive 
to obtain initial data directly from solving these conformal constraints. 

So far we obtain initial data by an implementation of a procedure origi- 
nally due to Andersson, Chruéciel and Friedrich [3] and expanded on in [2]. The 
mathematical background and various results are described in detail by L. An- 
dersson [1] in his contribution to the present volume. We will briefly describe 
the essential idea. The starting point for obtaining initial data in unphysical 
space-time (M, ga,) with this procedure is a hyperboloidal hypersurface 4 with 
induced metric ha» and extrinsic curvature kay in physical space-time (M, Gab). 

For simplicity. we asstame that the extrinsic curvature of © is pure trace, 
[es Lhapk, the more general case is treated in [2]. The vacuum momentum 
coustraints imply that kis constant and the vacnum Hamiltonian constraint 
further implies that the scalar curvature 2 is also constant. Rescaling the induced 
metric by a constant factor we can assume that 


R=-6 (13.1) 


which in turn implies k = 3 (recall that a hyperboloidal hypersurface is charac- 
terized by the fact that it has an asymptotically constant negative curvature). 
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The next step is to assume that the physical space-time admits a conformal 
extension so that we may regard (M, ga») as being embedded in the unphys- 
ical space-time (M,g.») where it admits a boundary Y%. The two metrics are 


conformally equivalent : . 
Cie aE) { lon ) 


with a conformal factor (2 which is positive on » and which vanishes on .%. The 
hyperboloidal hypersurface S extends as a space-like hypersurface © bevond .F 
intersecting it transversally. 

The embedding of © in M induces a (negative definite) metric ha, and ex- 
trinsic curvature ky, which are related on ¥ to the physical data by the following 
relations 


3 = ] Oo 
S08 = —{k,-— —hA : 113533 
Rob = S2-lge, Kab m7) (Fas Alias (13.3) 


Here, o = t*V,2 is the normal derivative of 92 with respect to the (g)-normal 
vector t® of 3’. This implies that the trace-free parts transform homogeneously 
so that if ie is pure trace then also kg, is pure trace, while for the traces we 
obtain k = kQ — 3c. 7 

Furthermore, the Ricci tensors of hg, and hz, are related by the usual con- 
formal transformation formula (QO, is the Levi-Civita connection of has) 


~ 0,0, 82 AY? OLAV 
= = —- (13.4 
dee Rab QO Nab QO af PAN 0 Q \ ) 
from which we obtain the transformation of the scalar curvature 
R= PR-4NAN + 60,NOR. (13.5) 


Thus, we can express the physical Hamiltonian constraint in terms of unphysical 
quantities as 
RAGA A600 = —4: (13.6) 


Recall that the only condition, apart from smoothness, imposed upon the confor- 
mal factor is its vanishing on 4. Thus, we may write 2 = wé® for some number 
a where ¢ is a strictly positive function on © so that w vanishes on ¥ to the 
same order as does {2. In this way we ‘decouple’ the two essential properties of 
§2: the localization of Y on 3’, indicated by the vanishing of w which we consider 
to be given once and for all and secondly its role in relating the physical and 
unphysical metrics which is taken over by 6. 

Now it is easy to see that upon insertion of this expression for 2 into (13.6) 
one obtains an equation which contains up to second order derivatives of é and, 
in particular, terms which are proportional to 0.¢0°¢. Choosing a = —2 one 
can eliminate these quadratic terms and arrive at the equation 


8u° Ad — 8wd.wdI° + [wR — 4wAw + 6.wdw] = 66°. GR 


Since w is fixed we may regard this equation as determining o and hence 2. This 
equation could be called the conformal Lichnérowicz equation because it arises 
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from the Hamiltonian constraint in a similar way as the Lichnérowicz equation 
except that it is formulated in the unphysical space-time. On the other hand, 
the equation determines a conformal factor which fixes a specific member fom 
a given conformal class of metrics which has constant scalar curvature. In the 
mathematical literature this problem is known as the Yamabe problem. So we call 
(13.7) the Lichnérowicz~ Yamabe-Equation (LYE). We will discuss this equation 
in more detail later on so that we point out only its most relevant property 
now: the equation is singular on .¥ in the sense that for w = 0 all the terms 
containing derivatives of vanish (we assume here that @ and its derivatives 
remain bounded). There remains only an algebraic relation between the values 
of 6 and some geometric quantities. The reason for this non-regularity is easy to 
understand. If the equation was regular on .¥ then one would presumably be able 
to provide boundary data for @. This, however, contradicts the physical picture 
of ¥ being a universal construction in the sense that for any asymptotically flat 
space-time one obtains the ‘same’ .%. The degenerate character of the equation 
on ¥ leads to the question whether and under what conditions there exist unique 
solutions. This has been treated in detail in [3] and we will return to this issue 
in weet 13.3. 

In order to find initial data for the couformal field equations we may thus 
proceed as follows. We start out with some 3-dimensional manifold 2 carrying 
a (negative definite) Riemannian metric ha». Since the equation is conformally 
invariant it is really only the conformal class of the metric h,, which is relevant 
here. We prescribe the boundary function w whose sole purpose is to fix the 
topology of the space-time we are trying to simulate. The only condition to 
be satisfied by this function is that its zero-set be an embedded 2-dimensional 
submanifold of 37 (it need not be connected nor have spherical topology). Next 
we try to find a non-vanishing solution ¢@ of (13.7) with the given data. This 
provides a conformal factor 2 = wo~ ? which conformally rescales the metric hap 


to a metric hee on 5 (where 2 > 0) with constant negative curvature R=-6. 
Imposing ka, « ha, implies kab C2 Mich Baal SO k = const. In fact, choosing for k 
any smooth function on 2’ and defining a = zkQ2 —| guarantees that k= 3 so 


that the physical vacuum constraints will be satisfied on . 

Once this conformal factor is determined we can continue to generate the 
other initial data, such as the Ricci- and Wey] tensors. In the present case with 
ka» being pure trace the relevant fields are the trace-free part of the Ricci tensor 
and the electric part of the Weyl tensor. They are given by 


il 
ee ee |, 13.8 
Pap 0 (an04s 3 /tab ) ; (13.8) 
a ees ee R) (13.9) 
Fa = ( ab — ftab 3 ab : . 


The crucial point here is that the computation of these tensors involves division 
by 92. This raises two questions: under what conditions are these expressions 
well defined and how can we compute them accurately numerically. The first 
question has been answered in [3] while the second is the subject of Sect. 13.4. 
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13.3. The Lichnérowicz~Yamabe—Equation 


The degeneracy on ¥ of the Lichnérowicz~-Yamabe-Equation (13.7) poses spe- 
cial problems for its numerical solution. This is due not so much to the solution 
process itself which can be handled quite nicely with the usual methods. The 
problems arise from the special circumstances prevailing in the numerical setup. 
The results in [1,3] apply to the situation where Y is a 3-dimensional manifold 
with boundary given by w = 0. In this situation there will be a unique bounded 
solution of (13.7) on 7 which extends smoothly to the boundary provided the 
data, i.e. the specified conformal metric, is smooth up to the boundary and satis- 
fies a certain condition at the boundary whose physical meaning is the vanishing 
of the shear on ¥. 

In numerical applications this situation although desirable cannot usually be 
achieved. This has several reasons. In 3D simulations one normally uses Cartesian 
coordinates while for asymptotically flat space-times -¥ has spherical ‘cuts’. This 
means that the zero-set of w cannot be aligned with the grid and in particular 
it cannot be the boundary of the grid. Therefore, there will be nodes of the 
grid which lie outside of the physical region, beyond 4. Even if one decided to 
adapt the coordinates to ¥ so that w = 0 lies on a grid plane then this could be 
done only for at most two asymptotic regions like in the Kruskal space-time?. 
For a two black-hole space-time which has three asymptotic regions one of these 
would lie inside the grid and there would again be nodes of the grid which lie 
beyond ¥ in the unphysical region. Finally, even in the case of one ¥ and 
spherical coordinates one needs for numerical reasons a number of grid points 
beyond % in order to implement boundary conditions for the time evolution. 
Thus, we have to face the situation where the grid not only covers the physical 
space-time but extends beyond Y into the unphysical region. 

Therefore, we have to ask what to do at the regions outside the physical 
space-time. There are essentially two wavs to deal with this situation. We can 
either solve the equation only im the physical region, determine all the initial data 
there and then extend these data as smoothly as possible onto the unphysical 
regions. This is the path followed by Hiibner [32-35]. One major drawback of 
this possibility is that in general the conformal constraints will not be satisfied 
in the unphysical region because the extension does not respect them. Not only 
is this an esthetically unpleasing feature — after all, the unphysical region can 
be considered as an asymptotically flat space-time in its own right — but almost 
certainly it will also be counter-productive. Some features like e.g. radiation 
extraction and ‘scri-freezing’ [17,18] rely on the constraints being satisfied in a 
neighbourhood of Y. Furthermore, it is quite likely that the fact that immediately 
beyond -¥ the constraints fail could allow constraint violating modes to penetrate 
into the physical space-time triggering the above mentioned exponential growth 
of the constraints there (for a discussion of this phenomenon in the context of the 
conformal field equations see [36]). Of course, ideally .% should act as a one-way 
membrane for the propagation permitting outward flow but inhibiting inward 


1 : 
unless one would work with more than one grid 
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flow. However. this is true for the (exact) continuous time evolution while for the 
(approximate) discrete evolution this depends very much on the method used to 
evolve from one time level to the next. It is true that the influence of the outside 
region upon the inside should die away with the order of the evolution scheme 
employed but ultimately only numerical tests will settle this point. 

So in order to avoid constraint violation in the unphysical region we are forced 
to solve the Lichneérowicz Yamabe Equation (LYE) on the entire mumerical erid 
where ¥% is not necessarily aligned with the grid boundary. However, this is 
not as straightforward as it may seem. As alluded to already above, the region 
outside ¥ can be regarded as an asymptotically flat space-time in its own right. 
The two space-timnes do not really have any relationship except for the superficial 
property that they match on the same numerical grid along the 2-surface w = 0. 
This is reflected in the properties of the solution of the LYE. For the physical 
region we know that there is a unique bounded solution smooth up to ¥ for 
which we cannot specify any data. In contrast, in the outside region we have to 
specify boundary data on the grid boundary in order to obtain a unique solution. 
This solution will also be smooth up to w = 0 but the fact that we can specify 
arbitrary data suggests that the two solutions will in general not match smoothly 
across Y. The physical reason behind this phenomenon is simple. We have two 
asylptotically flat space-times which are forced to match ‘at infinity’ in such a 
way that w = 0 is the .%* for one space-time and .4~ for the other. By suitably 
rescaling the metrics we can achieve that the two -4’s are isomorphic but there 
is no reason why the radiation which leaves one space-time should be the same 
as the radiation entering the other. Or, put differently, the mass-aspect obtained 
from one side is not necessarily the same as the one obtained from the other side. 
This ‘mismatch’ manifests itself in a jump in the third derivative of ¢. While we 
cannot influence the part of the solution inside -¥ we can use the boundary data 
on the grid boundary to change the character of the space-time beyond ¥. Thus, 
with general boundary data on the grid boundary we obtain a global solution 
which agrees with the unique solution inside 4, which is smooth for w 4 0 but 
which has a jump in the third derivative at w = 0. 

This discontinuity will be present also in the initial data computed from the 
conformal factor §2 and will propagate along Y like a shock front moving through 
a fluid. This is of course not what we are aiming for. What we need are initial data 
which are smooth on the entire grid. To achieve this we need to find a ‘preferred 
extension’ beyond Y of the unique solution from the inside. This is determined 
from the inside by the only requirement of smoothness. In the case of analytic 
data this is the unique analytic extension. The example of the Schwarzschild 
resp. Kruskal space-time given in the contribution by Schmidt [43] shows that 
in general we have to expect that there may be singularities of d beyond ef bit 
hopefully, these will not be immediately adjacent to null-infinity so that in those 
cases which are of interest to us i.e., where the unphysical region is suitably 
small we can hope that the function @ will be regular on the entire grid. 

So what can we do to obtain a sufficiently smooth solution of the LYE 
across .%? Unfortunately, this is not so easy and until now not solved in a 
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satisfactory way. The first task is to obtain an idea about the boundary data 
which are necessary for the smooth extension. Fortunately, this is straight for- 
ward. The degeneracy of (13.7) yields information about the behaviour of the 
solution on .%. Setting w = 0 in (13.7) gives 


nen? = —¢*, (13.10) 


where ‘=’ means ‘equality on .4’ and where we have defined ng = Ow. Further- 
more, assuming that @ is smooth we take a derivative of (13.7) and then put 
w = 0. This yields 


~2 (nnd? + 1n*n-) ab + (Date — ZhacO ne) n* b = 0. (13.11) 


Since the map 


Lat (end, + inne) pe 


can be inverted this equation and (13.10) allow us to determine the solution @ up 
to its first derivatives on .%. We can use this information to estimate the value 
of ¢ on the grid boundary. We arrange w in such a way that the outer region 
can be foliated by the leaves w = const. and introduce a vector field s® which is 
transversal to them. This could be the vector field normal to this foliation but 
this is not necessary at this stage. We extend two arbitrary coordinates (€, 7) 
defined on -¥ to the outer region up to the boundary by requiring that they 
be constant along s*. In this coordinate system the grid boundary is given by 
an equation of the form w = w(£,7). Now we have s°0,0 = 0o/Ow and we can 
estimate the boundary data @p by 


00, 3 
bp (w(E,n),€,n) = 0(0,€.7) + ag 1) > (Gage (13.12) 


Clearly, this estimate can be useful only in those cases where -¥ is close to the grid 
boundary. Furthermore, it depends very much on the arbitrary vector field s® 
which is used to set up the isomorphism between -¥ and the grid boundary. 
There is an obvious choice for it: the vector field which is normal to Y with 
respect to the freely specified trial metric. Another possibility is to choose a 
vector field which is singled out by the numerical setup and which is transverse 
to both -¥ and the grid boundary. 

With these estimated boundary data we can now proceed to solve the LYE 
on the entire grid. Numerically this does not pose a problem. For demonstra- 
tion purposes we implemented a simple finite difference procedure to solve this 
boundary value problem using Octave[41]. Assuming axisymmetry we have the 
following ansatz for the free metric 


has = —f? (dx? + dy”) — g?r*de?, (13.13) 


where f and g are arbitrary functions of (x,y) and r2 = x? + y. It is easy to 
convince oneself that the general axisymmetric hypersurface orthogonal metric 
in three dimensions contains two free functions. Therefore, the conformal class 
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Fig. 13.1. Solution (left) of LYE and its third y differences (right) for fixed boundary 
values 


of these metrics is characterized by only one free function. Strictly speaking the 
ansatz above is too general. We find it rather useful to include this redundancy 
because it allows us to test the code on exact solutions. In Fig. 13.1 is shown 
one example of a solution of the LYE where we have specified @¢ = 1 on the 
boundary. There is nothing special about these boundary data except that they 
are positive. The solution is obtained on the square [0,1] x [0,1]. The functions 
f. g are assumed even in both x and y. The boundary defining function is 
w = r* — (4/5)? so that Y is at r = 0.8. The diagram on the left shows the 
solution itself, while the diagram on the right shows the third differences in the 
y-direction to illustrate the jump obtained in the third derivative of the solution. 

In Fig. 13.2 is shown the solution of the LYE with the same free data except 
for the boundary data which have been obtained from the estimate above. It 
is clearly visible that the jump in the third derivative has been greatly reduced 
(note the different scales in the two plots) but is still present. As an illustration we 


Fig. 13.2. Solution (left) of LYE and its third y differences (right) for estimated 
boundary values 
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Fig. 13.3. Difference of the two solutions restricted to range [0, 0.005] 


also show in Fig. 13.3 the difference of the two solutions. Here it is clearly visible 
how effectively the LYE ‘shields’ the inside from the outside. The difference of 
the two solutions in the inside is several orders of magnitude less than in the 
outside. 

What can be done in order to find a smooth extension of the solution be- 
yond .¥? One procedure which comes to mind is the following: We start the 
solution process by estimating the boundary data and solve the LYE with these 
data. Once we are in convergence we switch from this ‘inner’ iteration to a dif- 
ferent, ‘outer’ iteration. This time we discretize the equation up to the boundary 
in the sense that we not only impose the equation at inner points of the grid but 
also on the boundary by using one-sided differences. Then we do not need any 
boundary values. Instead of prescribing the boundary data in this iteration we 
fix the value of the solution at some point in the interior which we know from 
the previous iteration. Fixing an interior point is necessary in order to prohibit 
the solution to converge to zero which is a valid solution of the LYE. Once this 
‘outer’ iteration has converged we switch back to the ‘inner’ iteration prescribing 
the boundary data we have obtained from the outer iteration. Repeating these 
steps several times one hopes to obtain an increasingly smooth solution. This 
method has not been fully tested and it remains to be seen to what extent it 
can yield useful results. 

Another possibility to proceed is to use spectral methods. The reason for this 
is the fact that these methods are global on the grid and there is some hope that 
this globality helps to obtain a globally smooth solution. What follows is very 
much work in progress and so far there are no results in this direction. However. 
it is worthwhile to discuss the possible merits of this approach. 

Spectral methods are described in detail in various monographs [8, 11, 16, 26, 
48] so we can restrict ourselves to the essentials. The general idea is to use two 
representations of the grid variables f simultaneously. The first one is the grid 
representation where f is given by its values f,; = f(&) at some grid points 
while the second one is obtained by writing f as a finite sum f(€) = pe a fiP, (€) 
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where the functions P;(€) belong to some set of ‘basis functions’. The collec- 
tions {f,}. the coordinate representation, and {f,}. the generalized Fourier rep- 
resentation can both be used to represent the function f. The transformation 
from one set to the other can be performed by multiplication with the ma- 
trix Mh, = P;(€m) or its inverse. The basis functions are chosen according to 
the specifics of the problem like symmetry, boundary conditions etc. For some 
specific functions like the trigonometric and Chebyshev polynomials the trans- 
formation from one representation to the other can be speeded up by applying 
fast transforms like the FFT in various forms. 

In the present problem we look for solutions of the LYE which are even 


on 1b 6 1.1. vestrieted to the first quadrant (0. 1] x (0.1). Thus we may 
mates choose the tensor basis (Urey )e= Toa) ie): 0 Sh n= NG 
for some NV. The tinetions ©, are the Chebyshev polwnomials of degree im 


defined on [—1. 1] by the relation 
7 icost)\=cosmt, fort € [0, z]. (13.14) 
The LYE can be written formally as 
L¢ = -6¢° (3-15) 


where ZL is a linear differential operator with coefficients which vary with the 
coordinates (2. y). Inserting the ansatz 


as 


o(a.y)= Y > btmUim(x.y) (13.16) 


l.m=O0 


into (13.15) we find that we need to evaluate the derivatives of the U;,, and multi- 
plicative terms of the form f(x. y)Uin(a.y) for some functions f(x,y). Here, the 
advantage of having both representations at hand is apparent. We can evaluate 
the multiplicative terms in the coordinate representation while the derivatives 
are efficiently and accurately evaluated in Fourier space because there exist sim- 
ple recurrence relations between the coefficients of a function and those of its 
derivatives (see any of the references cited above). Having evaluated these terms 
and transformed the result to Fourier space we can regard the linear part of 
the Yamabe operator as a linear operator in Fourier space represented by a 
2N x 2N-matrix L mapping the coefficients dj, to the coefficients of Ld. 

The nonlinear equation is solved by Richardson iteration (see e.g. [37]). We 
compute an update 6@ from a given estimate ¢(,) of the solution by solving the 
linear equation 


1.56 + 306},50 = — (Lda) + 6d?,)) (13.17) 
for dé and use Bint1) = = O(n) + 6@ as an improved estimate. However, as it 


stands the matrix L is in general degenerate. When solving the equation using 
finite diHerence methods the same problem appears: the matrix of the discretized 
equation is singular. The remedy is, of course, to add boundary conditions to 
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select auuniqne clement inthe kernel. But it is exactly these boundary conditions 
which are not known in our problem and the prescription of which leads to the 
discontinuity of the third derivative. 

The same applies in Fourier space. In order to get a unique solution we need to 
prescribe additional conditions. One aspect of these additional conditions must 
be their non-locality in the coordinate representation i.e., we should not try to 
fix any particular values of the solution at grid points. Such conditions would 
translate into global conditions in Fourier space. This means that we should 
impose local conditions in Fourier space e.g. by fixing certain coefficients. This 
affects the solution as a whole. 

A problem which arises is that in order to prescribe conditions in a reasonable 
way we should at least know how many. So far this is not quite clear. It is quite 
straightforward to convince oneself that the defect of ithe spectral equivalent of) 
the Laplace operator obtained in the present setting is N + 1 and not 2N + 1 
as one would have thought on first sight. The reason is that in the expansion 
only even polynomials occur and so the operator maps even polynomials to even 
polynomials, effectively halving the number of degrees of freedom. However, L 
contains not the Laplace operator but that operator multiplied by w together 
with various other terms and at least the vanishing of w could enlarge the kernel. 
Numerical experiments show that this might be the case but they are inconclusive 
so far and a rigorous analysis is needed. 

Even if we figure out how many and which conditions to impose we need 
to be careful in applying them. For, suppose we solve the linearized equation 
subject to some linear condition B(é¢) = O then the nonlinear solution will 
necessarily satisfy B(@) = B(d,0))- Thus, the condition will be ‘remembered’ in 
the nonlinear solution and this implies that we have to impose conditions for the 
linearized equation without imposing (restrictive) conditions for the nonlinear 
equation. Candidates for such conditions are those which eliminate higher degree 
polynomials. The reason is that one expects an exponential decrease in size of 
the spectral coefficients of the solution so that these should not contribute too 
much. 

An entirely different approach is based on a higher order approximation. 
Recall that the Richardson iteration scheme is obtained from the following con- 
sideration. Let N be a nonlinear operator (between finite dimensional spaces for 
our purposes) and assume we want to solve the (nonlinear) equation N[¢é] = 0. 
In order to derive the iteration procedure we obtain the equation for an update 
from an earlier estimate @ by putting N[é+ 00] = 0 and linearizing with respect 
to the (presumably small) update d¢. We get 


N[¢] + dN[0] - 60 = 0 (13.18) 


from which the Richardson scheme follows by solving for do. Here. dN‘) is the 
linearization of N around ¢. Suppose that dN[@] has a non-trivial finite kernel 
spanned by (4) 4=i,....n for some n. Now we have the problem discussed above 
that we do not know what to do with the additional freedom in choosing the 
homogeneous solutions. However, we may take the expansion one step further 
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N[6 +66] ~ N[d| + aN[o] 66+ 5@°N{4] (54,56). (13.19) 


Suppose 6¢ is a solution of (13.18). Then so is 6¢ + So caha. Inserting this 
into (13.19) we obtain 


; 1 J é 
N[@+66+ 5° caha] = 5° N([9] (56,66) + S~ cad? N[6] (56, ha) 
A a A 


1 (13.20) 
ar 5 Ds cacpd’ N([¢| ean) 
A.B 


This equation can be considered as a quadratic equation for the coefficients c4 
and we cannot in general expect that this will have a solution. However, we can 
expect to find a set c4 so that the right hand side of (13.20) is minimal. 

The procedure then would be to 


. take an estimate 6 of the solution 

. compute the linearization dN {o] of the nonlinear operator N 

. determine a particular solution of (13.18) 

. determine the kernel of dN[o} 

. compute the second variation d?N{é] and find the set of ¢4 which mini- 
miizes (13.20) 

6. finally put d<<— @+ 3), caha and repeat from step 1. until convergence 


oP WN Re 


Steps 3. and 4. can be performed by finding the singular value decomposition [49] 
of dN [o]. Step 5. is easy in the case where N is the discretized LYE because then 
the second variation of NV is simply 


(510. 520) +4 12008 (51¢) (524). (13.21) 


This procedure provides a unique update and therefore a unique solution without 
imposing any conditions ‘by hand’. Therefore, one could hope that this will lead 
to a sufficiently smooth extension of a solution of the LYE onto the exterior 
region. However, numerics is full of surprises and it is never known whether a 
theoretically devised procedure performs satisfactorily in practice. Work on this 
approach has just begun and it remains to be seen to what extent it is useful. 


13.4 Constructing Initial Data 


Now we turn our attention to the next problem which arises in the construc- 
tion of initial data for the conformal field equations. As we discussed above (cf. 
sect. 13.2) we have to obtain the initial data for the Ricci and Weyl tensor once 
the correct conformal factor which selects the metric with constant negative cur- 
vature from the given conformal class has been found. The problem we have to 
face is the fact that we need to divide two quantities which vanish somewhere. 
It is guaranteed from the analytical results that these quantities vanish simulta- 
neously so that the quotient is well defined and (at least) continuous. However, 
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numerically at least one of the quantities is affected by numerical error which 
implies that it will not vanish at those places where the other quantity has its 
ZETOS. 

We write any one of the components in (13.8) or (13.9) as g = C/w where 
C contains the specific component and the factor @* which comes from the 
conformal factor Q in the denominator. Then we know the denominator (the 
freely specified boundary describing function w) exactly and its computation at 
one grid point involves only round-off error. On the other hand, the numerator 
C can be computed only up to a certain accuracy which determined essentially 
by the truncation error of the discretization of the LYE. So we have C = C +e. 
We denote by g = C/w resp. G = Cis the computed and exact results of the 
division of the computed resp. exact numerator C’ resp. C. Let G= {x;,} denote 
the grid and its points on which we perform the computation. Then we have 


Rasa) 


13:22 
mee) (13.22) 


la(ze) — G(ze)| = 


The maximal deviation from the exact result occurs at the grid point where 
\w(x,)| attains its minimum. This can be arbitrarily small, even zero, if w hap- 
pens to vanish at a grid point. If |e(z,)| would be only due to round-off error as 
it would be if we computed the exact analytic solution then this division would 
not be disastrous (if we take care to prevent the vanishing of w on any grid 
point). This is because division is a backward stable process in IEEE floating 
point arithmetic [29,44, 49]. Then we divide two non-zero numbers which are 
‘simultaneously’ small. The result is a well defined number which approximates 
the correct quotient within round-off accuracy. 

The real disaster occurs when ¢€ is due to the truncation error. Then e(z) 
may be orders of magnitude different from the mininmzum value of w so that the 
quotient will be wrong by orders of magnitude. In this situation the numerical 
implementation of l’Hopital’s rule to compute the indeterininate term 0/0 in one 
form or another is of no use. The reason is that this rule essentially replaces the 
differential quotient by a difference quotient. This provides a good approximation 
if one uses the exact expressions for the numerator. However. if the numerator 
had been previously computed with a truncation error then we will also get an 
answer which is off by orders of magnitude. To illustrate the problem let us 
consider a simple example (cf. Fig. 13.4). Take w = 4/5 — x? on [—1, 1] and let 
q be some smooth function and define C = qw. Thus, C' is known exactly and 
can be computed up to round-off errors. The diagram on the left shows the error 
|C'/w — q|. Clearly, this is on the level of machine precision. The peaks are not 
related to the location of the zeros of w indicated by the small triangles on the 
2-AaXis. 

Next we ‘spoil’ C by a random distribution of numbers with maximal size 
below 107'° to mimic the effect of the truncation error (although truncation 
error is certainly not random) and compute again the error. The result is shown 
in the diagram on the right. Here, we see that the overall error is on the level 
of the random perturbation. At the location of the zeros-the error is maximal. 
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Fig. 13.4. Division by w with (right) and without (left) additional random perturba- 
tion of the numerator 


Thus, we see from this example that it is the structure of 1/w on the grid which 
determines the peaks. 

There have been two ways trying to avoid the disaster. Hiibner [33] proposes 
to solve a singularly elliptic equation for the quotient in terms of numerator 
and denominator. The equation has the same degeneracy on -¥Y as the LYE and 
hence one has to expect the same problems. In [19] we considered a procedure 
based on spectral ideas to perform this division. We want to elaborate on this 
method here. The main idea, summarized schematically in Fig. 13.5 is as follows. 


1) Oak 


IFCT 


Fig. 13.5. The main idea involved in division by w 


We represent the numerator and the denominator both as a finite sum of basis 
functions, say Chebyshev polynomials (the following discussion applies just as 
well to Fourier series). Multiplication by w is a linear map which we can represent 
in Fourier space as a matrix w’; defined by 


w(x) -T;(z) = Seg JR Gae, (3.23) 
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Given the representation of C’ in terms of its coefficients C! then one could 
simply solve the linear equation q° = w* jC) to obtain the coefficients of the 
quotient. However, there are some snags. 

The basis functions {T; : 0 < j < N} span a finite-dimensional vector 
space Vy. Since multiplication with any polynomial (except To) increases the 
degree we should obtain products with degree higher than N. However, if we 
regard the multiplication map as a map from Vy into itself we are asking to 
represent a high degree (> N) polynomial as a sum of polynomials of degree 
up to N. With this ‘folding back’ of high degree polynomials into the range of 
low degree polynomials - this effect is known as aliasing - multiplication is no 
longer injective. Therefore, we need to enlarge the target space. Multiplying two 
polynomials of degree at most N yields a product of degree at most 2N. So we 
regard multiplication by w as a map w : Vy — Voy. This map is injective so 
that the image w[Vy] of Vy is a N + 1-dimensional subspace in Vay. The matrix 
w of the map w is no longer square but has dimensions (2N+1)x WN. 

Let Ci be the representation of C = ees s (68 T; in Vy which is trivially also 


a representation in Voy. In general, C3 will not lie in w{Vy] because the error 
in its computation will drive it away. Hence, the first step in the computation of 
the quotient is to project C onto w[Vy] and then the second step is the inversion 
of w on its image. 

Both these steps can be accomplished by computing the (reduced) QR- 
factorization of w (cf. [49]). This algorithm allows us to write the matrix w 
uniquely as w = QR with a square (N +1) x (N +1) upper triangular matrix R 
and a (2N +1) x (N+1) matrix Q whose columns are orthonormal. The crucial 
fact for us is that these columns span w[Vy]. This implies that P = QQ! is a 
projector onto that space while Q'Q = idy is the identity on Vy. 

Thus, to solve the equation q = wC' we proceed in two steps: first compute 
z = Q'C and then solve q = R~!Z. These steps correspond exactly to the two 
steps mentioned above because Q2 = PC is the projection of C onto w[Vinv]. 
Since R is the matrix representation of w with respect to the basis provided by 
the columns of @ and its pre-image in Vy its inverse provides that vector whose 
image under w is the projection of C onto w([Vr]. 

The scalar product involved in the computation of the QR-factorisation is the 
natural scalar product between the Chebyshev polynomials. Hence the projector 
is the orthogonal projector onto w[Vy] with respect to this scalar product. The 
projection PC is that vector in w[Vy] which is closest to C with respect to 
that scalar product. This is not what is needed here. For suppose that w is 
a polynomial of degree Af < N. Then the projection should not contain any 
polynomials up to degree M--1 because any of these would give rise to a singular 
quotient. Thus, we need to construct a different projection P which has the same 
lmage as P but which annihilates all polynomials with degree less than M. 

In order to do this we have to impose the condition that w be a polynomial 
with degree M < N. This is not a severe restriction because w can be specified 
freely. Then we consider w : Vy > Vy as a map into Vyas. To find the 
new projection it is necessary now to compute the full QR-factorisation of w 
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beeause this provides not only information about the nage of w but also about 
its orthogonal complement. In fact, one can again write w = OR where now Q 
is an orthogonal (N + Mf +1) x (N+ M +1) matrix and R is upper triangular 
with dimensions (N + Af +1) x (N +1). Again the first N +1 columns of Q form 
an orthonormal basis of w[Vy] while the remaining columns span its orthogonal 
complement, the kernel K of P = QQ‘, so K = ker P. We denote by Q, the 
matrix containing the first N + 1 columns of @ and by Qo the remaining ones. 
Then Q (Q) Qe). Note. that Q) coincides with the matrix Q obtained above 
from the reduced QR-factorisation. 

Let Va; be the space spanned by the polynomials with degree less than the 
degree of w. Clearly. we have 


Vat Ow[Vn] = {0}. (13.24) 


We need to change the projector P = QQ* = Ore into a new projector P = 
QQ) +Q,SQ5 for some (N + AL) x M matrix S which has to be found from the 
fact that P annihilates Va;. This form of the new projector follows from the fact 
that in the adapted basis given by the columns of Q a general projector with 
image w[Vy| has the matrix representation 


Let U be a (N+ Af) x Af-inatrix whose columns span Vaz. Then S has to satisfy 
the condition 


(2 i 5Q3) =i (13.25) 


Note, that Q5U is a square matrix of dimension M x M which is necessarily 
invertible. This is a consequence of (13.24). Hence we get 


s . —1 
S = Qiu (QU) (13.26) 
and consequently 
e ae 
p= Pp (tw -u (av) “5). (13.27) 


Using this ‘improved’ projection kills all the lower degree polynomials and hence 
yields much smoother quotients. As an example consider Fig. 13.6 where we have 
illustrated a one-dimensional case with and without the use of the improved pro- 
jection. The upper diagrams show the results Obtained by dividing the function 
f =w(2r? — 7r° + 10cos*(5x)) by w = (x —1/2)(a+ 2/5)(a — 1/100). However, 
to simnlate the real problem we have contaminated f with a low order poly- 
nomial (i.e. at most quadratic in this case) with random coefficients of size at 
most ¢ = 1072. The left diagram shows the quotient (indicated by a line with 
crosses) without the use of the regularizing projection. The line is the exact re- 
sult. Clearly, the quotient is influenced by the random deviation. The difference 
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Fig. 13.6. Results obtained with (right) and without (left) the regularizing projection 


to the exact quotient clearly shows the structure of 1/w. The maximum error 
is influenced by two sources: the size of € i.e., the size of the truncation error 
in the application we have in mind. The second influence is the resolution, i.e. 
the number of grid points (or, equivalently, the number of polynomials). With 
higher resolution 1/w can be better resolved which results in higher spikes and 
hence in bigger errors. On the right hand side the regularizing projection has 
been used. Here. the deviation from the exact result is not visible and. in fact. 
the error is at the level of 107!?. Here, the error is not affected by € because 
the projection exactly kills any low order polynomial. It appears that the regu- 
larizing projection redistributes the error in a global manner so as to obtain a 
function which is ‘evenly’ divisible by w. 

As a final remark it should be noted that the wav we have obtained the 
regularizing projection does not in any way depend on the dimension of the 
problem although we have essentially treated only the one-dimensional case. In 
a similar way one can treat higher dimensional cases by employing tensor bases 
and interpreting the spaces of coefficients appropriately. The geometry behind 
the scenes remains exactly the same. 


ib Conclusion 


As we have seen the question of getting smooth initial data beyond the conformal 
boundary of space-time is difficult. At the moment the only way to obtain these 
data is via the Andersson-Chrusciel-Friedrich procedure which has its limita- 
tions. Therefore, we should look for other ways to get such initial data. There 
are two other possibilities for this. One way is to understand the structure of 
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the conformal constraints and to find wavs of formulating well-posed boundary 
value problems for their direct solution. This is the route taken by Butscher [9}. 

Another possible approach towards the construction of smooth initial data 
is suggested by recent work by J. Corvino [13] (refined by Chrusciel and De- 
lay 1121) who has constructed smooth solutions to the constraint equations on 
an asvinptotically Euclidean space-like hypersurface which coincide exactly with 
Schwarzschild data outside a compact set. The evolution of such data will con- 
tain at least for some time an asymptotic region which is exactly Schwarzschild. 

. Therefore, it is possible, at least in principle, to find hyperboloidal hypersurfaces 
in the time development of the data on which hyperboloidal data are implied 
which are exactly Schwarzschild outside a compact set and these data can triv- 
ially be extended analytically beyond .%. To obtain these data it is necessary to 
either generalize Corvino’s method to the hyperboloidal setting and solve appro- 
priate equations directly there or to generate the hyperboloidal data numerically 
from Corvino’s asymptotically flat data. This requires an appropriate evolution 
scheme for Friedrich’s regular finite initial value problem at spatial infinity [23] 
which so far is lacking. 

Another issue which ultimately has to be thought about is the inclusion of 
matter fields into the conformal framework. Including matter fields is compli- 
cated because the Bianchi equation for the rescaled Weyl tensor acquires a source 
term and this involves derivatives of the stress-energy-tensor. So far there has 
been only one case in which a system of matter fields coupled to the conformal 
field equations has been studied numerically [30]. While there is no problem (at 
least in principle apart from complexity) to include fundamental conformally in- 
variant fields like the Maxwell, Yang-Mills fields [22] or other massless fields like 
the conformally coupled scalar field 31) problems can arise for massive fields like 
the Klein-Gordon field or ideal fluids. The reason is that the matter equations 
are not conformally invariant so that a regularization of the equations on ¥ by 
rescaling the fields appropriately is unlikely. However, in the usual scenario of an 
isolated system in which a source generates waves and sends them out to infinity 
the matter region will not extend out to infinity so that the singular behaviour 
on -¥ is not present. Even if one assumes that matter fields extend to infinity 
one can still hope to be safe on .¥ because in some cases like the massive Klein- 
Gordon field the time evolution forces the field to decay exponentially towards 
JF so that the formal singularity is in fact not there [50]. 

To conclude it is probably safe to say that the conformal approach has reached 
the status where we know that it is a reasonable and feasible approach which of- 
fers some exciting possibilities but which also provides us with problems (mostly 
of a numerical nature) which are (apart from some idiosyncracies) very similar to 
those encountered in other approaches. A joint effort of the nunierical relativity 
community seems to be called for in order to overcome these problems. 
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14 Data for the Numerical Calculation 
of the Kruskal Space-Time 


Bernd G. Schmidt 


Albert-Einstein-Institut, Max-Planck-Institut fiir Gravitationsphysik, 
Am Mihlenberg 1, 14476 Golm, Germany 


Abstract. Hypersurfaces in the conformally extended Kruskal spacetime are con- 
structed which intersect both future null infinities. Some numerical evolutions by the 
conformal field equations of data determined by such hypersurfaces are described. 


14.1 Introduction 


After Peter Hiibner has developed and successfully used his code for the confor- 
mal field equations, it is natural trying to evolve part of the conformal extension 
of the Kruskal space-time. As is well known the conformal boundary of the 
KKruskal space time consists of four mull hypersurfaces. right null infinity -%p and 
left null infinity 7. 

To start the evolution one needs initial data. These can be determined from 
the metric and second fundamental form of a space-like hypersurface in the 
conformally extended Kruskal space-time intersecting both future null infinities. 
The main goal of this paper is to find such hypersurfaces and the corresponding 
data as explicitly as possible. 

Sect. 14.2 describes the conformal extension of the Kruskal space-time in 
detail. It is not trivial to find coordinates and a rescaled metric g such that g 
is analytic at both future null infinities. The invariant nature of the coordinates 
constructed, also sheds some light on the structure of time-like infinity, which is 
up to now not understood at all. 

Sect. 14.3 is based on a paper by Brill et al. [1] where it is shown how to 
calculate the inner metric and second fundamental form of hypersurfaces with 
constant mean curvature in static spherically symmetric space-times without 
coustructing an explicit cmibedding into the space-time. Using this it is possible 
to determine data of the desired form. Note that one has no explicit embedding 
into space-time. 

In Sect. 14.4 the analytic double null coordinates constructed in Sect. 14.2 
are used to define a foliation of part of the extended Kruskal space-time. This 
foliation can be used to find data, which are, however, not completely explicit. 
The data contain the inverse of an elementary function. 

Sect. 14.5 contains a short description of some numerical evolutions of the 
Kruskal space-time done by P. Hiibner and M. Weaver. 
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14.2 Conformal Extension of the Kruskal Space-Time 


The purpose of this section is to construct the conformal extension of the kruskal 
space-time. The Kruskal space-time is the nniqne analytic extension of the static 
Schwarzschild space-time. We begin by displaying the Schwarzschild solution 
in various well known coordinate systems which we will need to perform the 
conformal extension. 

The Schwarzschild metric (for ae # 1) in standard (t,7r) -coordinates (which 
are unique up to a translation t > t + a) is 


2 


2m i 
== (1 = a) dt? + = 4r2db?,  d¥? = dé? +sin? Ody’. (14.1) 
,_ 2m 
, 


The null lines in the (t, 7)-surface 


u(t) =t-7—2mIn|— -1 (14.2) 
2m 
i di 
du = dt — dr - -—— dr = dt- —_., (14.3) 
2m i 
a 
v(t,r) =t+r+2min|— —- 1), 
Gor) r-+2m n| | (14.4) 
th , 
dy = dt + dr + —— dr = dt + —_. (14.5) 
2m ar 


can be used to introduce advanced and retarded Eddington -Finkelstein coordi- 
nates in which the metric is 


f 2m 2 

g= (1 = a) du? —2dudr ati ae. (14.6) 
é 2m 9 2 aK 

g=-(1- a du* + 2dvudr +r° dX”. (147) 


We will also need the metric in double null coordinates 
j= — | ee | adorei 
( : udu +1 (14.8) 
where r(u,v) is determined by the equation 
: 
y—vea(esani| a) 
u r+2min | oe 1 (14.9) 


Now we define the following three space-times by the metric (14.1) for the fol- 
lowing coordinate ranges: 
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For m > 0 


the static Schwarzschild solution Mo: ({2m <r < co}, g), 
the black hole interior Af: ({0 <r < 2m}, 9). 


For m < 0 
the negative mass Schwarzschild solution M3: ( t uieeerea G7); 


_Eddington -Finkelstein coordinates can be used to construct the extension of 
the static Schwarzschild solution with positive m through the horizon: We can 
introduce the coordinate u defined in (14.2) on Mo and obtain (14.6) for the 
metric. This metric is regular for all r > 0. It is easy to check that the part 
0 <r < 2m is isometric to M,. The null hypersurface r = 2m is a horizon. 

Now we construct the Kruskal space-time, Kg, as follows. We define on Mo 
in double null coordinates (14.8) the following new coordinates: 


js —eu/am Ve Cas (14.10) 
2m \ dU dV 
~ 2 Pil 2 7572 
g = 16m (1 : ) UV +r°dX", (14.11) 
where now r(U.V) satisfies 
VP ae eres i ad + eel 
UV e = 1) : PS 2m. (14.12) 


Using this. we can write for the metric 


Ray ere 


§ = —32m? —— dU dV +r°d5? . (14.13) 
The function e*(z — 1) is monotonic and analytic for —1 < x < oo. Hence the 
inverse function exists and we can define r by (14.12) for all U,V with |UV| > 1. 
Due to the development in computer algebra the inverse function of y = ze” was 


called ‘LambertW(y)’ in Maple [6]. We can therefore solve (14.12) as 


eS LambertW(—UV/e). (14.14) 
2m 
The metric (14.13) is analytic on the domain |UV| > 1. This is the Kruskal 
space-time Ko, the unique complete analytic maximal extension of the static 
Schwarzschild space-time with positive mass m. It is easy to check that the 
submanifolds {U < 0,V < 0} and {U > 0,V > 0} are isometric to M; and the 
submanifolds {U < 0,V > 0} and {U > 0,V < 0} are isometric to Mo. The 
horizons are U = 0 and V = 0. 
Next we want to construct the conformal extensions of the Kruskal space- 
time. We begin with Mj, an extension of Mp in Eddington Finkelstein coordi- 
nates, i.e., the metric (14.6) for 0 < r < oo. With | = 1/r we obtain 


ie ee 052. (14.15) 


g = —(1 — 2ml) du + 2 
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Fig. 14.1. Kruskal diagram 


We define the unphysical metric as (0 < I < 1): 
g= =F —W ar dud) Sid? 1 ge (14.16) 


We can extend this metric analytically onto {(l,u) | 1 € R.u € R}. The null 
hypersurface | = 0 is future null infinity %*. The part / < 0 is conformal to 
the negative mass space-time M3. This is easily seen when we pass from | < 0 
to r = —1/l > 0. The .4* of a Schwarzschild solution with positive mass m 
coincides with the .%~ of a Schwarzschild solution with mass —m. 

From Fig. 14.1 of the Kruskal space-time it is obvious that we can do this 
conformal extension four tines. There are two fiture null infinities. 77.7%, and 
two past null infinities, %7, %,. This way we obtain a conformally extended 
Kruskal space-time K (see Fig. 14.2). (This space-time has further conformal 
extensions in which we are presently not interested. ) 

To construct space-lke hyperboloidal hypersurfaces intersecting 4%, and 7p 
we would like to have coordinates covering the conformally extended Kruskal 
space-time. A systematic way to find such a chart is to use global, analytic null 
coordinates. Let us begin by constructing local double null coordinates in some 
neighbourhood of a point at 7 a 

We begin with the metric (14.16) 


g = — (1-2ml) du? + 2 dudl = (-I? (1—2ml) du+2dl) du, (14.17) 


which is analytic for all real |. The line / = 0 is null infinity #}. There should 
exist analytic double ull coordinates! Let us just construct the second family of 
null lines: The unique null lines [(u) different from u = const satisfy the ODE 


dl 
I =P (= 
qu 7) (Lt ~ 2m) (14.18) 
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Fig. 14.2. Qualitative diagram of extended Kruskal space-time (this is just for adjust- 
ment) 


The unique solution [(u,é) with initial values 1(0,%) = @ is analytic in u and 0. 
This solution satisfies for 1 4 0, 2ml £1, 6 #0, 2mi #1 


1 l | 1 | | 
“u=—2 i + 2mI1n 7 2m! )+2(—-+In|/-—2m|)}. (14.19) 
U o 


é is an analytic function of (/,u). Note, that the condition 6 = | for u = 0 
uniquely determines the expression for @ in (14.19) as an integration constant. 
(If we had just chosen 1/0, then 6 would not have been a differentiable function 
of | at 1 = 0.) As the curves = const form an analytic foliation near 4%} we 
can introduce v0 as a coordinate. 
From 

2 y , 
~ [2(1 — 2ml) ee 67(1 — 2md) e ee) 
we obtain the following metric, defined and analytic for all real (u, 6) such that 
l is finite. (J = 0 is ¥f, | = 1 the horizon, 1 = too the singularity r = 0; 6 = 0 


ise oo leis: fT ) 


du 


[?(1 — 2ml) : 5 


From (14.19) we see that for fixed u 


CONS) sas (1 + o(0)). (14522) 
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We can calculate the Taylor series I[(u,é) = 6+ ai(u)é + ai(u)é... at It by 
calculating the derivatives of | with respect to @ from (14.19) and use (14.22) for 
the limit 6 > 0. Similarly at the horizon, 2mv = 1. 

Our coordinate was fixed by the condition that on u = 0 we prescribed 
1(0,6) = 6. Any analytic function 1(0,¢) = a(6) would be possible. How is 0 
related to v or V? On u = 0 we have 6 =1 which gives using (14.9) 


1 
p= 2(2 42min a5 11) (14223) 
v 2mv 
and i 
V =er/4m — Qv/4m (=: —_ 1) ; (14.24) 
2mv 


Clearly we can perform a similar construction at %; to define a coordinate a. 
It holds 


il 
u=—2 (z + 2m1n -— 1) (14.25) 
u 2mu 
and ; 
U = e u/4m = ele ( = 1) : (14.26) 
2mu 
The metric becomes 
PHOS) 
g= AD) didi + d=? (14.27) 


62 (1 —2mt) a? (1 — 2ma) 


with 


1 eat aa (4m) {_ 1 
_al/(4ml) 24 \\2 elena) ae Cos | ea 
: (= 1) : (53 i) e (= ) (14.28) 


What is the reason for this complicated exercise? Suppose we try the obvious 
coordinate transformation v = L/v in (14.8) which is successful for Minkowski 
space. Then (14.9) implies that 0 is not a differentiable function of ] on u = const 
at 

So far we considered the metric (14.21) near 6 = 0, & > 1. The relations 
(14.23) and (14.25) show, however, that 2mi > 1, 2mi > 1 covers the part 
V >—1,U > —1 of the Kruskal space-time and a part of the two negative mass 
extensions through 47 ,. For 2mi < 1, 2mé < 1 the metric (14.21) is regular 
as long as / is finite, i.e. r > 0. 

The singularity has coordinates satisfying 


: il , i 
= 1/(4ma) Set VAC oN ff ile 
a er e rear (14.29) 


All curves 1 = const are tangent to the horizon at i+, 2mé@ = 1, 6 = 0. Equation 
(14.28) implies for | = const 


° 2mv 
Ind =1 + Ce) Sea 0*)). 
NU E |e (1 + 0(8°)) (14.30) 
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= ean 


Fig. 14.3. Conformally extended Kruskal space-time 


This is an invariant statement because we cannot change the tangent space at 
(2mu = 1, 2mv = 0) by a monotonic transformation of % without changing it at 
finite points of the horizon 2mu = 1. Hence, the fact that all curves | = const 
approach the horizon exponentially fast at 7+ shows a strange property of time- 
like infinity. A similar construction of coordinates t, 6 can be made near space- 
like infinity. One obtains double null coordinates which are analytic on 7 near 
space-like infinity. Such coordinates have been used in [8]. 


14.3. A Space-Like Hypersurface 
Intersecting .%{ and 77} 


Brill et al. [1] study space-like hypersurfaces of constant mean extrinsic curvature 
in the Kruskal space-time. These hypersurfaces intersect null infinity. We want 
to use such a hypersurface as a Cauchy surface for the conformal field equations. 

It is not possible to obtain an analytic representation of these hypersurfaces 
in the space-time. Nevertheless, the local inner geometry and second fundamen- 
tal form of such hypersurfaces in the Schwarzschild space-time can be given 
explicitly. We choose a particular case with isotropic second fundamental form 
and obtain from equation (24) in [1] for the inner geometry (2m = 1) 


ne ae. (4a0) 


_ 


ip ) 


where the constant k is the mean extrinsic curvature. We expect that it is at the 
“throat” where 1 — 4 + a vanishes. To find coordinates regular at the throat 


uf 
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more easily, we first study the case k = 6, and obtain 


Paw 1 
1-24 EP at-bat (2-2) ered), (14.32) 
fy 9 i if 
In this case h is regular for 7 < 7 <Goe, 
We first extend the 3-metric conformally through r = oo with | := 4 and 
Orel =k: : 
~ dl? 1 5 
LSS ee (14.33) 
m(r-r44acyy7) ME 
Rescaling by 92 = | we obtain 
27, dl* 2 


Obviously this metric is analytic at 7 = 0 and extends analytically to all negative 
values of I. 

Next we investigate the behavior near | = 2 where the radial coordinates r 
and I become singular. We introduce a new coordinate w, 


dl 
i — 2 a a 2d —waw (14.35) 
—o0 <1<2 — =< co (14.36) 
(2 — 1) dw? 5 (2 —1) dw? 
= —.—_, + d* = 2 A, 
{+P —-P Fs (2 <qiie— basis i ay 


Or with ] = 2 — iw? (the denominator is always positive) 


dw? 


= ——————— rrr 14.38 
2+ (2- 4w?) + (2- 12)? 


This 3-geometry is analytic for -oo < w < +00. The ‘throat’ is at w = 0 and 
the sections of null infinity are at w? = 8, w = +2vV2. 
We can proceed similarly for any value of k: 


dl? 


h=2h= =~ +4y". (14.39) 


The polynomial in / has one real root ((k) which can be found using Maple. With 
ee 
i = the root is 


. 7 1 l wed 
hae tee ee : (8 + 1080+ 12/120 + 810?) es 


(14.40) 
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We can write 


= d/2 
h=f?h= I= FT OH dd”. (14.41) 
(i(k) 1) (A®) 24 BiRi+ c(h) 
We introduce w as before. 
~ dl 
w= 2,/l(k)—1 — —S = = dw, —-2dli=wdw, (14.42) 
V l(e) —! 
and obtain ; 
5 ae 
= es — +452, (14.43) 


~ A(k) 2 + B(k)t + C(k) 


with J = I(k) — ;w*. We can calculate A, B, C from I(k) if we want. Knowing 
the inner metric of the slice we need its second fundamental form as the second 
piece of the initial data, which we will determine next. 

The mean extrinsic curvature, k, of a slice in space-time, and k, of a slice in 
a conformally related space-time satisfy the relation 


32 pn* + k= Qk. (14.44) 


To find k we have to calculate the normal n* of the slice in the unphysical 
space-time. 

From Brill et al. [1] we find the tangent of a hypersurface with constant mean 
curvature & (formula (18) in [1], 2m = 1), 


S. = (1 = a c re = (: — *)| = 2? (14.45) 


Coordinates (r,t) are the Schwarzschild coordinates. We want to calculate the 
unit normal of such a hypersurface in the rescaled metric (2 = 1/r), 


1 i ies 
=Mg=-—(1--])d?+5 ie 14.46 
Cee (1 *) tay-it ( ) 
A tangent vector is . 

€ = (¢°,67) = (1, 2). (14.47) 

A vector orthogonal is s : 
Stree 1—-}. 14.48 
ane.) (14.48) 


To obtain the unit normal relative to the metric g we have to normalize 


; I 
i =o (a eal *) ; (14.49) 
an ih 
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| 1 WN ee 1 1\" 
BF sla 2 i ee ee 
“oe of CVG tine atm Ve 


(14.50) 

2? 1\}'/? 1 rk 
— —_— = 14.51 
oe ate 

and finally, 

p rr 2 i 

Qn =0,n =—-sa(1——-—) =—=k. (14.52) 
r2 r 3 


From relation (14.44) we obtain 2k = 0. Hence k vanishes. This calculation 
was done on the part of the slice in the static Schwarzschild space-time. Since 
everything is analytic, the result holds on the whole slice. 

The trace free part of the second fundamental form satisfies 


io toe. (14.53) 


For the hypersurfaces we are considering kap vanishes, hence equation (14.53) 
implies that kav vanishes, and we have k,, = 0. 

The analysis of Brill et al. [1] shows that any one of these slices has its throat 
in the past of the intersection of the horizons if it is embedded into the Kruskal 
space-time. Its embedding in the extended Kruskal space-time is schematically 
shown in Fig. 14.2. 

Considering again the case k = 6, we now have determined a “minimal initial 
data set”, (hap, Kap, 2, 2), for the conformal field equations: 


dw? 


Nap dx* dx” = ———_______1___.. +d, (14.54) 
2+ (2— fut) + (2- ju?) 
kab = 0, (14.55) 
It ; 
Q=1=22 zw 2 = &%n* = -2. (14.56) 


14.4 A Foliation Intersecting Both .% 
The double null coordinates define a space-like foliation 
ti) (14.57) 


for t < to, where to = const intersects the singularity at @ = 6. Therefore to is 


defined by 
—_ 2 
e (to) —-—1l)=1. 14.58 
& ) ( ) 


From (14.27) one can determine a minimal initial data set for the conformal field 
equations as follows: 


F=0-4 ; (14.59) 
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defines a radial coordinate on af = const hypersurface. The metric (14.27) can 
be rewritten in (7. t)-coordinates. The 3-metric induced on ¢ — t; is 
hae — 1) 


i a2 2 
m= jac 1 (14.60) 


With u — —(F --%,)/2 and 0 = (7 —{,)/2. 
The second fundamental form of a ¢ = const hypersurface has only one non- 
vanishing component, 


ee 12(i — 1) 31? — 21 347424 31? — 21 — 36? + 26 
i AV a?(a — 1)62(6 — 1) i2(a — 1) 62(6 — 1) 
(14.61) 
Together with 2 = 1 and 
a | 2(1—1) nape ore 
= aN arma nents ay E+E), (14.62) 


# = const < to determines a minimal initial data set (Rab, {2,Kab; 29) for the 
conformal field equations. 


14.5 Numerical Calculation of the Kruskal Space-Time 


P. Hubner and M. Weaver evolved the initial data described in sections 14.3 
and 14.4 using the code developed by Hiibner in [2-5]. Here I want just to display 
some of the results without going into any details concerning the numerics. 

If one evolves the slice described in Sect. 14.3, one does not know “where 
the hypersurface sits in the Kruskal space-time”. One has to choose some gauge 
source functions this was done by trial and error — which determine the co- 
ordinates in which the metric is calculated. To display the outcome of such 
a calculation Hiibner and Weaver wrote a code [7] which calculates geodesics 
along with the evolution of the space-time. Using this, one obtains a picture of 
the space-time evolved as in Fig. 14.4. On the vertical axis x denotes the com- 
puter coordinates; the vertical axis on the left side is computer time, on the right 
Bondi time (which can be calculated using the geodesic integrator). The lines 
show geodesics calculated along with the evolution. As we know the intersection 
of both horizons with the initial slice one can follow the horizon by calculating 
its null generator. These are the curves Hr, Hy. The geodesic starting at x = 6 
is the central time-like geodesic. Similarly one finds the position of both null 
infinities Yr and -¥,. The dotted lines are further null geodesics. By calculat- 
ing invariants of the Weyl curvature along those geodesics one can distinguish 
between geodesics going off to infinity and those going to the singularity. This 
picture shows properties of the calculated space-time in a very beautiful way. 

The size of the spatial grid was 160°. The evolution stopped because there 
was not enough resolution. There were only about 3 grid points between the 
horizon and null infinity near the end of the evolution. 
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Fig. 14.4. Evolution1 


For the data described in Sect.14.5 we have more information because they 
are part of a foliation. By prescribing the gauge source function appropriately 
we obtain the evolution in known coordinates and can directly determine the 
quality of the calculation. 

The following Fig. 14.5 shows the foliation used. It is based on the coordinates 
constructed in Sect. 14.4. 


Fig. 14.5. The foliation 


The evolved space-time can be represented as in Fig. 14.6. Again we see the 
horizons and null infinities. The accuracy of the metric components is about 2%. 
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15 Numerics of the Characteristic Formulation 
in Bondi Variables. Where We Are 
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Abstract. Characteristic numerical relativity has established itself as a powerful ap- 
proach towards the explicit construction of spacetimes through the use of computer 
simulations. [ts use provides a direct relation between fields at Z* and the interior of 
the spacetime, being a useful practical tool to studying spacetimes in the large and 
providing additional information to deepen our understanding of the theory. We re- 
view the numerical implementation of the characteristic formulation of G.R. in Bondi 
variables, describe its main difficulties and some future directions of the program. 


15.1 Introduction 


In the 60’s a series of novel ideas revolutionized the way gravitational radiation 
could be studied. Among these, Bondi’s use of null hypersurfaces to foliate a 
space-time, which allowed for constructing and analyzing asymptotic solutions 
obtaining a clean description of radiation in axisymmetry [1] (and later general- 
ized by Sachs [2]). 

Soon after the conformal compactification of future null infinity %+ was 
introduced by Penrose [3]. Notably, the asymptotic description of radiative so- 
lutions. like mass and news function, could then be represented in purely geo- 
metrical language. The characteristic formulation of GR has since then, become 
a prime tool to understand conceptual issues related to gravitational radiation. 

Just as this formulation proved extremely valuable in analytical investiga- 
tions of the theory, it has since the late 80’s also become a valuable tool for the 
numerical construction of space-times. As we will see shortly, the close connec- 
tion of the dynamical variables with the true degrees of freedom, possibility of 
including the whole space-time in a finite grid, incoming null character of the 
outer boundary and structure of the equations are exploited to obtain robust im- 
plementations of Einstein equations which pave the way to explicitly construct 
space-times in a variety of situations. 

In this article. we review the main properties and present efforts of one such 
implementation which is obtained through the use of Bondi variables'. We first 


1 For an alternative approach see the article by Bartnik and Norton in this volume [4]. 
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describe the formalism in Sect. 15.2, then a few details of its numerical imple- 
incntation in Séet. 15.3 andseme preeimapplicationsim Seet. [hk Werconelude 
in Sect. 15.5 with some comments. 


15.2. Characteristic Formulation of GR in Bondi Variables 


In the Bondi approach a coordinate system adapted to the mull foliation is chosen 
in the following way: the outgoing light-like hypersurfaces emanating from a 
time-like geodesic or world-tube are labeled with a parameter uw, each null ray 
on a specific hypersurface is labeled with x4 (A = 2,3) and r is introduced as a 
surface area coordinate i.e., surfaces at r = const have area 4rr? (see Fig. 15.1). 
In the resulting 2° = (u,r, ge) coordinates, the metric takes the Bondi-Sachs 
form [1, 2] 


ds? = — (e?9V/r — r?-hapU*U®) du? — 2e?%dudr 
~2r?hapUP dudz4 + r7hagdz*dz® . (15.1) 


Six real field variables appear in this form of the metric?: V, 6, U4 and hap. 
They have a straightforward physical interpretation: h4p represents the confor- 
mal intrinsic geometry of the surfaces defined by dr = du = 0 and contains the 
2 degrees of radiative freedom. The field 9 represents the expansion of the light 
rays as they propagate radially. V is the analog of the Newtonian potential, and 
its asymptotic expansion contains the mass aspect. of the system. Note that the 
coordinate system is tied to null surfaces which can intersect due to caustics or 
crossovers. In these cases. the coordinate svstem becomes singular! So. it is clear 
that this approach can not be used for arbitrary systems. (However, as we will 
comment in Sect. 15.5, one has several options to address the caustic/crossover 
problem in a number of cases, thus extending its range of applicability.) 

The Einstein equations in the vacuum case, Gg, = 0 = Ry, decompose 
into hypersurface equations, evolution equations and conservation laws. Bondi 
designated as the “main” Einstein’s equations [1] those which correspond to the 
six components of the Ricci tensor, R,,, R,-4 and Rap. 

The hypersurface equations, given by R,,, R,4 and h4? Rp, can be written 
as 


1 
oe ge haw rheps 2 (15.2) 
(re 22hagU 2), = or (0 Bee hoo ae 


2677V,. = R —2D* Dae — 2027p 8 


: (15.3) 


es | Ngee 
+r e Dalit"), — srée hh aple- (15 


* Note that the areal r coordinate requirement in turn implies that det hag be that 
of the unit sphere metric, thus there are only two independent fields for hap. 
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Fig. 15.1. The basic picture of the characteristic formulation. The whole space-time 
outside the world-tube I’ (including future null infinity) is included in the approach. 


and the evolution equations, given by Rag —haph©? Rep /2, are expressed as 


Gea.) --aVhap.). = 


wl 


2 

(26° DaDne’ —1?hacDpguS’ — 5 hapDcUC = ye PhachapUSUP 

—r*U°Dehap. — 2rhacDpU© + r*hac,hee(D°U® — D®US } 

l 2,CD V B Cp 
— hab ‘fe pe (hep .1—- 5, hep.r) + 2e" De D~e 
i 
1 
— De(r?U°) , + si lic pUS u?) (155) 


where Dy, is the covariant derivative and R the curvature scalar of the 2-metric 
hap. There is a natural hierarchy to integrate these equations, namely, assum- 
ing hag and consistent boundary values are known, the integration sequence 
(15.2)+(15.3) (15.4), completely determines the metric on a given hypersur- 
face. Last, equation (15.5) is integrated to obtain h4g at the next hypersurface 
and the process starts again [5]. 


15.2.1 Initial Boundary Value Problem 


So far, we have accounted for six hypersurface and evolution equations. Together 
with the extra equations R’ = 0, they form a complete set of components of 
the vacuum Einstein’s equations. Given that the main equations are satisfied, 
the Bianchi identities imply they are satisfied on the space-time provided they 
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hold ou a single spherical cross-section, By choosing this sphere to be at infinity. 
Bondi identified these three equations as conservation conditions for energy and 
angular momentum. 

Perhaps a problem that is considerably more difficult to address (than in a 
traditional 3+1 approach) in this formalism is to assess the well posedness of 
the system. A key issue here is that a ‘local’ regularity analysis of the solution 
can not be performed as the domain of dependence of a single nonsingular null 
hypersurface is empty. In order to pose the problem in a correct manner an 
additional boundary must be introduced? which can be either null, time-like or 
space-like (see Fig. 15.2). 
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Fig. 15.2. Domain of dependencies for the time-like-null, double-null and space-like- 
null cases given by the intersection of the past null cone of the point p and the time-like. 
null or space-like curves A, B or C respectively 


To date, rigorous results on well-posedness have been given only for the 
double-null problem [2,7]. For the case where the boundary is time-like, only 
existence and uniqueness have been presented [8]. (Note: The recent theorem 
presented by Friedrich and Nagy [9] on well posedness of boundary value prob- 
lems in GR for 3+1 approaches could be extended to include the time-like-null 
characteristic problem [10].) 

In our current implementation, we accommodate for boundaries which are 
either null or time-like. Data is given on I’ such that the extra equations are 
satisfied. Initial data on the hypersurface NV, corresponds to the intrinsic ge- 
ometry hap. Since N, is a characteristic surface, h.4g can be freely specifiable 
(as opposed to the case where the initial hypersurface is space-like where the 
intrinsic and extrinsic geometries must satisfy a set of constraint equations, see 
for instance [11]). Consequently, providing valid initial data is trivial in this for- 
malism; yet, whether these data makes physical sense for a particular problem 


* Alternatively, the null hypersurface could be completed to a caustic-crossover region, 
but this option has not been implemented yet [6]. : 
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in mind is a delicate issue. We will discuss how it is addressed in two particular 
problems in Sect. 15.4. 


15.2.2 News 


The mamerical calculation of asvanptotic quantities such as the gravitational 
radiation must be capable of extracting non-leading terms in the asymptotic 
expansion about infinity. Additionally, it requires dealing with the asymptotic 
freedom at future imll infinity (the BMS group) [1.12]. In the analytical realm 
this is approached by adopting a Bondi frame at .4+. However, in the numer- 
ical approach, it is often the case that the coordinate choice is adapted to the 
description of the interior sources and numerically evolved quantities must be 
transformed a-posteriori to a Bondi frame. In what follows, we describe how this 
issue arises in the calculation of the radiated energy. 

The space-time is conformally compactified in terms of the metric d§2 = 
(?ds*, where ¢ = 1/r. In (uw. €,.r4)-coordinates, the line element dé? takes the 
form 


d3* = — (e?°V@ — hagU4U®) du? + 2c?" dude —2hagU?dudr4 +hapdrAdz®. 

(15.6) 
Here ¢ is a conformal factor with future null infinity .7* given by & = 0. The 
physical quantities governing the total energy and radiation power from the 
system are constructed from the leading coefficients (functions of u and x“) in 
an expansion of the metric in powers of 4, in accord with asymptotic flatness 
at +. The coefficients H. Hap, cap and L4 which enter in the construction 
of the news function are defined by the expansions, 3 = H + O(?), hag = 
Pee tcare OU), U4 =f 4 le? 8 D2 + O(f) and LV = Dal? + 
Ge?74#(R/2+2D,D4H +4D,HD“4H) + O(f) (where we have related some 
of the expansion coefficients by using the asymptotic content of the Einstein 
equations [13}). 

In order to construct the news function. we refer to a conformal Bondi 
frame [5] (which corresponds to an asymptotically Minkowskian inertial frame) 
with metric ds? = 2?ds? = w7ds?, with 2 = wf, satisfying the gauge require- 
ments teat Qae = gasle+ = w*H ap is intrinsically a unit sphere metric at 
FI and that 9° V,2V,2 = O(27). 

Our description is based on the work of Winicour [14], who discuses the 
calculation of the news in an arbitrary conformal frame relative to that in a 
Bondi frame. 

JI* is geometrically a null hypersurface with null vector tangent to its gen- 
erators given by n° = g?°V,Q\¢+ or, equivalently, n° = Gg? Vill.o+, with 
A® = w!n*. In order to complete a basis for tangent vectors to 4T, let Q* 
be a complex field in the neighborhood of .Y* satisfying Q°V.22 a O(S2), 
Wel’ = Of?) and GarQ"Q?’ = 2 + O(82). In the conformal Bondi frame, 
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the news function can then be expressed in the form [15] 
1 bo < 
N= Q°QV.V 082 15.7 
sq? @ b (15.7) 


and must be evaluated in the limit of 4+. In terms of the gag frame, with 
conformal factor 2 = 2/w = @, we then have 


1 b Vena: = ies if 
ag. VaVell wee). 15.8 
N 5 2°Q 5 wVa ol (15.8) 


We determine w on .%* in the g,, frame by solving the elliptic equation governing 
the conformal transformation of the curvature scalar intrinsic to the 2-geometry 
of a u= const. slice of YT, 


R = 2(w? + H4* D4 Dz log). (15.9) 


The condition that g@°V,2V,2 = O(7) is consistent with setting Opw = 0 
but gives a relation for the time dependence of w. Noting that g?°V,lVié = 
e724 DLAC + O(f?) and that g°Vp,é = n* + O(€), we obtain 2n°V, logw = 
—e 24 D,LA4, which implies 


] 
0, logw = —(L404 logw + — Dae (15.10) 


This gives a prescription to evolve w assuming that a solution of (15.9) is given 
as initial condition. 

In order to obtain a convenient representation of Q°, we exploit the spin 
rotation freedom (Q° > e-**Q°) so that the frame is parallelly propagated 
along the generators of .%* (which in turn determines the time dependence of 
q@ in a similar way as (15.10)). 

After some rather lengthy but straightforward algebra (described in [15}), 
one arrives at the expression: 


: VaVel2 asl 
e 2a 2 gens? ez -ov¥e4 | f (15.11) 


No] re 


with M° = (0,0, M“), where HA? = M‘AN*) (for an explicit derivation of the 
formulae presented here refer to [15}). 


15.2.3. Inertial Coordinates 


Equation (15.11) provides the news .V(u..!) in terms of the angular coordinates 
v determined by the gauge conditions on the inner world-tube . The angular 


4 4 ‘ ee : 
Our conventions are chosen so that the news reduces to Bondi’s original expression 
in the axisymmetric case [1]. 
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coordinates y* of inertial observers at ./* are constant along the generators of 
Y*, so they are related to the r“ coordinates by ’°O,y4 = 0 or 


(0, + L?dg)y4 =0. (15.12) 


This equation for y ‘Ca.r?) ean be solved with the initial condition yt (apy. r®) — 
so thang are stercographic angular coordinates. This vields the gravita- 
tional waveform N’cu.yt) — Neu. ne (ie y ')) measured by inertial observers but 
not i terms of their measured time but rather in retarded-time coordinate wu 
in which the evolution is carried out. To complete the transformation to iner- 
tial coordinates, we re-express u in terms of Bondi time ug, which is an affine 


parameter for the generators of .%+ in a Bondi frame satisfying 
MeO vuL = (15.13) 
This allows us to rewrite the news as a complex function 


NG@ip.y ) = WN" @(us,y*),y") 


of inertial (Bondi) coordinates on .4* (see Fig. 15.3). 


Fig. 15.3. Frames at future null infinity. Dotted lines indicate Bondi frames while solid 
one illustrate the ‘cut’ at infinity induced by the coordinates chosen at the world-tube 
i. 


The news can now be readily decomposed into the two polarization modes. 
In order to make contact with the standard approach, we re-express the news 
in terms of a polarization dyad based upon standard (6,¢) by a straightfor- 
ward coordinate transformation. Finally, the decomposition of NV’ into real and 
imaginary parts yields the two standard plus and cross polarization modes 


N= few), Ny = imiN). (54) 
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15.3. Numerical Details 


A code that implements Einstein equations was written using standard second 

soos or . : - . : lye <j eee ¢ 
order finite difference approximations (FDA) as described in [15.16]. A few fea- 
tures worth mentioning of this implementation are: 


e The use of a compactified radial variable. In order to include “infinity” in 
the finite grid, we introduced a compactified radial coordinate 2 = r/(1+r). 
Hence, the interval r € {0, 00) is mapped to x € [0,1] (where points at infinity 
are “added” to the space-time as specified by Penrose’s formulation). 

e Use of spin-weighted quantities. Instead of dealing with tensor fields on 
the sphere, we introduce a complex dyad q’ (such that q*q?qap = 0 
and q*q?qaBp = 2; where gap is the unit sphere metric) and construct 
spin weighted complex fields by appropriate contractions: given the vector 
fields U4 and hap, we define U = q4U4 and J = q4q? hag. This allows 
for a straightforward implementation of eth operators to handle angular 
derivatives and, since the obtained complex fields have well defined spin 
weights, the transformation properties upon angular coordinate changes 1s 
governed by a simple transformation law [17]. Additionally, note that when 
hap = qap, J = 0; so the field J measures ‘departures’ of spherical symme- 
try. 

e Use of the eth formalism for angular derivatives. We follow the formalism 
given in {18]. To expedite the numerical implementation of angular deriva- 
tives, instead of working with the standard spherical angular coordinates 
(6,0), we employ stereographic coordinates: 


a“ = (q,p) = (tan(0/2) cos(@), tan(@/2) sin(o)) , 


and angular derivatives are written in terms of the (complex differential) 
eth operators 6 and 6 [12,19]. This allows us to employ a set of numerical 
techniques introduced in [18] which are specially tailored to: (i) handle the 
numerical FDA of angular derivative operators and (77) deal with the fact 
that a single coordinate patch can not be used to smoothly cover the sphere. 

e Asymptotic normalization of variables. Since asymptotically flat space-times 
predict a specific r dependence of the field variables. in the implementation, 
we make explicit use of this by adopting convenient integration variables so as 
to deal with finite values at .7*. For instance, we integrate the combinations 
W = (rJ) and W = (V —r)/r?. 

e Finite differencing of radial derivatives. These are approximated via centered 
second order differences along each null ray (i.e., holding 24 = const); for 
instance, 

eerie il pe (15.16) 


The evolution equation can be easily integrated by recognizing that the left 
hand side of equation (15.5) is basically the wave operator acting on (rhap). 
This inspired the formulation of a useful integration algorithm described in [13] 
for the 1D case. In its bare bones, this algorithm integrates the wave equations 
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on two pairs of intersecting Characteristics (2 mcomine. labeled with coordinates 
v and 2 outgoing, labeled with coordinates w), forming a “parallelogram”, The 
wave equation in this coordinates is simply ©, = Source, and can be easily 
integrated by evaluating the fields at the corners of the parallelogram and the 
source at its center (see Fig. 15.4). This efficient algorithm was successfully 
applied to the axisymmetric case [20] as well as the 3D case in the linear to 
mildly nonlinear regimes 16. However. it provided unstable evolutions in highly 
nonlinear problems due to exponential growth of high frequency modes in the 
sulution. A rather straightforward analysis reveals that the amplification factor of 
the parallelogram algorithm is identically one, so it does not come as a surprise its 
failure. Nevertheless, a slight modification of this algorithm by adding numerical 
dissipation removes the instabilities [21]. 


n+l 


iE 


Fig. 15.4. Parallelogram algorithm. The figure shows the basic set-up for the evolution 
algorithm. The vertices are defined by the intersection of two outgoing and incoming 


null rays. 


15.4 Applications 


There are two basic requirements on a space-time (or space-time region) for 
a straightforward characteristic approach to be viable. First. it must be free of 
caustics (vet. more involved mmunerical jmplementations can i principle relax this 
condition as will be later discussed in Sect. 15.5) Second, initial and boundary 
data for the problem under consideration must be known. 
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There are a variety of interesting problems that do satisfy these requirements, 
I will here mention two of them which are of particular relevance for their poten- 
tial to supply the needed waveforms required to detect and analyze the observed 
signals by the new generation of gravitational wave detectors [22]. 


15.4.1. Black Hole-Star Binaries 


In this problem, we envision a space-time containing a black hole and another 
compact object (representing for instance a neutron star). The initial boundary 
value problem is posed on a pair of intersecting null hypersurfaces: one of them 
the incoming null surface corresponding to the white hole horizon of a black hole 
and the other an outgoing null surface where initial data is given (see Fig. 15.5). 
The code described in Sect. 15.4 is amended with the appropriate treatment 
of the fluid variables as discussed in [23,24] (see also the article by Font in this 
volume [25]). In what follows we describe the setup and some preliminary results. 


Fig. 15.5. Set up for the black hole-star binary case. Boundary data is provided on 
I’ which coincides with the white hole horizon. The initial hypersurface VV extends to 
%*. The darker region indicates the evolution of the fluid describing the star. 


Boundary Data. As mentioned we employ the white hole horizon as our inner 
boundary surfacé I’. Here, data can be induced from the analytically known 
solutions of Schwarzschild or Kerr black holes, since data on the initial hyper- 
surface can not influence the geometry of I this approach provides consistent 
boundary data in a straightforward way. 
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Initial Data. As already pointed out. providing valid initial data on a charac- 
teristic hypersurface is a trivial task, since we are setting data on a pair of 
intersecting null hypersurfaces, only regularity conditions at the intersection 
must be enforced. One could therefore, define data arbitrarily on MN, consist- 
ing of: the state of the fluid variables (p.¢,u’), an equation of state and the 
intrinsic geometry of NV. Even when fluid configurations can be given repre- 
senting a ‘quasi-stable’ star it is far fron: obvious which choices will correspond 
to the physical situation in mind not introducing spurious radiation which will 
contaminate the observed signals. 

This problem is common to all efforts in Relativity trying to study a practical 
problem of astrophysical interest. In the usual strategy to address this issue, 
one provides consistent initial data trying to minimize the spurious radiation 
(although is unsure of how much is left) and evolves for long times. The idea 
is that after a few crossing times. the spurious radiation is ‘flushed-out’ to 4+ 
leaving behind (up to small backscattering effects) the desired configuration (for 
an example of this proposal in the standard 3+1 approach, see for instance [26]). 

There is. however. a fundamental impediment when applying this strategy to 
model binaries with the characteristic formulation. Namely, avoiding the pres- 
ence of caustics puts a strong constraint on how far the star can be placed from 
the black hole. In particular, for some configurations, the components of the 
binary must be placed so close to that there is not enough time for the spurious 
radiation to be flushed out! 

To see how this constraint comes about, consider the following straight for- 
ward approximation obtained from the lens equation. Caustics will arise as ini- 
tially diverging null rays (emanating from the origin of our coordinate system) 
converge. The limit case corresponds to that were neighboring null rays neither 
diverge nor converge (become “parallel”) at a finite distance from the origin. 
Take two of such rays at .4* and trace them backwards and assume that the 
only focusing agent is the star: as the rays are lensed by the star, their deflection 
angle is given by 


fe) = Jing (15.17) 


where R,.m, and D are the radius and mass of the star and D the distance at 
which the rays cross. With this estimate, we can readily obtain a condition (an 
upper bound) for two rays at the origin of our coordinate system not to cross; 
namely we should demand that Dd (with d the separation of the BH and the 


star), which leads to 
d < R?/(4m,). (15.18) 


Condition (15.18) is considerably strong and requires the star be initialized close 
to the black hole which renders the “flushing-out” strategy useless for the cases 
of interest (like a black hole-neutron star binary). For these cases, we need a way 
to prescribe the intrinsic geometry of N, so that it conforms to the physical sit- 
uation and minimizes spurious radiation. A way to achieve this was introduced 
by Winicour in the 80’s which fixes the initial data through a formal Taylor 
expansion in 1/A where A specifies the propagation speed of gravitational sig- 
nals (this is a generalization of Cartan’s Newtonian limit). By adjusting A to oo 
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one can ‘reach’ to Newtonian theory and read-off the expected functional be- 
havior of hap in terms of the Newtonian potential. For instance, the first order 
approximation is obtained from 


qq? 0,(rd-hap) = —0°® (15.19) 


with © the Newtonian potential of the source. In our approach we employ this 
method and coufirn its advantages by reading off the eravitational waves at .7~ 
which correspond to the expected quadrupole radiation. Other alternatives. like 
setting the Weyl component Wp = 0 to determine hag on N, produce radiation 
outputs which deviate considerably from the expected one. 


Illustration. As an example of this problem we cousider the following situation. 
Let’s describe a star by a polytropic fluid defined by the equation of state p = 
(CP — 1)p ,e (with [ = 2) whose center is at D = 104A of a mass M non- 
spinning black hole. An interesting test of the code’s ability to simulate the 
fluid’s dynamic is to treat a situation where the star will tidally disrupt. For 
instance, consider the case where R, = 5// and a small compaction ratio of 
m/R, = 1/500 and the fluids velocity is such that u* = (1.0.v%.0) with v? 
given by the angular velocity of a particle at D = 10.\J in Schwarzschild space- 
time (the details of this set-up will be presented elsewhere [27|). Note for this 
case considered here the self-gravity of the star is quite weak and, furthermore, a 
considerable portion of the star lies inside the (inner most stable circular orbit) 
ISCO of particles around Schwarzschild black holes. We set this configuration 
and follow the star. Figure 15.6 illustrates the behavior of the density at different 
times. As time progresses, the star becomes quite disrupted as expected. These 
preliminary simulations and those obtained by Papadopoulos et. al (see Font [25] 
in this volume), clearly demonstrate the usefulness of characteristic numerical 
relativity to address a variety of problems in non-vacuum space-times. 


15.4.2 Binary Black Hole Problem 


As described, the characteristic formulation of GR in Bondi variables has been 
pursued to obtain a robust implementation which, given appropriate initial and 
boundary data can be used to numerically construct a space-time region (as- 
suming this region is free of caustics). In particular, if we had these data corre- 
sponding to a binary black hole system, the problem would already be solved by 
now! However, we clearly do not possess this knowledge and so this statement 
is much too vague. In order to at least partially address this issue, we might 
envision approaching the problem by the following set up. 

First, let’s observe that the region of interest is defined by the past domain of 
dependence of #* UH* with H* the event horizon of the system (see Fig. 15e7). 
We can choose to foliate the space-time with a sequence of incoming null hyper- 
surfaces which intersect H* which we regard as the inner boundary. Assuming 
data is known on {.4+,H7}, one could compute an advanced solution by evolv- 
ing backwards. The numerical evolution will not be capable to proceed beyond 


ra 
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ae {=04 on t=56 
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Fig. 15.6. Snapshot sequence of the density vs. r and q at times ¢t = 0.1,5.6,11 and 
16.447. The center of the star follows closely the geodesic of a particle at D = 10M 
from a (mass A/) Schwarzschild black hole while the portion of the star inside the ISCO 
suffers considerable tidal distortion. 


some hypersurface I’ due to caustics. In the case where the solution corresponds 
to no radiation at .Y (to the future of J’ -¥~) one would have provided data 
at 4% which corresponds to the physically correct picture. That is, no incoming 
radiation and the induced that on I” would register the influence of the two 
clumps of gravitational radiation (in a vacuum scenario) which have converged 
to form the individual black holes. 

However, this theoretical set-up, demands we have the correct that at 7, 
which is exactly the radiation an observer will measure (and what we were 
interested to calculate in the first place!). Is this a dead end? 

The answer to this question is not really! This can be understood by con- 
sidering the following two-stage approach. In the first stage, one can provide 
correct data on H* from models describing the event horizon (obtained from a 
time reversal of a fissioning white hole [28-30]) and on 4 we set the condition 
of no outgoing radiation (which in turn provides the initial data hag). Evolve 
backwards to obtain the (advanced) solution on I’ and ¥~ (this, in general, will 
describe a situation where incoming radiation at 4% is present). Let’s call this 
stage I and the obtained solution @apy. 

Now, use the data induced on from stage I and provide —®,py as data on 
¥-. Then one can evolve to the future and obtain a retarded solution @ger. If 
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Fig. 15.7. Space-Time diagram for the binary black hole case. The horizon H~™ and 
Y%* are chosen as the inner boundary and initial hypersurface for stage I (where we 
employ an incoming characteristic foliation). I and the portion of %~ (to the future of 
I’ .¥~) correspond to the inner boundary and initial hypersurface for stage II (where 
we employ and outgoing characteristic foliation). 


Einstein equations were linear, then defining = @4ny — @rer would be the 
solution to initial data corresponding to no incoming radiation from 4%~ and 
correct data on I’. 

Naturally, since Einstein equations are not linear, the obtained solution will 
be an approximation to the problem. However, we must recall that the total 
expected energy radiated is ~ 5%. So the obtained solution might be a good 
approximation. Furthermore, one can think about iterating this procedure to 
correct higher order effects. In the linearized case corresponding to a close limit 
approximation of Schwarzschild. this approach has vielded excellent results [31]. 
its application to the general case is currently under study [32]. 


15.5 Final GConments 


As we have seen, the characteristic formulation of GR constitutes a powerful 
tool in the numerical construction of space-times®. In the cases where it can 
be applied it has shown its advantages in a remarkable way. Unfortunately, 
caustic formation limits, in principle, its applicability. However, a few options 
are available to remedy (at least in part) this disadvantage. First, as discussed 
by Friedrich and Stewart [6], since only a few structural stable caustics (which in 
turn are well understood) can arise, one could model their behavior numerically 


» For an up to date review of different efforts in this area see ERIE 
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and incorporate this treatment as part of the implementation. Second, it is also 
possible to use different patches to cover the space-time where a characteristic 
formulation is used on each patch [34]. The size of each ‘patch’ being such that 
no caustics should arise in them. Finally, it is certainly feasible to dynamically 
monitor the coordinate behavior as the integration marches radially outwards, 
if the proper distance between neighboring null rays starts to decrease (ie., the 
congruence converges in some region) the evolution can be used to induce data 
on a new world-tube I;,.,, and the integration is started over from there. Clearly, 
‘these proposals cau extend the applicability of a characteristic approach but so 
far none of the options has been implemented in 3D. Future, more advanced 
implementations will likely take advantage of these proposals. 

In general, constructing space-times numerically is a difficult and challenging 
task but the pay-off is certainly worthwhile as it provides an explicit solution 
that can not be otherwise obtained. Much of what we have learned from analyti- 
cal studies has been restricted to either very specialized situations or incomplete 
description of space-times (e.g., understanding the general properties in asymp- 
totic scenarios but with no explicit connection with its interior sources). As we 
dig deeper in the theory our understanding of it will advance further: to the 
already well developed mathematical techniques, numerical simulations, as they 
mature, will add a new and powerful tool to unravel the full implications of this 
beautiful theory. As mathematical and numerical techniques complement and 
help each other, future explorations promise to be exciting and hopefully full of 
surprises. 
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16 Numerical Experiments at Null Infinity 
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Abstract. By comparing formal asymptotic expansions with the results of highly ac- 
curate numerical simulations using null quasi-spherical (NQS) coordinates, we develop 
a clear and consistent picture of the structure of the gravitational field for asymptot- 
ically flat spacetimes near null infinity. In particular, we find that “generic” space- 
times (in a sense to be made precise) have Weyl tensor components YW = O(7~‘*), 
% = O(r~*logr), contrary to the Penrose-Sachs peeling hypothesis. This confirms 
results of Chrusciel-MacCallum-Singleton, obtained using Bondi coordinates. 


16.1 Introduction 


The advent of high accuracy numerical codes promises to provide new insight 
into the behaviour of solutions of the Einstein equations. This report considers 
the perennial problem [7. 10-12, 17] of identifying appropriate asymptotic con- 
ditions for an asymptotically flat space-time. By comparing formal asymptotic 
expansions with the results of numerical simulations using null quasi-spherical 
(NQS) coordinates, we develop a clear and consistent picture of the structure 
of the gravitational field for asymptotically flat space-times near null infinity. In 
particular. we find that “generic” space-times (in a sense to be made precise) 
have Weyl] tensor components Y = O(r~*), % = O(r~* logr), contrary to the 
Penrose-Sachs peeling hypothesis. This confirms results of Chrusciel-MacCallum- 
Singleton. obtained using Bondi coordinates. 

Recall that Einstein [10] and Klein [11] showed that the coordinate decay 


conditions 


Dine Ca Gur. = Cue) (16.1) 
are sufficient to ensure that the total energy-momentum integral 
fay Y as * 
P, [2] = fa; + ti) dSq = ¢ We” dsp, (16.2) 
where ; . 
Ue = $ /— gg! loghg Ta (16.3) 


is the Einstein superpotential, defines a 4-vector which is independent of the 
choice of coordinate system (satisfying (16.1)) and the choice of space-like hy- 
persurface ©. Trautman [18] pointed out that the conditions (16.1) excludes 
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eravitational radiation aud. motivated by the Sommerteld radiation condition im 
electrodynamics, he suggested that (16.1) be weakened to 


Co =n -eOm..), (16.4) 
Jpr,a — ai ste O(r~?), (16.5) 


where k® is the outgoing null vector and J,,, = O(1) satisfies 
(Inx ~ dquan Plage = Or"). (16.6) 


Under these conditions he showed that (16.2) is still well-defined and has non- 
negative flux through a time-like surface at infinity. 

Subsequently Bondi [6] analysed similar asymptotic conditions but in a null- 
polar coordinate system, based on a curious but remarkably effective choice of 
radial function. He and his coworkers showed |7| that a consistent expansion 
of the metric coefficients in powers of r—' could be established, provided that 
an additional condition, termed the “outgoing radiation condition” is satisfied. 
Sachs [15] showed that the resulting Wevl curvature temsor satisfies the peeling 
conditions 

w= OG =, nt — 01 ee, (16.7) 


expressed in terms of the Newman-Penrose Weyl spinor parameters W,, [14]. 
The geometry underlving this behaviour was greatly clarified by Penrose 12. 
who showed that the peeling conditions follow from the assumption that the 
space-time near null infinity should admit a smooth (or at least C+) conformal 
compactification. 

The Bondi analysis was revisited in the work of Chrusciel. MacCallum and 
Singleton [8], who showed the existence of consistent polyhomogeneous expan- 
sions (in powers of r—! and logr) for the Bondi metric. These formal solutions 
do not generally satisfy the Bondi outgoing radiation condition. but still could 
be considered as asymptotically flat. 

In this paper we describe a similar analysis of the metric asymptotics, but 
in the NQS (null quasi-spherical) gauge [1]. This coordinate condition leads 
to expressions for the curvature which are much simpler than those in Bondi 
coordinates, and this greatly facilitates hand and numerical computation, as 
well as the geometric interpretation of the results. We compare this analysis to 
the results of numerical simulations using the NQS code [4,5]. The NQS code 
models the interaction of gravitational radiation with a black hole to rather 
high accuracy [3] and is able, for example, to clearly distinguish the asymptotic 
behaviours of the Weyl tensor components. 

Our principal conclusion is that full peeling (16.7) holds if and only if the 
spin-2 field w defined by (16.29) on .%*, vanishes. Since w is conserved under 
the Einstein evolution, this vanishing condition is required only at one single 
cross-section of ¥%. However, expanding the outgoing Newman-Penrose shear 


o = oar “+ csr “IOs |, (16.8) 
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we find that y has an expression solely in terms of the NQS equivalents of the 
coefficients a2.03. Since these cocticients arc untially unconstrained, and since 
the numerical evolution clearly shows that they become non-zero near -¥ even 
if the initial data is compactly supported away from Y, it is natural to regard 
the vanishing of y) as a non-generic condition. 

These results are quite consistent with those of [8] in Bondi coordinates. 
The NQS derivation has the advantages that the obstruction w = 0 involves 
the leading terms in the metric (bp.b1, see (16.25)) rather than the high or- 
‘der (O(r-?)) conditions on the normalised 2-sphere metric ha, which arise in 
Bondi coordinates. and the derivation does not assume the Bondi normalisation 
lim;—oc Bondi = 0 of the null coordinate. In fact, the main results remain valid 
if we assume only the rather weak asymptotic condition (16.8) — this will be 
analysed in detail elsewhere. 


16.2 NQS Metrics 


A null quasi-spherical space-time admits coordinates (z,r,0,) in which the 
metric takes the form 


ds? = — 2udz(dr + vdz) 
+ (rd? + B'dr + y'dz)? + (rsinddy + 6dr + y7dz)?, (16.9) 


where z is an outgoing null coordinate, u,v are scalar (real) functions and 3 = 
BAO,. y = y*0,4 are vector fields tangent to the S* surfaces (z,r) = const. It 
is useful to encode 34,74 in the spin-1 complex quantities 8 = 75 (8 — iB), 
Via mam — iy), and to introduce the $? derivative operator 0 (“edth”) [9], 
which acts on a spin-s field 7 by 


i O i 3 a 
— sin? 9 | — — ——— } (sin-* 8p) . 16.10 
Cn 53 sin’ 7 (5 mer x) (sin n) ( ) 


Using 6 we define the real operators div and curl by 26G = div @ + icurl J, so 
div 3 = 03 +02 = G}, + 2, is the divergence of a vector field on S*, and the 
S$?-covariant operators 


rD, = rd, — Vg = 70, — (88 + 83), 1D, = 7d, — (y6+ 79). 


To describe the Einstein equations for the NQS metric, in [1] we introduced the 
connection parameters 


if =u '(2-div8), 

J =v(2-—divZ)+4+divy, 

K =v0d6 — 064, 

On =12 0 —=7 Da 

O- =a (0 -= ou): (16.11) 
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Using these parameters, the Einstein equations may be expressed in scale-in- 
variant form, with operators covariant with respect to the standard metric on 
S? x IR*+ x R. The most important are the hypersurface equations 


ie 210A|? + r?Gee 
i = { —div( H, 16.12 
rD,H (5 aiv Jane ) | (16.12) 
rD,Q- = (38 —uH)Q™ + Q-df + 2008 + ud — Hdu + 2r*Gem (16.13) 
rD,J =—(l-divf)J+u— tulQ* |? = su div(Qt) — ur’Gen, (16.14) 
2D, K = (308 — 53) K — JOB + udQ* + du(Q*t)? + ur?Gmm, (16.15) 


where the Einstein components correspond to the null tetrad 


f= 0.— 5 6 
n =u '(0,—1r ‘y—-v(0, —77'*8)) 
i les (09 —icscvO,). 


It is important to note that the metric functions u,v. G,7y and 0.3 can be 
reconstructed from @ and the connection parameters (H.Q.J.K) on a single 
null hypersurface N,, by solving the elliptic system on S? 


oy) 33 
we ti <<. , V 7 ( 
2 allie aS _ F \ 16.16) 


On 


This system is uniquely solvable with the gauge condition 


= bs S- Vans (16.17) 


1=2 |m|<I 


provided 6 satisfies the bound 


1 
03) < = (2- div). 


V3 
Once ¥ is known, we recover v from 
(16.18) 
and 0.3 from 
0:3 = rOpy — y — Bu + uQt + VB — Vay. (16.19) 


However, for the asymptotic analysis it is simpler to use the (equivalent) 
parameters (6,u,q,m,k) where u is the coordinate function and 


b=rB, q=rQ*, m= 4r(2-HJ), k=K/u. (16.20) 
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With these parameters, the hypersurface equations become 


3 _ Uu 2 : ; d 
rD,u 2 divb/r (—r?D, div b + 3(div b)? + 2|3b|? + r4Ger) , (16.21) 


D,(rq) = 2b + 60b — 006 + r7! (2qdb + gdb + Gob) 


+ 28(r?D,. log u) + 2r?Gom, (16.22) 
2 
r°D,m = 1r(div gq — 2divb) + (; div b zie] 
qian ) ae r(2 — div b/r) be 
+ 3(2—divb/r)|q|? + a div bdivq 
2—divb/r 8 
eee) ied s< 4 
T° Gee + a\2 div b/r)r*Gen, (16.23) 


~ 2(2— div b/r) 
2r*D,k = (306 — Gb — 2r3D, log u) k 


2 21—-2m/r) 


: 3 
2 divb/p Ob + ™ Gmm, (16.24) 


+0q+$r-‘q 
where we note that by (16.21), the term r°D, log u depends only on b and Gog. 
The remaining Einstein equations are divided into the subsidiary equations 
Gan = 0. Gnm = 0, and the trivial equation Gm z,, which are so-named because 
of the Sachs lemma, which shows that the subsidiary equations are propagated 
along the null hypersurface NV, and the trivial equation is satisfied identically if 
the hypersurface equations are satisfied. Thus it suffices to impose the subsidiary 
equations on just one hypersurface transverse to the outgoing null hypersurfaces 
N,. In practice the subsidiary and trivial equations provide valuable consistency 
and accuracy checks on the numerical results [5]. 


16.3. NQS Formal Asymptotics 


Our aim is to understand the structure of solutions of (16.21 16.24) with Ga, = 0 
as r — oo. We say that the field 6 is log-free if it admits an expansion in non- 
negative powers of r—! without any logr terms, i.e., 


be eae (16.25) 
fie O08) 


where the coefficients b,, = b,,(z,0,y) are smooth functions, independent of the 
radius 7. Similar terminology is used for other fields. 
The Penrose type I identity [13] for the Weyl spinor % 


Oo 
Uo ~ 2 Bag = pDi (<) = (PF +\oP+2p(e-2))2, (16.26) 
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translates in the NQS coordinates to 
r4W> = r2D,.(5b) — 20b0b — r~'db- 7° D, log u (16.27) 


since o = r~20b and o/p = —20/3/(2 — div 3). Under the assumption that 6 is 


log-free we have 
Uy =—r *b+O(r-**), (16.28) 


where we have defined the quantity ~ = (bo, b1) 
yy = 5b; + bby + bpdDbo + 2boHbo. (16.29) 


Clearly the relation (16.28) holds mider much weaker conditions on 6. The im- 
portance of q is illustrated by the following basic result. 


Theorem 16.1. Fiz a null hypersurface N.,, and suppose b = b(zq) 1s log-free. 
Then 0b on N,,, is log-free if and only if (zo) = 0, and then O0,w (20) = 0. 


Remark 16.1. In fact, it can be shown that 0,W = 0 holds under much more 
general conditions than b(z9) log-free, and in particular, it is not necessary to 
assume W(zo) = 0. 


Proof. We interpret the hypersurface equations as ordinary differential equations 
along the integral curves of the vector field 0, —r~?V, on S* x Rt. Let r=r7} 
and € € S* be coordinates adapted to the integral curves, so the integral curves 
are just € = const. The transformation between the standard quasi-spherical 
coordinates 6 = 04 = (9,y) and the integral curve coordinates € is given by 
(r,0) = (x~', O(x, €)), where O(z, €) satisfies the family of ODEs parameterised 
by € € S?, 


€ 


£ OA (2,8) = 04(a7, (2.8) (16.30) 


with the initial conditions 
OO. an (16.31) 
It follows from standard ODE theory and the log-free condition on b that the 
map € ++ O(z,€) is a smooth diffeomorphism for every x > 0, and admits a 
log-free expansion in the parameter 2. 
Now (16.21) may be written in the form 


0% = —2U; (b)i, (16.32) 

where ti(z,€) = u(x—!, O(a, €)) and likewise, 
U1 (b) = (0, div b + $(div b)? + 2|6b|?)/(2 — x div b) (16.33) 
is evaluated at (7,0) = (x71, @(x, €)). The log-free assumption on b implies that 
U;(b) is smooth with bonded derivatives of all orders up to and including a = 0) 


We see innucdiately that vis uniformly bounded with a well-defined linit Ug as 
r — 0. 
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The explicit integral solution of (16.32). 


log % = log tig — ‘a | «U;(b) da, 
0 


shows that @ (and thus u itself) admits a log-free expansion, with in particular, 
i = uo(1 + O(27)). 
Equation (16.22) gives 


0,(rq) = r-?Vo(rq) + Qo +77 (Qigt+ Qed + Qs), (16.34) 


where Qo,-..,Q3 are bounded rational functions of b and its derivatives, so in 
particular they are log-free. Defining ¢(x,€) = q(x~', O(a, €)) and estimating 
crudely gives the differential inequality 0,(r|q|) < Cyx~* + Cor|q|, where the 
constants C).C2 depend only on b. It follows easily that q is bounded as r > oo. 
If we now define 

Go = 2bo + Bdby — Ddbo, (16.35) 


so Qo = go + O(r~'), then integrating (16.34) from any ro to r gives rq = 
rgo + O(logr). Substituting this into the right side of (16.34) and integrating 
shows that 

r—' - 4) — qi) logr + Orr log r). 


where q; is an arbitrary constant (function) of integration and q,; may be de- 
termined directly from the explicit forms of the functions Qo,...,@Q3. A short 
calculation shows that 


qi = 20(0b; + bo OObo IF bo 00b9 + 2b Obo) = 2d. (16.36) 


Since 0 is injective on spin-2 fields, gi; = 0 if and only if ~ = 0, so g = 
go + r~-'q, + O(r~? logr). Substituting this into the right side of (16.34) and 
integrating, and then repeating this process with higher order terms, shows that 
q is log-free. 

Since go satisfies div go = 2div bo, the leading O(r~') term on the right in 
the equation (16.23) for m, vanishes. Since the remaining terms are higher order 
and involve only m and the log-free fields bq, arguments similar to those used 
for (16.21) show that m is log-free, with arbitrary leading coefficient mo. The 
equation (16.24) for propagating k contains no prospective log terms and all 
the source terms are now log-free, so k is also log-free, with arbitrary leading 
coefficient ko. 

It is easily verified that the leading terms (in the log-free case) of the con- 


nection parameters are 


u = Uo — Vi,uor > + OG), ( ) 
gq =q+qr  +O(r~), (16.38) 
m=mo +mr_'+O(r”), (16.39) 
k =ko—-kr?+O(r?), ( ) 
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: F : ; . ae 
where u9,91,7m0 and ko are r-independent integration “constants’ , go 1S given 
by (16.35), we are assuming ¢ = 0, and 


m, = —Vi,™Mo — 3mo div by 
— 1 (div q1 ~ 2div b; + 2|Sbo|? — (div bo)? + |qol”), (16.41) 
2k, = —2V,,,ko + bo — Sqn + (Bbo — 30bo)ko- (16.42) 


Next, 0-6 is determined from 
0,b=7r0,y —y—Su+r ‘(ugt+ V_b—- Voy), (16.43) 


and thus also admits a log-free expansion. The leading terms of (16.43) are 


Ozbo a —(Yo ar duo), (16.44) 
0.6, — —271 = Ou; =F Uuogdo ar V 4000 ma Vin bo, (16.45) 
where 
yo = —kouo, (16.46) 
Oy1 oo —ugky — uy ko + £bo(u — div 0). (16.47) 


Since w = 5b, + b902bo + bodOL9 + 20b90b9, Ox may be computed using 
(16.44), (16.45), (16.46), (16.47), (16.42), (16.37), (16.35), resulting in 0,2) = 0 
as required. 


Theorem 16.2. Suppose b(zo) is log-free, bo.b) € C1(I,C™(S?)) where I = 
[zo, 21], and (zo) = 0. Further suppose the free data ug.ko satisfy the con- 
ditions up € C°(I,C™(S?)) and ko € C'(I,C™(S*)). Then w(z) = 0 and 
b,u,q,m,k,v,y are log-free for all times z € I, and the Weyl curvature satisfies 
the peeling hypothesis in the stronger form, 


r°-"w,, is bounded and log-free, n=0,..., 4. (16.48) 


Remark 16.2. A good local existence theorem for the Einstein equations in the 
NQS gauge would allow us to weaken the conditions on the time dependence 
of bo, b1 to just conditions on the initial data b(z9). The simple structure of 
the hypersurface equations (16.12-16.15) suggests that such a local existence 
theorem should be possible. The conditions on wp. ky are required primarily to 
control W,. 


Proof. More detailed arguments similar to those of Theorem 16.1, show that 
0.1)(z) = 0 holds without the assumption ~(z) = 0, for all z € J. Thus u(z) = 0 
for all z € J and Theorem 16.1 shows that b and all the metric and connection 
parameters are log-free for all times, provided the free data (uo,q1,™m0o, ko) are 
bounded (as fields in C°(S?)). The Einstein equations for Grn, G 


ewer) 


rD, (J/a) =v 5D, J / Gaye (5J- v)J/u (16.49) 
Pu tel — Vort -Ace ire Ge. 
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CO (0rD, es 207 vdB) Qt (16.50) 
—KQt + 26K +6J -— 2u7du J 
+ 2u7'rD,(udv) — (2 +i curl Z)6v — 2ur?Gim, 


determine the time derivatives of mo, qi, and thus serve to bound mo, q,. The 
remaining pieces ug, ko cannot be controlled by the Einstein equations; ug fixes 
the gauge freedom of varving the null foliation. whilst Ay determines the outgoing 
gravitational radiation (see the discussion in [1]). For this reason, it is necessary 
to impose bounds on up, kp as above. 

Since 7) = 0, (16.27) shows that Wy = O(r~5) is log-free. The remaining Weyl 
spinors are given by the NQS expressions 


217 = r(200b — div b — q) + 4qdivb — Gb + r*Gam (16.51) 
Wo = —m — kdb + + (dq — 0g) + er? (2G en + Gmm) (16.52) 
ty =k (ys ity (SAS) 
are, (16.53) 
ur?W, = v?*rD,(k/v) — rDk + (v — 2vd8 + 204) (k/v) (16.54) 
+ r—‘gdv + ddv. (16.55) 


By inspection using the log-free asymptotics and w = 0, it is clear that peel- 
ing is satisfied and the Weyl spinors are also log-free, for the components WY, 
n=0,...,3. Taking D, of (16.24) and using the G,, = 0 equation and the 
hypothesis that 0,ky9 € C*~(S*) shows that D,k is bounded. It follows by in- 
spection of (16.55 that rW, is bounded (so satisfving the final peeling condition) 
and log-free. O 


It is remarkable how little use this argument makes of the parameter u 
which determines the null foliation: the hypersurface equations (16.22), (16.23), 
(16.24) (for Gem,Gen and Ginm respectively) are independent of u, as are the 
Weyl spinors Y%,,n = 0,...,3. The Raychaudhuri equation (16.21) determines 
u, given boundary conditions such as u9 which amount to fixing the null folia- 
tion. Thus we find that v,7 and the time (z) evolution of b,qi,7m™o do depend 
on u — see (16.43) and (16.50), (16.49). The radiation component Wy is differ- 
ent, since (16.55) depends implicitly on u through v,y, and we must introduce 
“by hand” control on Dok. Although regularity along the null hypersurfaces N, 
follows from the hypersurface equations, regularity in the z-direction requires 
additional hypotheses, on the z dependencies of uy, ko for example. 


16.4 Genericity 
An immediate corollary of Theorem 16.2 is that if b(zo) is compactly supported 


on some initial null hypersurface NV;, (i.e., b(z0) € C°(R*,C™(S?))), then the 
resulting space-time satisfies full pecling, with all metric, connection and Wey] 
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curvatures being log-free. However, even though in this case the source field b is 
compactly supported initially. this condition breaks down immediately. Note that 
the Newman-Penrose shear is given by oyp = r—2db, so compactly supported 
initial data b(zy) is shear-free near .Z and the anil hypersurface Ve, has induced 
metric isometric to the Minkowski null cone near -¥. Conversely, if o = 0 on an 
expanding (» #0) aull hypersurface VW with S* 72> topology. then VU admits 
NQS coordinates with 3 = 0 [2). 

It is clear from (16.44), (16.45) that generically, 0,69 and 0,6, are nonzero, 
aud thus that byob; will not vanish identically. This expectation is filly supported 
by the nmnerical solutions described below. Once by.) are able to vary generally 
(in some space of initial data b(zo)), it follows that generically, w(zo) # 0 and 
peeling will fail, with Wy = O(r~*) and % = O(r~* log r). 

This generic failure of peeling follows directly from the formulation we have 
used for the Einstein equations in terms of the shear variable 6 (or equivalently, 
GB or anp). We have seen that the asymptotic expansion of b will contain logr 
terms, even if these are not present initially. Thus it would be insufficient, for 
example. to attempt to pose the NQS eqnationus for } in auv space which required 
smoothness in x = 1/r up to x = 0, since this would be consistent with initial 
data for which w(zo) 4 0 and then the evolution would force terms in x? log x 
in 6 at later times. 

One consequence is that formulations of the Einstein equations which are 
based on a smooth conformal compactification, must include a condition equiva- 
lent to ~(zo) = 0, such as Wy = O(r—*), since this necessary condition for peeling 
does not follow from conformally natural conditions on the shear. Formulations 
based directly on the unphysical variables rather than the physical shear will 
have the peeling conditions “built in”, but on the other hand, will implicitly 
restrict the allowable behaviour of the physical shear. 

This discussion applies only to metrics admitting NQS coordinates, and it 
remains an important open problem to develup a good existence theory for such 
coordinates in asyinptotically Hat metrics. There are good reasous tor optimism: 
the existence of metric spheres in an expanding null hypersurface amounts to an 
isometric embedding problem, closely related to the uniformization theorem; an 
existence theorem in axial symmetry was established in [16]; and the linearized 
NQS gauge equations are elliptic for small 3. Thus it appears likely that the 
behaviour described here for NQS metrics. applies to general asymptotically flat 
space-time metrics. 


16.5 The NQS Code 


The numerical integration procedure [5] starts with the field 6 on N., and solves 
the propagation ODE system (16.12 16.14) with boundary initial conditions 
satisfying the subsidiary equations (16.49). (16.50). Once H.Q7. J. W are deter- 
mined on N,, 7 is found by solving the elliptic system (16.16) at each radius. The 
remaining metric coefficients u,v are determined algebraically from 3, and the 
definition of Q leads to an expression for the time derivative 0,3 on NV, in terms 
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of known fields. Thus we can regard the solution of the hypersurface equation 
system as an evaluation process for 0,3 on N., which can be used in an ODE 
integrator for 3(z). 

The code uses an 8th order Runge-Kutta method to solve the hypersurface 
equations. A simple iteration scheme based on a spherical harmonic precondi- 
tioner solves (16.16) for 7 at each radius, from which 0, is recovered. A standard 
4th order Runge-Kutta method is then used for the time evolution of o 

There are a number of interesting numerical techniques used in the imple- 
mentation, Angular dependence is handled by a combination of spin weighted 
spherical harmonics; point values on a rectangular grid in polar coordinates; 
and Fourier transforms in the polar coordinates. Interpolation and evaluation 
of radial derivatives uses a high order convolution spline, which also serves to 
suppress high frequency variations. The radial grid is distributed from r = 2 
to r = oc and is adjusted dynamically to approximately follow the ingoing null 
geodesics. In particular. the outer grid eae satisfy Tn ~ (No — n)~, so fields 
admitting polwnomiial expansions ie 7! will be modelled well by polynomials in 
(nx —n)*. This makes it quite easy to describe behaviour near ¥. 

The inner bonndary conditions are fixed at r 2 to agree with the Schwarz- 
sclildiepace-time atithe past horizon, H = 2.u=1,Q* = J = K = 0. Thus 
solutions represent gravitational radiation (modelled by 3. which is chosen ar- 
bitrarily at time z = 0), propagating about a black hole of “bare” mass 1. With 
initial data chosen so that the total mass is about 1.2, that is, about 20% of 
the mass is attributable to gravitational radiation, we find that the code evolves 
3 until around z = 50 when the z = 50 null hypersurface is close to an event 
horizon of mass 1. Such solutions are quite accurate, with relative error in 3 
around 107°. 

More details about the numerical algorithms, error estimation and space- 
time geometry may be found in [3,5]. Sample data sets may be studied in detail 
at the interactive website [4], which was used to generate all the graphs in this 
report. 


16.6 Numerical Results 


We analyse two example simulations: an intermediate strength run run_160 
which has b = r( initially (z = 0) compactly supported (c.f. Fig. 16.1), and 
run_802, for which b has a similar profile, but extended to have a non-zero limit 
at % (n = Noo = 256). The vertical axis in Fig. 16.1 represents the L?(S?) norm 
over the sphere at (1.2). Tu cach case 3 starts with the same spectral compo- 
nents (chosen as | = 2,m = 2, with equal odd and even parts). Nonlinear terms 
immediately lead to spectral components in 3 for all (loa). as can be verified 
from the spectral distribution plots in [4]. 

Observe that in run_160, bp = lim;_5~ 6 is nonzero for z > 0, despite starting 
from compact support. 

Fig. 16.2 shows the Weyl spinor % for the two runs. As predicted, run_160 
exhibits peeling, with —y = lim,350 7°Wp = 0 and bo, 6b; non-zero in general. 
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rune B02T We | gcse 


run_160: |r4*¥, ln<10 


Fig. 16.1. Shear field b = 73 for the two simulations 


The graph of r°Wo (not shown here. but available at [4]) shows a well-defined 
lunit. further confirming the peeling behaviour. However. and again as predicted 
by the asymptotic analysis. r'W, for run_802 shows a breakdown of peeling. with 
yw #0. The graph suggests also that w is constant in z, which can be checked by 
inspection of the (I,m) = (4,4) component of r*Wp at .%. Note that the initial 
pure (2,2) structure of 3 and (16.29) imply that w is pure (4.4) for run_802. 
However. in general r'W has large spectral components other than the 1.4). as 
suggested by the run_160 plot of the combined spectral components of r*Wp in 
Fig. 16.2. 


run 160: bE ness run_802: |r*¥ 


0 /-4 


192, 


Fig. 16.2. Comparison of r*W) shows peeling and non-peeling behaviour 


Fig. 16.3 shows that % = O(r~*) for run_160 in accord with peeling, but the 
corresponding graph for run_802 shows singular behaviour. From (16.51) with 
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Fig. 16.3. r*% shows peeling and non-peeling (logr) behaviour 


(16.35), (16.36) it follows that 


rig, = —4q1 logr = —dw logr, 


and the graph is consistent with this logarithmic blowup at .¥. Finally we note 


th 


at the remaining Weyl spinors Y,W3.W, decay as expected, for both runs. 
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Abstract. Numerical schemes for the general relativistic hydrodynamic equations are 
discussed. The use of conservative algorithms based upon the characteristic structure 
of those equations, developed during the last decade building on ideas first applied in 
Newtonian hydrodynamics, provides a robust methodology to obtain stable and ac- 
curate solutions even in the presence of discontinuities. The knowledge of the wave 
structure of the above system is essential in the construction of the so-called linearized 
Riemann solvers, a class of numerical schemes specifically designed to solve nonlinear 
hyperbolic systems of conservation laws. In the last part of the review some astro- 
physical applications of such schemes, using the coupled system of the (characteristic) 
Einstein and hydrodynamic equations, are also briefly presented. 


17.1 Introduction 


The numerical investigation of the Einstein equations is nowadays an impor- 
tant and fruitful line of research in general relativity. There exist a number of 
mathematical formulations of the gravitational field equations which are on the 
basis of all numerical approaches. The level accomplished in the understanding 
of these equations, both mathematically and numerically, is high enough to al- 
low, in principle, for sound numerical approaches. Nevertheless, apart from some 
remarkable results, such as the discovery of critical phenomena by Choptuik [1] 
or, more recently, the achievement of long-term stable three-dimensional null 
cone evolutions of single black hole space-times [2], the numerical investigations 
have only partially succeeded. quite understandably due to the complexity of the 
theory. in providing global ummerical solutions of geueric space-tines, especially 
in the presence of curvatiire singilarities. Traditionally. the formulation which 
has received the greatest attention by muuerical relativists has been the so-called 
3+1 (ADM) formulation [3 -5] (see also the recent review by Friedrich and Ren- 
dall [6] and references therein). This formulation of the Einstein equations as 
a Cauchy (initial value) problem, along with its multiple variants - hyperbolic 
(see, e.g., [7] and references therein) and conformal reformulations {8, 9] — is still 
today the workhorse of numerical relativity (for an up-to-date summary of the 
status of numerical approaches in 3+1 see, e.g., [10] and references therein.) 
On the other hand, despite being known for about forty years now (11-13], 
the characteristic formulation of the Eimstein equations has however been used 
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by much less research groups in numerical relativity (see the recent review by 
Winicont [IP t})). And research programs 10 integrate mmunerically the conformal 
equations [15] have started only more recently [16 18]. Compared to the 3+1 
formulation, the latter two formulations are best suited to study the confor- 
mal structure of the space-time - the main topic of the workshop -, and the 
propagation of radiation fields within the space-time. State-of-the-art numeri- 
cal incthodology applied to such two formalisms is comprehensively reviewed in 
the corresponding articles by Bartuik and Lehuer (characteristic equations) and 
Frauendicner. Husa and Schmidt (conformal equations) in this vohune. Apart 
from some test computations involving matter sources preseuted in Lelmer's ar- 
ticle, those papers are inainly concerned with the integration of the vacmumn field 
equations. 

The present contribution to this volume aims, on the other hand, at de- 
scribing the current status of the numerical integration of the hydrodynamic 
equations on curved space-times, complementing, to some extent, the contribu- 
tions by the above authors. Even though the description will be rather basic and 
general, I will also present some applications and some recent results obtained 
with the coupled integration of the Einstein and hydrodynamic equations within 
the framework of the characteristic formulation of the gravitational field equa- 
tions. It is worth pointing out that, while initially the characteristic evolution of 
matter was limited to idealized systems such as massless scalar fields, nowadays 
it is mature enough to account for fully hydrodynamical evolutions with perfect 
fluids [19 26]. 

Admittedly, the motivation to develop the capabilities to perform coupled 
evolutions of the matter fields and the geometry needs really not much of an 
emphasis. In astrophysics general relativity plays a major role in the description 
of compact objects in such diverse scenarios as core collapse supernovae, black 
hole formation, accretion, gamma-ray bursts and coalescing compact binaries. 
With the exception of the coalescence and merging of two black holes — the 
number one problem of nowadays muinerical relativity all realistic astrophysical 
systems and sources of (detectable) gravitational radiation involve matter. 

The only means to study the time-dependent evolution of fluid flow coupled 
to geometry is through numerical simulations. Some scenarios can be properly 
described in the so-called ‘test fluid’ approximation, where the self-gravity of 
the fluid is neglected. Nowadays there is a large body of numerical investiga- 
tions in the literature dealing with such hydrodynamical integrations in static 
background space-times (see, e.g.. references in 27.). Most of these are based on 
the pioneering formulation of the hydrodynamic equations by Wilson [28] and 
use numerical schemes based on finite differences with some amount of artificial 
viscosity. The use of conservative formulations of the equations, and their char- 
acteristic information, in the design of numerical schemes started in more recent 
years [29]. 

On the other hand, time-dependent simulations of self-gravitating flows in 
general relativity, evolving the space-time dynamically with the Einstein equa- 
tions coupled toa hydrodynamic source. are more scarce, Although there is much 
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recent interest in this direction, only the spherically symmetric case has been 
extensively studied thus far (since the pioneering work of May and White in 
1966 [30]). In axisymmetry, fewer attempts have been made, most of them de- 
voted to the study of the gravitational collapse of rotating stellar cores and the 
subsequent emission of gravitational radiation [31-33]. The three-dimensional 
efforts are nowadays mainly focused on the study of the dynamics of relativistic 
stars [34 38], with the detailed study of the coalescence of close neutron star 
binaries being the key target [39 42]. These investigations are driven by the 
emerging possibility of detecting gravitational waves in a few years time with 
the different experimental efforts currently underway [43]. 

The current article deals with the presentation of the main ideas concern- 
ing a particular kind of the “specialized techniques” (in the language of [44]) 
used to solve nonlinear hyperbolic systems of conservation laws with finite dif- 
ferences. The discussion will be specialized to the general relativistic hydro- 
dynamic equations. These equations as well as their limiting counterparts in 
Minkowski space-time and Newtonian gravity - constitute a nonlinear hyperbolic 
svstem of conservation laws. For such systems there exist ever increasing sound 
mathematical foundations and accurate numerical methodology, imported from 
Computational Fluid Dynamics. The schemes that will be discussed here are 
the so-called high-resolution shock-capturing schemes (HRSC in the following), 
based upon Riemann solvers and written in conservation form. It is worth notic- 
ing that there are a number of excellent textbooks which deal with this subject 
in great detail. in particular [45-48] (see also the contribution by Kreiss in this 
volume). Recent reviews on numerical relativistic hydrodynamics are available 
as well [27.49.50]. The interested reader is addressed to these references for a 
more complete information. 

The article is organized as follows: Sect. 17.2 presents the relativistic hydro- 
dynamic equations emphasizing work done on conservative formulations. Such 
formulations are well-adapted to the numerical schemes which are discussed in 
Sect. 17.3. Applications of these algorithms are shown in Sect. 17.4. Finally, 
Sect. 17.5 closes the article with a short summary. 


17.2 Relativistic Hydrodynamic Equations 


The general relativistic hydrodynamic equations consist of the local conservation 
laws of the stress-energy tensor T4” (the Bianchi identities) and of the matter 


current density J” (the continuity equation): 
Ni eee), (L7aB 
Vid = 0. (17.2) 


As usual V,, stands for the covariant derivative associated with the four- 
dimensional space-time metric, g,,. The density current is given by J4# = pu", 
where u represents the fluid 4-velocity and p is the rest-mass density in a 
locally inertial reference frame. Greek (Latin) indices run from 0 to 3 (1 to 3) 
and geometrized units G = c = | are used in the following. 
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By neglecting non-adiabatic effects such as viscosity or heat transfer, the 
stress-energy tensor of a perfect fluid reads: 


THY — phaser. (iizs) 
where p is the pressure and h is the relativistic specific enthalpy, defined by 


ee ee (17.4) 
p 
The quantity ¢ is the specific internal energy. 
After choosing an explicit coordinate system 2% = (x°, z*) the previous con- 
servation equations read: 


2. (GI! ae (17.5) 
Ort! 

0 Vv Vy 
Ponte —J=91%,T", (17.6) 


where the scalar x° represents a foliation of the space-time with a family of 
hypersurfaces. Furthermore, ,/—g is the volume element associated with the 
4-metric, with g = det(g,), and I”, are the 4-dimensional Christoffel symbols. 

In addition to the equations of motion (17.1) and to the continuity equa- 
tion (17.2) the system must be closed with an equation of state (EoS) relating 
the pressure with some independent thermodynamical quantities, such as the 
rest-mass density and internal energy: 


p = p(p.é). (lge7) 


Relativistic hydrodynamic flows were first studied numerically with finite- 
difference schemes and explicit artificial viscosity terms 2.30. These terms 51 
were necessary in order to damp the spurious numerical oscillations associated 
with the presence of discontinuities in the flow solution. Such approaches, albeit 
extensively (and successfully) used in different fields of computational relativistic 
astrophysics (e.g.. gravitational collapse. accretion. coalescence of compact bina- 
ries, cosmology), were not able, however, to simulate flows with Lorentz factors 
larger than 2 [52]. for which mnplicit methods were cousidered more appropriate. 
More recently, however, the use of artificial viscosity terms in non-grid based 
algorithms such as Smoothed Particle Hydrodynamics. has proven not to have 
such severe limitations [53}. 

The study of ultrarelativistic hydrodynamics with ezplicit finite-difference 
methods underwent a revival with the adoption of conservative formulations 
of the hydrodynamic equations and uumerical methodology relying upon the 
hyperbolic nature of such system. Theoretical advances on the mathematical 
character of the relativistic hyvdrodyuamic equations were achieved studving 
the special relativistic limit. In Minkowski space-time. the hyperbolic charac- 
ter of relativistic (magneto) hydrodynamics was exhaustively studied by Anile 
and collaborators (see [54] and references therein). The so-called high-resolution 
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Godunov-type schemes. with low numerical dissipation and oscillation-free rep- 
resentation of discontinuous solutions. based upon either exact or approximate 
Riemann solvers were extended during the 1990s from classical fluid dynamics to 
relativity [29.55 5s]. Nowadays. there exists Increasing expertise. both theoreti- 
cal and umnerical. to investigate extremely fast flows through accurate computer 
simulations (see [49] for a recent review). 

Traditionally, most of the approaches for numerical integrations of the gen- 
eral relativistic hydrodynamic equations have adopted space-like foliations of 
the space-time, within the 3+1 formulation [28,35,58]. Covariant and conser- 
vative formulations for ideal fluids, have been presented in [56] and [21]. From 
the theoretical point of view most of the existing formulations of the relativistic 
hydrodynamics equations are written in terms of quantities measured by an Eu- 
lerian (fixed) observer. By using Eulerian frame variables (relativistic densities 
of mass, momentum and energy) the equations exhibit a conservation form sim- 
ilar to their nonrelativistic counterparts. In most cases, contrary to Newtonian 
hydrodyuamics, fulfilling the (desirable) conservation properties is accompanied 
by a nonlinear recovery process to extract physical (primitive) quantities (such 
as rest-mass density. sound speed. etc) from the conserved quantities forming the 
state vector of the system [21.56.58] (we note that a different approach based 
upon a primitive-variable formulation is given in [57,59]). 

As an example. in the formulation developed by Papadopoulos and Font [21] 
the spatial velocity components of the 4-velocity, u’, together with the rest-frame 
density and internal energy. p and ¢€, are taken as the primitive variables. They 
constitute a vector in a five dimensional space w = (p,u’,€). The initial value 
problem for equations (17.5) and (17.6) is defined in terms of another vector in 
the same fluid state space. namely the conserved variables, U = (D,: UNE 


p= J° = pu, (17.8) 
Sa” = phi’ + pg", (17.9) 
Pal =p tag. (17.10) 


With those definitions the hydrodynamic equations can be written as a first- 
order flux-conservative hyperbolic system of conservation laws: 


Meg) OWS) og. (17.11) 


Ox Ox) 


The flux vectors F’ and the source terins S are given by: 


Fi = (J3, 7%, T) = (pu’, phu'u) + pg”, phuud + pg”), (ive12) 


S = (0,-/-g Ape) ott’). (17.13) 


The local characteristic structure of these equations was presented in [21]. 
For the other conservative formulations mentioned above such information can 
be found in Refs. [35, 56,58] (see also [60]). The relevance of having the wave 
structure to one’s disposal in the development of HRSC schemes will become 


apparent in the following section. 
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17.3. High-Resolution Numerical Schemes 


The hydrodynamic equations constitute a nonlinear hyperbolic system of con- 
servation laws. Hence, smooth initial data can turn into discontinuous data (1.e., 
crossing of characteristics in the case of shocks) after a finite time during the 
evolution. Standard finite difference algorithms suffer from important deficien- 
cies when dealing with such systems. Typically, first order accurate schemes are 
too dissipative across discontinnities (excessive sincaring) While secoud order (or 
higher) schemes produce spurious oscillations near discontinnities, which do not 
disappear as the grid is refined. 

Finite difference numerical schemes provide solutions of the discretized ver- 
sion of the original system of partial differential equations. Therefore, conver- 
gence properties under grid refinement must be enforced on such schemes to en- 
sure the correctness of the numerical result (i.e., the global error of the numerical 
solution must vanish as the cell width is diminished). For hyperbolic systems of 
conservation laws, schemes written in conservation form are preferred. since - 
as proven by Lax and Wendroff [61] — if convergence exists. it is to one of the 
so-called weak solutions of the original system of equations. Such weak solutions 
are generalized solutions that satisfy the integral form of the conservation system 
0,U a O,F == () 


co +00 +50 
i i (6,U + ©, F(U))dxdt = -| @(r,0)U(z,0)dz, (17.14) 
0) —0o — 90 
for any continuously differentiable test function @(r.t) with compact support. 
They are classical solutions (continuous and differentiable) in regions where they 
are smooth and have a finite number of discontinuities. 

The class of all weak solutions is too wide in the sense that there is no 
uniqueness for the initial value problem. The numerical method should guarantee 
convergence to the physically admissible solution. This is the vanishing-viscosity 
solution of the “viscous version” of the hyperbolic problem: 


OU Sons og 
Ot Or | Ox” 
when 7 — 0. Mathematically, this solution is characterized by the so-called 
entropy condition (e.g., the entropy of any fluid element should increase when 
running into a discontinuity). The characterization of the entropy-satisfying so- 
lutions for hyperbolic systems of conservation laws was developed by Lax [62]. 
The Lax-Wendroff theorem [61] does not establish whether the method con- 
verges, for which some form of stability is required. Building upon the Laz equiv- 
alence theorem (see, e.g. [63]), the notion of total-variation stability has proven 
very successful, although sound results have only been obtained for (nonlinear) 


scalar conservation laws. The total variation of a numerical solution at time 
t=t", TV(u”), is defined as: 


Clea) 


+00 
TV(u") =} luli — up|. - (17.16) 
0) 
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A numerical scheme is TV-stable if TV(u”) is bounded at any time and 
for any initial data. Present-day research is focused on the development of high- 
resolution numerical schemes in conservation form satisfying the condition of TV- 
stability, such as the so-called Total Variation Diminishing (TVD) schemes [64]. 
An additional property that any numerical method should satisfy is monotonic- 
ity (see, e.g. [45]). For scalar conservation laws it has been shown that monotone 
methods are TVD and satisfy a discrete entropy condition. Therefore, they con- 
verge in a non-oscillatory manner to the unique entropy (physical) solution. 

In a conservative scheme the time variation of the mean values of the state 
vector U in a given numerical cell - labeled by index i — is given, in the absence 
of source terms, by the flux differences across the cell interfaces. Mathematically, 
such an algorithm reads: 


Ue = LOH ae — aaa = Poo: CLEA) 


where Aft and Ar stand for the time step and cell width, respectively. 

Historically. in 1959 Godunov |65] developed the first couservative scheme for 
the classical fluid equations in which the numerical fluzes, F, 41, at every cell 
interface of the computational grid were computed by exactly solving a family 
of local Riemann problems. Such Riemann problems - the simplest initial value 
problem with discontinuous initial data - arise naturally after the discretization 
procedure of the “continuous” solution by means of piecewise constant approx- 
imations. The Riemann problem is invariant under similarity transformations 
(x,t) > (ax. at).a > 0. The solution is therefore constant along the characteris- 
ties x/t = const. and, hence, self-similar. It consists of constant states separated 
by rarefaction waves, shocks and contact discontinuities. 

Given a general hyperbolic system, if U(x, t) = wr(x/t; U_, U,) is the weak 
solution of a Riemann problem with initial data U = U_ ifr <0 and U =U, 
otherwise, then the numerical fluxes in Godunov’s scheme are given by: 


2=e 


ie = Biw 0 Ur, Oe, )); (17.18) 


along the characteristic x/t = 0. 

The exact solution of the Riemann problem was extended to relativistic hy- 
drodynamics in [66] (see also [67]). Since it involves solving a nonlinear algebraic 
system which can be computationally inefficient, in addition to the approxiima- 
tion involved in using piecewise constant data, the use of approximate solutions 
of the Riemann problem were proposed. Hence, if w(a/t;U—,U4) is such an 
approximation, the Godunov-type schemes are defined (68, 69] as those in which 
epee are computed as: 


U 
unt! — xf Wier, U1 ae 
: Ar J —-Am/2 


x Wirt, Uy, Ode, (17.19) 
Ax Jo 
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and the numerical fluxes in the space-time computational cell [z;_ 1, 2iy2 |x 


[e”, #”+1] are given by: 


vs 
| af F(U(a,,1,t))de, (17.20) 
2 A 2 


where U(x; 1, t) is computed by (approximately) solving a Riemann problem 
at every numerical cell interface U(x, 1,t) = w(0; U7’. Uj ia). 

The mathematical and algorithmical “developments accomplished in the scalar 
case have been extended to nonlinear hyperbolic systems of conservation laws 
using the so-called local characteristic approach. This technique generalizes the 
original procedure due to Roe [70] by applying the scalar algorithms to any 
of the characteristic equations of the system, after a suitable linearization. At 
each interface i + 1/2 of the computational grid, the Jacobian matrix A of the 
system, A = OF/JOU is assumed to be constant Aj4i/2 = A(U;41/2), with 
Uii1/2 being an average between U; and U;,,. The original nonlinear system 
is then rewritten as 0,U + Ad,U = 0. The eigenvalues of this matrix are the 
characteristic speeds of the Riemann problem. The approximate Riemann solver 
obtains the exact solution of the linearized system, which can be easily computed 
by solving a system of decoupled, linear characteristic (scalar) equations. The 
properties that the matrix A has to fulfill can be found in [70] for the widely 
used Roe’s approximate Riemann solver. 

As an illustrative example, for a second-order upwind. monotone scheme such 
as MUSCL [71], the expression for the numerical flux function reads: 


p 
isp = 5 (rut )+F(UR)- > Hay aan | : (ie ay 


n= 


Index p indicates the dimensions of the system. The quantities w = R7~!U are 
the so-called characteristic variables. R being the matrix whose columns are the 
right-eigenvector expressions of the Jacobian matrix associated with the vector 
of fluxes. Furthermore, \ and r stand for the eigenvalues and right-eigenvectors 
of such Jacobian matrix. The “tilde” indicates that all quantities have to be 
computed with respect to the linearized Jacobian matrix A. 

The jumps of the characteristic variables at each cell interface are obtained 
by projecting the jumps of the state-vector variables with the left-eigenvectors 
matrix: 


AW. =Rp), (Ur =i (17.22) 


The left (L) and right (R) states of the conserved quantities U - at any cell 
interface - are computed from the cell-centered values after a suitable monotone 
reconstruction procedure. The way those variables are obtained determines the 
spatial order of the numerical algorithm and controls, in turn, the local jumps 


at every interface. A wide variety of cell reconstruction procedures is available 
in the literature (see, e.g. [71 73]). 
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The last term in the flux-formula, Eq. (17.21), represents the “numerical 
viscosity” of the conservative scheme. The wave structure of the system is thus 
used to provide the smallest amount of numerical dissipation yielding accurate 
solutions of discontinuities without excessive smearing, avoiding, at the same 
time, the growth of spurious numerical oscillations. 

So far we have only considered one-dimensional systems of conservation laws. 
For multidimensional hyperbolic systems containing source terms a standard pro- 
cedure to apply the above schemes is to use dimensional splitting - computing 
the numerical fluxes along every spatial direction independently -, possibly in 
combination with a method of lines. Therefore, for a three-dimensional hyper- 
bolic system: 

OU OF(U) dG(U) ss OH(U) 


- 4 


Ot” Or i ee (17.23) 


where F.G and H are the fluxes in the x, y and z directions, respectively, the 
dimensional splitting algorithm reads: 

ntl _. pAt/2 pAt pAt pAt pAt/24 1n 

Gace Ls Li, Sp Ly Bs Ue (17.24) 
where Ly. £L, and £; denote the operators associated with the corresponding 
one-dimensional PDEs, i.e., the operators computing the numerical fluxes at 
every cell interface in a given direction. Furthermore, £, is the operator which 
solves a system of ODEs for the source terms: 


OU 
—_ = : NAS 
a S(U) (ive 2e) 


The state vector U at the final time ¢”+! is then computed in consecutive sub- 
steps. On the other hand. in the method of lines the time update of all directions 
- and of the source terms is done simultaneously. The conservative algorithm 


reads: 


dU, 1 (f) ee ++ pel o ofl 


dt Az. 
Gi jeder ~ Sigh 
Ay 
H, Sy eel H, a ae a 
7 a lea a Sie (17.26) 


where the numerical fluxes are given by 


F 


Gi grt = G(Uig -qhs Vij att bs Uijtae)) 
A = HU pipeo, Uns p-gtis  Uepnee)) (17.27) 
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gq indicating, the stencil chosen to compute these fluxes. Further details about 
multidimensional systems and source terms. with particular emphasis in numer- 
ical schemes for stiff source terms, can be found in [74]. 

We end this section by pointing out that during the last few years most 
of the classical approximate Ricmanun solvers developed in flnid dynamics have 
successfully been extended to relativistic hydrodynamics. The interested reader 
is referred to [50] for a comprehensive description of such solvers in relativistic 
hydrodynamics. 


17.4 Applications 


We now present some applications of the concepts introduced in the previous 
section. In particular we will show some results concerning the numerical evo- 
lution of the equations of hydrodynamics and the gravitational field within the 
context of the characteristic formulation of General Relativity. But let us start 
first with a demonstration in Minkowski space-time. 


17.4.1 Shock Tube Test 


A standard test to calibrate a hydrodynamics code based on the schemes dis- 
cussed in the previous section is the so-called shock tube problem. This is a 
particular version of a Riemann problem in which the initial states at both sides 
of a discontinuity are at rest. Therefore, the state of the fluid at either side of 
the interface only differs in its thermodynamic quantities such as the density 
and the pressure. 

When the interface is removed, the fluid evolves in such a way that four 
constant states develop. In between each state there can exist one of three el- 
ementary waves: a shock wave, a contact discontinuity and a rarefaction wave. 
As mentioned in the preceding section the exact wave pattern of the (ideal) fluid 
state at any given time was first obtained by Godunov [65] in Newtonian hy- 
drodynamics. Its generalization to relativistic hydrodynamics was accomplished 
by [66] (see also [67]). This time-dependent problem provides a simple test of 
the shock-capturing properties of any numerical scheme, its level of difficulty 
depending on the initial data. A comprehensive survey of the behavior of a large 
sample of schemes applied to the shock tube problem is presented in [50] (the in- 
terested reader is also referred to [50] for further information on tests commonly 
used to validate numerical schemes for the hydrodynamic equations). 

The main differences between the solution of relativistic shock tubes and 
their Newtonian counterparts are due to the nonlinear addition of velocities and 
to the Lorentz contraction. The first effect yields a curved profile for the rar- 
efaction fan, as opposed to a linear one in the Newtonian case. The Lorentz 
contraction narrows the shock plateau. These effects, especially the latter, be- 
come particularly noticeable in the ultrarelativistic regime (y > 1). 

For our demonstration we consider a fluid whose initial state is specified by 
pir = 10° and py = 1 on the left side of the interface and by pg = 10-2 and 
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Fig. 17.1. The relativistic shock tube problem at time t = 0.35. Normalized profiles of 
density. pressure and velocity vs. distance for the computed (symbols) and exact (solid 
line) solution. All variables were calculated with a third order scheme on an equidistant 
grid of 400 zones. The initial interface was located at x = 0.5 


pr =1on the right side. This corresponds to problem 2 of [50]. The adiabatic 
index of the perfect fluid EoS, p = (I’ — 1)pe, is F = 5/8. An initial jump in 
pressure of five orders of magnitude leads to the formation of a thin and dense 
shell bounded by a leading shock front and a trailing contact discontinuity a 
blast wave. The post-shock velocity is 0.96c (Lorentz factor y ¥ 3.5), while the 
shock speed is 0.986c (7+ ~ 6). Resolving the thin shock plateau poses a challenge 
for any numerical scheme. 

Fig. 17.1 shows the results of the shock tube evolution employing a grid of 
A400 zones spanning a domain of unit length. The time of the comparison be- 
tween the numerical and the analytic solution is t = 0.35. We have used a HRSC 
scheme based on the HLLE Riemann solver [68,69] and a parabolic reconstruc- 
tion procedure [72]. The solid lines indicate the exact solution. Correspondingly, 
the symbols represent the numerical approximation for the (scaled) pressure 
(open circles), density (crosses) and velocity (filled circles). As one can clearly 
see the location and propagation speeds of the different features of the solution 
are accurately captured. The shock plateau can be better resolved by simply 
increasing the numerical resolution (see [50, 75}). Diffusion-free results obtained 
with a one-dimensional exact Riemann solver are presented in [59]. 
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17.4.2 Gravitational Collapse of Supermassive Stars 


Supermassive black holes (SMBH), with masses on the range 10°Mo- 10°Mo 
(AL. indicating the mass of the Sun) are commonly found in the center of galax- 
ies [76,77]. Supermassive stars (SMS) lave been proposed as possible progeuit ors 
of SMBH. Such stars can develop a dvnaimical instability. 78.79 and undergo 
catastrophic gravitational collapse. 

Recently, the gravitational collapse of SMS was proposed by Fuller and 
Shi [80] as a possible model for gamma-ray bursts. The neutrino emission from 
the collapse of a SMS could lead to energy deposition by vv-annihilation Ve (4,.7)+ 
Ve (ur) 2 € +e*. Subsequently, 7-radiation would be produced by cyclotron 
radiation and/or the inverse Compton process. 

Trying to shed some light on the viability of that mechanism, Linke et al [23] 
have studied numerically the gravitational collapse of spherical SMS using a gen- 
eral relativistic hydrodynamics code. The code is based on the hydrodynamics 
formulation developed by [21]. The coupled system of Einstein and fluid equa- 
tions is solved adopting a space-time foliation with outgoing tul Liwpersurtaces. 
In such framework and in spherical symmetry, the Bondi-Sachs metric [11, 12] 
reads: 

e23 


ds? = — i du? — 2e?? dudr + r?(d6? + sin? 6do?). (17.28) 
iP 


The Einstein equations reduce to two radial hypersurface equations (ODEs) for 
B(u,r) and V(u,r): 


B, = QrreE. (17:23) 

V, = e798 — 8nr2e44S" — Arre*® VE. (17.30) 
where “,” indicates partial differentiation. Correspondingly. the hydrodynamic 
equations are given by expressions (17.8)-(17.13). appropriately particularized 
to spherical symmetry, and are solved using HRSC schemes !. 

In addition, the code developed by [23] includes a tabulated EoS which ac- 
counts for contributions from radiation, electron-positron pairs and baryonic 
gases, as well as energy losses by thermal neutrino emission. 

A typical simulation of a collapsing SMS is depicted in Fig. 17.2. The initial 
model corresponds to a 5 x 10°A/a SMS. The figure shows the radial profiles 
of the evolution of the density, temperature, metric components guu, Gur, and 
radial velocity. Furthermore, the space-time diagram at the lower right panel 
shows the local proper time against the location of mass shells enclosing fixed 
fractions of the total mass of the star. The arrow indicates the slope of a light 


* The reader must be aware of the different meaning of the word “characteristic” in 
the context of the Einstein equations and the hydrodynamic equations: while in the 
former case the characteristic formulation of general relativity refers to a particular 
slicing of the space-time - by means of null cones ~ in the latter case the notion of 
the local characteristic approach refers to a numerical procedure seeking to exploit, 
algorithmically, the upwind character of the hydrodynamic equations. 
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Fig. 17.2. Gravitational collapse of a 5 x 10°M. SMS. Snapshots of the evolution 
of the density. temperature, metric components guu, gur and radial velocity u”. The 
space-time diagram of the lower right. panel shows the location of mass shells (AM = 
5 x 10*M-,.) versus local proper time 7. The lines intersecting the mass shells are 
hypersurfaces of constant coordinate time u and represent trajectories of outgoing 
light rays. A black hole forms enclosing ~ 25% of the mass of the SMS. The figure is 


taken from [23] 


ray in Minkowski space-time. One can sec that light rays are severely delayed 
close to the forming black hole. This black hole forms from the innermost 257% 
of the total stellar mass. The collapse lasts 8 x 10°s (~ 9.3 days) and the central 
density increases by a factor of 1.08 x 10". The final configuration becomes highly 
relativistic before the simulation is stopped, with gy, = —119 at the surface of 
the star (gu, = —1.0058 initially). Details about the neutrino emission in such 


an evolution can be found in [23}. 
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This and other simulations have been used in [23] to analyze the possibility 
that collapsing SMS could be progenitors of gamma-ray bursts [XQ]. The com- 
prehensive study performed in (23) reveals that 99'4 of the energy produced by 
yy—annihilation is deposited in a spherical layer deep inside the star at a ra- 
dius Rp < r < 3R,, where R, indicates the location of the neutrino radiating 
volume. Therefore, only a tiny fraction of the energy is deposited near the sur- 
face of the star where excessive baryon loading could be avoided. As a result, 
ultrarelativistic ejection of matter with Lorentz factors 7 > 1, a distinctive fea- 
ture of all gamma-ray burst models, cannot be expected in spherical models. 
The simulations performed in [23] show that the spherical collapse of a SMS 
(M > 5 x 10°M.) does not meet the demands for being a successful central 
engine for a gamma-ray burst. 


17.4.3. Null Cone Evolution of Relativistic Stars 


In (24, 26] we presented the first results of a program we have recently started 
to study the dynamics of relativistic stars by means of null cone simulations in 
axisymmetry. The final aim is to study the gravitational core collapse problem 
and to compute the associated gravitational radiation [33.81]. 

For these investigations we use the Bondi-Sachs metric: 


V 9 oD Ue 3 
a (He = use) du? — 2e??du dr — 2Ur7e?" du d6 


+r? (e276? + e~*7sin?6 dd), Wear) 


with null coordinate u, radial coordinate 7, polar coordinate 6 and the azimuthal 
coordinate ¢, which is a Killing coordinate. Using this metric the Einstein equa- 
tions split into hypersurface equations on each light cone (for the fields G, U 
and V), and one evolution equation (for the tield -y. not to be confused with the 
Lorentz factor of the fluid), a wave equation (see also Lehner’s article in this 
volume). The hypersurface equations, Gi, — 877}, = 0, read: 


Bp = Pe) ot Ree (17.32) 
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where R,, is the Ricci tensor and 74 = (0, d). Correspondingly, the evolution 
equation for the gravitational field reads: 


Pay) a — 2ry-V — 4? (216 U +sin@ (sa) ) 
S o/ |, 


or? een) e + artery.) 


sin @ 


a ; é) 
9678-9) a0? +sin@ ( : 2 ) | 4n(p+p)ug. (17.35) 
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A remarkable property of the above system of equations is that they form a 
hierarchy: knowing 7 on the first null hypersurface allows one to radially integrate 
the corresponding equations to determine 3, U, V and Y,u (in that order) on 
that hypersurface [14]. 

In the code developed by [24.26] the numerical implementation of the Ein- 
stein equations closely follows that of [82]. The same marching algorithms are 
employed with additional source terms arising from the presence of matter fields. 
Since the code uses spherical coordinates, special care is taken with the numerical 
treatment of the coordinate singularities at the origin and at the polar axis. In 
order to impose boundary conditions at the origin the assumption that ¢ = u+r, 
x =rsin@cos¢é, y = rsinésing and z = rcos@ form a local Fermi system at 
r = 0 is enforced. This implies a fall-off behavior given by V = r+ O(r?), 
3 = O(r?). U = O(r) and y = O(r?) [44]. Regularity on the axis requires that 
U/sin@ and y/sin* @ are continuous functions at 6 = 0,7. The code also uses a 
new polar coordinate y = — cos@. In order to keep the freedom of working with 
numerical grids which only cover the star without its vacuum exterior, the ra- 
dial coordinate used in [82] was generalized: Starting from an equidistant radial 
coordinate x € [0.1], the code of {24] allows for a general coordinate transforma- 
tion of the form r = r(x), so that either compactified - with future null infinity 
being the outermost radial grid point - or non-compactified grids can be used. 
This will allow for the unambiguous computation of the gravitational radiation 
at %+ in our planned gravitational core collapse simulations, by simply read- 
ing off the news function at the outermost radial grid point. The hydrodynamic 
equations are formulated as in [21] and solved using HRSC schemes. 

As a simplified model for a self-gravitating relativistic star (26| have con- 
sidered the spherically symmetric solution of the general relativistic hydrostatic 
equation, the so-called Tolman-Oppenheimer-Volkoff equation, with a polytropic 
EoS p = Kp! . Equilibrium models were used to check the long-term stability of 
the code and its convergence properties. The code has proven to be stable for 
evolution times much longer than the characteristic light-crossing times of the 
different models considered. Spherically symmetric sinmulations have also shown 
the expected second order accuracy of the code. 

Following [38] we have also checked the code on a dynamical evolution of 
an unstable spherical initial model. In such a model the sign of the truncation 
error of the numerical scheme controls the fate of the evolution. In the code 
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Fig. 17.3. Evolution of the central rest-mass density during the migration of an unsta- 
ble relativistic star (N = 1, K = 100, M = 1.447Mo, pc = 8.0x 10°*:G =c =e 1) 
to a stable model with the same rest-mass. The central density of the (final) stable con- 
figuration is p. = 1.35 x 107°. The evolution shows the expected behavior. Since we 
are using a polytropic EoS, the amplitude of the oscillations is essentially undamped 
for the evolution times shown 


this sign is such that the unstable star “migrates” to the stable branch of the 
sequence of equilibrium models. In such a situation, the rest-mass of the star has 
to be conserved throughout the migration. Despite the fact that this mechanism 
cannot occur in nature — unstable stars can only collapse to more compact con- 
figurations ~ and as such it is an academic problem. it represents, nevertheless. 
an important test of the accuracy and self-consistency of the code in a highly 
dynainical situation. 

As in [88] we have constructed a N = 1 (I =1+41/N = 2), K = 100 
polytropic star with mass M = 1.447 Mo. and central rest-mass density pp = 
8.0 x 1073 (in units in which G = c = Mo = 1). Fig. 17.3 shows the evolution 
of the central density up to a final time of u = 1500. On a very short dynamical 
timescale the star rapidly expands and its central rest-mass density drops well 
below its initial value, less than p. = 1.35 x 107%, the central rest-mass density 
of the stable model of the same rest-mass. During the rapid decrease of the 
central density, the star acquires a large radial momentum. The star then enters a 
phase of large amplitude radial oscillations around the stable equilibrium model. 
As Fig. 17.3 shows the code is able to accurately recover (asymptotically) the 
expected values of the stable model. Furthermore, its evolution is completely 
similar to that obtained with an independent fully three-dimensional code in 
Cartesian coordinates [38]. 

The evolution shown in Fig. 17.3 allows to study large amplitude oscillations 
of relativistic stars, which cannot be treated accurately by linear perturbation 
theory. ‘These oscillations could occur after a supernova core-collapse [33] or after 
an accretion-induced collapse of a white dwarf. 
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Fig. 17.4. Convergence properties of a global energy conservation test. The difference 
between the initial and final Bondi mass converges in an almost second order way to 
the value given by the energy which is carried away by gravitational waves. The figure 
is taken from /24] 


To end this section we briefly discuss a global energy conservation test of 
the axisymmetric characteristic code which was presented in [24]. For that pur- 
pose Siebel et al. [24] used a strong ingoing gravitational wave to perturb an 
equilibrium relativistic star: 


Oise 2! (17.36) 


The (nonlinear) initial pulse induces large velocities in the fluid of the star 
which give rise to “strong” outgoing gravitational waves, i.e., with an energy 
larger than the numerical errors involved in the calculation of the Bondi mass 
for a given resolution and integration time. If M is the Bondi mass and P is the 
total energy radiated away by gravitational waves at future null infinity Zt, the 
convergence of the quantity 


GEG |g = Mga 0 = (Vee (17.37) 


to zero represents a very severe global test of the numerical code. Satisfactory 
convergence results under grid refinement are shown in Fig. 17.4. 


17.5 Summary 


The article has dealt with presenting some concepts and applications in rela- 
tivistic astrophysics of a particular class of finite difference numerical schemes 
based on Riemann solvers. specifically designed for nonlinear hyperbolic systems 


of conservation laws. 
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Such schemes have been discussed in the context of the general relativis- 
tic hydrodynamic equations. Nevertheless, the algorithms presented are gen- 
eral enough to be applicable to other hyperbolic systems such as the Einstein 
equations (when appropriately formulated, as e.g. in Friedrich’s conformal ap- 
proach [15], see also [7]). While this may not be strictly necessary for vacuum 
space-times, it may become relevant when dealing with non-vanishing stress- 
cnergy tensors. 

The use of conservative algorithms based upon the characteristic structure 
of the hydrodynamic equations, developed during the last decade building on 
ideas first applied in Newtonian hydrodynamics, provides a robust methodology 
to obtain stable and accurate solutions even in the presence of discontinuities. 
This has become apparent since the early 1990s [29]. 

The knowledge of the wave structure of the equations is the essential build- 
ing block in the construction of the so-called linearized Riemann solvers. The 
increasing use of these solvers in relativistic hydrodynamics has proved suc- 
cessful in handling complex flows, with high Lorentz factors and strong shocks, 
superseding more traditional methods based on artificial viscosity [49]. 

In the last part of the article we have discussed some astrophysical applica- 
tions of such schemes, using the coupled system of the (characteristic) Einstein 
and hydrodynamic equations. Examples involving the gravitational collapse of 
supermassive stars and the evolution of relativistic compact stars have been 
presented. 
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18 Simulations of Generic Singularities 
in Harmonic Coordinates 


David Garfinkle 


Department of Physics. Oakland University, Rochester, Michigan 48309, USA 


Abstract. This paper presents both a numerical method for general relativity and an 
application of that method. The method involves the use of harmonic coordinates in a 
3+1 code to evolve the Einstein equations with scalar field matter. In such coordinates, 
the terms in Einstein’s equations with the highest number of derivatives take a form 
similar to that of the wave equation. The application is an exploration of the generic 
approach to the singularity for this type of matter. The preliminary results indicate 
that the dynamics as one approaches the singularity is locally the dynamics of the 
Kasner spacetimes. 


18.1 Introduction 


It has long been known that harmonic coordinates are useful for mathematical 
relativity. In particular, these coordinates were used [1] to prove local existence 
of solutions of the vacuuin Einstein equation. This usefulness of harmonic coor- 
dinates stems from their putting Einstein’s equation into a form that is similar 
to the curved space-time wave equation. Since many numerical techniques work 
well on the wave equation. one might expect that harmonic coordinates would be 
used extensively in numerical relativity, and it is somewhat surprising that they 
are not. (However, see [2] for some recent mathematical and numerical work on 
the linearized case.) This is perhaps due to the following drawback of harmonic 
coordinates: these coordinates are solutions of the wave equation, and such solu- 
tions need not have a time-like gradient at all points of space-time, even if they 
start out with a time-like gradient on an initial data surface. What this means 
is that in harmonic coordinates. the time coordinate will in general not remain 
time-like and this is likely to cause numerical problems [3]. As we will see later, 
there is a way around this difficulty. 

One area of numerical relativity where harmonic coordinates have been used 
(though somewhat unintentionally) is in the study of the approach to the sin- 
eularity, in particular in the Gowdy space-times [4]. Numerical simulation of 
approach to a space-time singularity presents problems of its own. Since it is 
expected that various quantities become infinite at the singularity, the numeri- 
cal simulation will generally stop after a finite coordinate time, the time when a 
surface of constant time first encounters the singularity. Since this first encounter 
generally occurs at one spatial point, the information about the behavior of the 
singularity at other spatial points will be unavailable from the numerical simu- 
lation. The solution to this difficulty is to choose a time coordinate that tends to 
infinity as the singularity is approached. In this way, the simulation is not forced 
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to end at finite coordinate time. the whole space-time up to the singularity 1s 
covered and the behavior of the metric as the singularity is approached simply 
becomes asvinptotic behavior in the limit of Jarge time coordinate. For Gowdy 
space-times there is a natural choice of such a time coordinate: these space-times 
are foliated by Ts invariant under the symmetry group. The area of the sym- 
metry Ts goes to zero as the singularity is approached. Therefore minus the 
logarithm of this area is a uatiral time coordinate that goes to infinity as the 
singularity is approached. While this approach works well for the Gowdy space- 
times. since it depends crucially ou the svimmetry of the Gowdy space-times. the 
approach does not seem to generalize to the case of the generic singnlarity with 
no symmetries. A natural generalization comes when one notices that this time 
coordinate (minus the logarithm of the area of the symmetry T*s) is also har- 
monic. Since in some sense one expects the wave equation to become singular as 
the space-time singularity is approached, one might also expect a solution of the 
wave equation to blow up as the singularity is approached and thus one might 
want to use such a solution as the coordinate time. 

What is expected to be the generic behavior of a space-time as the singularity 
is approached? Based on studies of space-times with T? symmetry [4-6] and 
space-times with U(1) symmetry [7], the expected answer [8] is the following: the 
singularity is expected to be space-like and as it is approached each spatial point 
is expected to “decouple” from the others and undergo a dynamics corresponding 
to that of a homogeneous space-time (though a different homogeneous space- 
time at each spatial point). Which types of homogeneous space-time is this 
dynamics expected to correspond to? For vacuum space-times. it is thought that 
the dynamics will be oscillatory. possibly correspouding to the Mixmaster space- 
time as conjectured in [9]. For many other types of matter it is expected that as 
the singularity is approached the matter terms in the Einstein equations become 
negligible and the dynamics approaches that of a vacuum space-time. 

However for so called “stiff matter” (7.e., a scalar field or a perfect fluid with 
equation of state P = p) it is expected that the dvnamics will not be oscillatory 
and will correspond to that of a Kasner space-time. This expectation is greatly 
bolstered by a theorem due to Andersson and Rendall [10] which shows local 
existence in a neighborhood of the singularity of solutions to the Einstein-scalar 
equations, with the expected asymptotic behavior and with enough degrees of 
freedom to be the generic solutions. 

Since the approach to the singularity is expected to be simpler for stiff mat- 
ter than for vacuum, the stiff matter case should be easier to treat numerically. 
Therefore, in this paper we confine ourselves to a numerical study of the ap- 
proach to the generic singularity in the Finstein-scalar system. Sect. 18.2 presents 
the equations and numerical methods used. The results are given in Sect. 18.3. 
Sect. 18.4 contains a discussion of the results and of other possible applications 
of the harmonic coordinate method. 
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18.2 Equations and Numerical Methods 


The equations that we wish to evolve numerically are the Einstein-scalar equa- 
tions 


Rag = 8TVa.bVad. (18.1) 

Here, we use the conventions of [11] including units where c = G = 1. As a 

consequence of (18.1) and the Bianchi identities. the scalar field must satisfy the 
‘wave equation 

Vay @— 0; (18.2) 


The Ricci tensor is given in terms of the Christoffel symbols by 
Me O/T Og gy A itp lles (18.3) 
while the Christoffel symbols are given in terms of the metric by 
Tg = 39 (Oa986 + 96905 — O59a8) - (18.4) 


Harmonic coordinates are solutions of the wave equation. As a generalization 
of harmonic coordinates. cousider coordinates that satisfy the wave equation with 
source 

We aa (18.5) 


where H¥ are specified from the beginning. Then using (18.3), (18.4, (18.5) we 
find that the Ricci tensor is given by 


Rap — — $97" 0, 05908 AF SOP aC ives ste aC wo Cue 
pal ag = Ofelia) a (18.6) 
where Cojv = OaGpv. Note that the second derivative terms appear only in the 
wave operator. Therefore, one might expect that Einstein’s equations in this 
form behave similarly to the wave equation and that numerical methods that 
work well on the wave equation might work well on Einstein’s equations in this 
form. The reason for considering nonzero source terms H¥ in (18.5) is that these 
terms allow us to change the behavior of the time coordinate and thus may allow 
us to eliminate (or at least postpone) the behavior where the time coordinate 
ceases to be time-like. 
The numerical method used requires equations that are first order in time. 
To put the equations in such a form, we define quantities Pag and Py given by 


Pog a Gai; (18.7) 
Ps = 10. (18.8) 


Then the Einstein-scalar equation becomes 


— gO; Pap = 29°" Pas + Gg O:OGos + 167I.b0p¢ 
+ 2044 a) — 20 igtty — CA Cig = Oe va ae ee ie: (18.9) 
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The wave equation for @ becomes 
— gO, Ps = 2g" O,Ps + Gg" O:Onb — 9°? T2209. (18.10) 


The fill set of equations that are evolved tu the computer code are (18.7) (18.10). 

We now turn to the numerical methods used to evolve these equations. Func- 
tions on space-time are represented by their values on a numerical grid and 
spatial derivatives are approximated by centered differences. That is. at spatial 
grid point i in the x direction, the first and second derivatives of a function F’ 
are approximated by 


Of ee (18.11) 
Ox DANG 
2 eS 
on? (Az) 


The variables are evolved in time using the iterated Crank-Nicholson (ICN) 
method. This works as follows: suppose that we have evolution equations of the 
form 0:5 = W(S) for some set of variables S. Let S” be the value of S at time 
step n. Then we approximate the evolution equation as 


gnti = gn = [W(Ss”) + W(S"**)] (18.13) 


where At is the time step. In principle, this equation could be used directly to 
solve for S”+! and thus evolve the variables for one time step. In practice, this 
is too complicated for all but the simplest evolution equations. Instead, the ICN 
method consists of approximately solving (18.18) by iteration. We take as a first 
guess for S”+1 the quantity S$”. Then using our guess for S”*! on the right side 
of (18.13) we produce a better guess for S”*! which can then be used on the 
right hand side of (18.13) to produce a better guess. In principle this process 
could be iterated an arbitrary number of times but a large number of iterations 
for a 3+1 code would take a very large amount of computing time. Instead we 
iterate for three times. 

The space-times we consider have topology T° x R. Each spatial slice has 
topology T%. In terms of the spatial coordinates, this means that 0 < x2 < 2x 
with 0 and 27 identified (and correspondingly for y and z). This topology is 
implemented numerically as follows: a spatial coordinate x has N grid points. 
The variables on points from 2 to N—1 are evolved using the evolution equations. 
The variables on point 1 are set to the values at point N — 1 while at point N 
they are set to the values at point 2. 


18.3 Results 


All runs were done in double precision on Compaq XP1000 workstations and on 
the NCSA Origin 2000. The time step was At = Az/2. While the source terms 
H should be helpful in keeping the coordinates well behaved, we did not need 
them for the cases studied here and all runs have H“ = 0. 
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Fig. 18.1. Comparison of the quantity P as found using a Gowdy code and the 3+1 
harmonic code 


Before exploring the generic singularity, we would like to test the code. One 
way of doing this is to run the code on cases with symmetry where results are 
already known. Such a case is the Gowdy space-times. These have the form [4] 


ds? = e(™—)/2 [=e “adr- + dz*| 
+e~7 [ed + 2e” Qdrdy + (e?Q? +e”) dy*] (18.14) 
Here, P.@ and A are functions of 7 and z. It follows from (18.14) that the 
coordinates (7,z,y,z) are all solutions of the wave equation. Therefore, they 


are harmonic coordinates. The vacuum Einstein equations for the Gowdy space- 
times are [5] 


6-0)P—e- 10,0,P — FP (2-9) E e*"(.Q)"| ae (18.15) 
0,0,Q — e-770,0.Q +2(0,P0,Q - e-*"0,P8,Q) =0 (18.16) 


plus constraint equations that determine A, once P and Q are known. 

To test the 3+1 code, we evolve (18.15) and (18.16) using a 1+1 code. Then 
we evolve the same initial data with the 3+1 harmonic code and compare the re- 
sults. To do the comparison, note that P = 7+In gz so that it is straightforward 
to compare the values of P produced by the two codes. For these simulations 
500 grid points were used in the 1+1 code and 3, 3 and 500 grid points were 
used respectively in the z, y and z directions in the 3+1 code. For the compar- 
ison the initial data used is PF = 0, 0;P = 5cosz, Q = cosz, 0,Q = 0. These 
data are evolved until 7 = 7 and the results for the comparison are given in 
Fig. 18.1. Here, the solid line represents the 1+1 evolution of the Gowdy equa- 
tions, while the dots represent the full 3+1 evolution using the harmonic code. 
There is clearly agreement between the two. 

Another type of code test involves a constraint that comes from using har- 
monic coordinates. Define the quantities C* by 


Of ag" rt + A. (18.17) 
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Fig. 18.2. Convergence test involving the constraint 


Then from (18.5) it follows that C“ = 0. Since we are solving the evolution 
equations by approximating them by finite difference equations. the quantities 
CP as evaluated by the computer code will not be zero because of errors due 
to the finite grid spacing Az. For the type of algorithm that we are using, if 
the grid spacing is halved. then the quantities C” shonld get smaller by a factor 
of 4. A very powerful code test, referred to as a convergence test, is to evolve 
the same initial data with two different grid spacings and see whether the C# 
behave as expected. 

Before presenting the results of a convergence test we turn to the question of 
finding initial data without symmetries. On an initial data surface, the intrinsic 
metric ha, and the extrinsic curvature K,, must satisfv the constraint equations 


Da K% — D,K = 8n°VaoDpo4, (18.18) 
@R+K?_K*K, <8 [(n*Vad)? ih D*oDad) (18.19) 


Here, n° is the unit normal to the surface, and D, and ‘) R are respectively the 
covariant derivative and scalar curvature of ha,. Given a solution of (18.18) and 
(18.19). we produce initial data for evolution in harmonic coordinates as follows: 
For spatial directions i and j we have g;; = hij, gio = goi = 0. goo = —1, Pi = 
2K;;. The remaining components of P.g are solved for using C4 = 

We want to find a solution of (18.18) and (18.19) that is simple but has no 
symmetries and has some free parameters. We choose ¢ = 0 and hap equal to 
the flat Euclidean metric in the usual coordinates. For the extrinsic curvature 
we choose 


Kae = (61 + ag cosy + a3 cos z) /2, 

Kyy = (b2 + a) cosz — az cos z) /2, 

K,2 = (b3 — a1 cos x — ap cosy) /2, 

Keg — Kye = eaeosa 2. 

Kuz = Kzz = (eg cosy) /2, 

Kyz = Kzy = (€3 cos 2) /2. , (18.20) 
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Here, the quantities @;, b; and c; are constants that are free parameters. It is 
straightforward to show that the extrinsic curvature of (18.20) with our choice 
of initial fy. and 0 satisties (18.18). Equation (18.19) then becomes an algebraic 
equation for P; which can be solved provided that the left hand side of the 
equation is positive. Note that if all the a; and c; are zero and all the b; are 
equal, then the initial data evolve to the spatially flat Robertson-Walker space- 
time with scalar field matter. Thus, this family of data can be thought of as 
Robertson-Walker with large gravitational and scalar waves. 

We now consider a convergence test involving the constraints C“. Define the 
quantity C' by 

f V9G9agC%C? dxdydz a 
| f Jgdrdydz 

This quantity is a type of measure of the average size of the constraint. Fig. 18.2 
shows a plot of C vs. time. The parameters used are a; = (0.1,0.1,0.2), b; = 
(0, —0.5, —0.5) and c; = (0.0,0). Here the curve corresponds to a run done with 
20 grid points in each spatial direction, while the dots correspond to a run with 
38 grid points in each spatial direction (which gives half the grid spacing) and 
with C multiplied by 4. The results show second order convergence. 


(18.21) 


Fig. 18.3. Behavior of metric components and scalar field as the singularity is ap- 
proached at the spatial point (0,0, 0) 


We now consider the approach to the singularity. To see what is expected, 
it is helpful to consider the Kasner space-time in harmonic coordinates. This is 


given by 
ds? = _e(PitP2 +p3)T dr? at eP1T dx? ae eP27 dy? a eP3T dz? (18.22) 


where the p; are constants This metric is ge neal a solution of the Eisteim- 


scalar equations; but for the case where ( (Sop)? = Sp? it is a vacuum space- 
time. Note that in the vacuum case one cannot have all three directions con- 
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Fig. 18.4. Behavior of metric components and scalar field as the singularity is ap- 
proached at the spatial point (0, 7/4, 7/2) 


tracting but that this is possible for the Eimstein-scalar case. Note also that the 
metric components are exponential functions of time. It also turns out that the 
scalar field is a linear function of time. Thus, if the behavior of a generic solution 
near the singularity is local Kasner, then we should expect metric components 
that are exponential functions of time, with the exponent depending on space. 
We should also expect a scalar field that is a linear function of time with the 
slope depending on space. 

Results on the approach to the singularity are shown in Figs. 18.3 and 18.4. 
The run was done with 34 grid points in each spatial directions. The parameters 
a;, b; and c; are the same as for the convergence test. Here the scalar field 
and the logarithins of the diagonal metric components are plotted as functions 
of time. Fig. 18.3 corresponds to the spatial point (x,y,z) = (0.0.0) while for 
Fig. 18.4 the point is (0,7/4,7/2). Note that as the singularity is approached 
these quantities all become linear functions of time. The differences between 
Figs. 18.3 and 18.4 show that there is a spatial dependence of the approach to the 
singularity. Note from Fig. 18.3 that though the. direction is initially expanding. 
eventually all three directions contract. This is what one would expect if the 
metrics of [10] represent the generic behavior near the singularity since these 
metrics have all three directions contracting in a neighborhood of the singularity. 


18.4. Discussion 


While this study is somewhat preliminary. it indicates that harmonic coordinates 
can be a useful tool in numerical relativity. Though, in principle coordinate 
problems could occur, this did not happen in the cases studied here. even though 
they involved very strong fields. Furthermore, the use of the source terms H# 
may cure such problems if they arise. 

As for the behavior of generic singularities, the numerical results indicate 
that solitions of the forn: proved in [10] to exist in a neighborhood of the singu- 
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larity also exist globally. Thus such solutions are likely to describe the generic 
singularity in the stiff matter case. 

There are several projects for which the methods of this paper could be 
used. One is to do a more extensive study of the singularity in the Einstein- 
scalar case, with a more thorough exploration of the evolution corresponding to 
various values of the parameters in the initial data of the previous section. It 
would also be helpful to evolve for a longer time. 

Another project is to remove the scalar field and study the approach to the 
‘singularity of the generic vacuuin space-time. Here, the behavior is expected to be 
more complicated and a treatinent will probably require more spatial resolution 
to resolve the expected sharp features, as well as longer evolution in time to see 
the expected oscillatory behavior. 

Yet another project is to study the behavior of asymptotically flat space-times 
rather than closed cosmologies. Here, the closed cosmologies were studied partly 
for simplicity. The periodic boundary conditions are simple to implement and 
completely consistent with Einstein's equations. In contrast, for an outer bound- 
ary at a finite distance in an asymptotically flat space-time, one needs to put 
some sort of outgoing wave boundary condition. Such conditions are usually not 
consistent with Eimstein’s equation (it is known how to have a consistent bound- 
ary condition [12! but this condition is quite complicated). These inconsistent 
conditions may lead to numerical instability. Since harmonic coordinates make 
Einstein's equation look like the wave equation, simple outgoing wave boundary 
conditions that work numerically with the wave equation might be expected to 
“work” (at least in the sense of not causing numerical instability) for Einstein’s 
equation. 

All these projects are work in progress and preliminary results from them 
are promising. Thus. [ expect that harmonic coordinates will become a useful 
tool in numerical relativity. 
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Abstract. There is a tendency to write the equations of general relativity as a first 
order symmetric system of time dependent partial differential equations. However, for 
numerical reasons, it might be advantageous to use a second order formulation like one 
obtained from the ADM equations. We shall discuss the wellposedness of the Cauchy 
problem for such systems and their advantage in numerical calculations. 


19.1 Introduction 


There is a tendency to write the equations of general relativity as a first order 
svinmnetiie svstem of time dependent partial differential equations. However. for 
numerical reasons, it might be advantageous to use a second order formulation 
like one obtained from the ADM equations. Unfortunately, the type of the ADM 
equations is not well understood and therefore we shall discuss, in the next 
section, the concept of well-posedness. We have to distinguish between weakly 
and strongly hyperbolic systems. Strongly hyperbolic systems are well behaved 
even if we add lower order terms. In contrast, for every weakly hyperbolic system 
we can find lower order terms which make the problem totally ill posed. Thus, 
for weakly hyperbolic systems, there is only a restricted class of lower order 
perturbations which do not destroy the well-posedness. To identify that class 
can be very difficult, especially for nonlinear perturbations. In Sect. 19.3 we 
will show that the ADM equations, linearized around flat with constant lapse 
function and shift vector, are only weakly hyperbolic. However, we can use the 
trace of the metric as a lapse function to make the equations into a strongly 
second order hyperbolic system. 

Using simple models we shall, in Sect. 19.4, demonstrate that approximations 
of second order equations have better accuracy propertics than the corresponding 
approximations of first order equations. Also, we avoid spurious waves which 
travel against the characteristic direction. 

In the last section we discuss some difficulties connected with the preservation 


of constraints. 
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19.2 Well Posed Problems 


19.2.1 First Order Systems 


Consider the Cauchy problem for a first order system with constant coefficients 


: O 
he = 2, Ais = (00 lan. D; = oe (19.1) 
TG teen Vee alle e = (21;.2. eee ee Oe 
We construct simple wave solutions 
u(z,t) =e’ G(w,t), w= (w,...,Ws) real 
and obtain 
Uz = ilw| Soe =F leer jaa w = w/w). (19.2) 


= 


Definition 19.1. We call the problem (19.1) strongly hyperbolic if for every 
w’ the eigenvalues of the symbol P(w’) are real and there is a complete set of 
uniformly (in w’) linearly independent eigenvectors. 


Examples of strougly hyperbolic systems are svnunetric systems where 1, 9 AL. 


The solutions of strongly hyperbolic systems satisfy an energy estimate 
l|u(-, #)||? < K7e?*||\u(-, 0)|?. (19.3) 


Here K,q are universal constants which do not depend on the initial data 
u(z,0) = f(a). The norms are Lz norms. For systems (19.1) with constant 
coefficients we have a = 0. Strong hyperbolicity and the existence of an energy 
estimate are equivalent!: 


Theorem 19.1. The solutions of (19.1) satisfy an energy estimate of the type 
(19.3) af and only if the system is strongly hyperbolic. 


The most important property of strongly hyperbolic systems is that we can add 
lower order terms and an estimate of type (19.3) is still valid. We have 


Theorem 19.2. Let (19.1) be strongly hyperbolic. Then the solutions of 

w= P(D)w+ Bw (19.4) 
satisfy an estimate of type (19.3). Here B is any bounded operator. 
Definition 19.2. We call the problem (19.1) weakly hyperbolic if the eigenval- 


ues of P(w’) are real. 


’ First order theory is well known, we refer to ae 
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In this definition we do not require that there is a complete set of eigenvectors. 
An example in dimension one is given by 


igs 
a Gare == Atle 


Simple wave solutions for this system have the form 
u(x,t) = e4te”’7G(w,0) = (1 +iw % 4 t) el(+) (Ww, 0). 
Thus there is no exponential growth but there is the polynomial growth in wt. 


This is typically the case for weakly hyperbolic systems. One can prove 


Theorem 19.3. For weakly hyperbolic systems the growth of simple wave solu- 
tions is at most of the order O(1+|wt!"~"), where n is the number of components 
of u. 


The real difficulty with weakly hyperbolic systems is that lower order terms 
can make them exponentially ill posed. For example, consider 


ie 00 
Ut = 01 Whe AF 10 U. 


Making the simple wave ansatz 


lwr = 


ular, t) =e" aa: t) 


5 ee tee 5 
Vi = ( ) eee TUL. 
| eee 


The eigenvalues 4 of A are given by 


Zs 
N=iwtviw, ie., ReA= £2 al 


Therefore, the perturbed problem is exponentially ill posed. The same result 
holds if we consider the variable coefficient problem 


iat COS a sina 
oe U'(z) G ') U(x)uz, U(x) = & xr Cos ‘) . 


There are no problems to generalize the results to variable coefficients and 
quasi-linear systems if the system is pointwise strongly hyperbolic. 

Unfortunately, in applications one can be confronted with systems which are 
weakly hyperbolic. In this case one has to carefully study the influence of lower 
order terms. For example, trivially, 


we obtain 


Ut + oe a cae == =O Oe Sp (v7) = —QV 


is well behaved (a > 0 sufficiently large so that no shocks form). We can solve 
the second equation to obtain v which becomes a governing function in the first 


equation. 
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19.2.2 Second Order Systems 
We consider second order systems 


un = Po(D)u+ P,(D)ur (19.5) 


where 


Po(D) = D> AjeDjDe, Pi(D) = > AgD3. 
jk=1 g—1 


We calculate simple wave solutions. Introducing 
u(x,t) = el") Gi(w, t) 


gives us 7 
Ute = —|w|? Po(w’)& AF iw] P; (wae. (19.6) 


We have 


Lemma 19.1. A necessary condition for well posedness is that, for all w’, the 
eigenvalues & of 
[—K7I + Pi(w’)k + Po(w’)la = 0 (19.7) 


are real. 


Proof. If &(w’), a(w’) is a solution of (19.7) then —k(w’). a(w”) is a solution if we 
replace w’ by —w’. Since the solutions of (19.6) are of the form e'!#!* )tq(w’) 
we only avoid catastrophic growth if & is real. 


If P; = 0 then (19.7) becomes 
[—A?I + Po(w’)ja = 0 
and Lemma 19.1 reduces to 


Lemma 19.2. If P; = 0 then a necessary condition for well posedness is that 
the eigenvalues of Po(w’) are real and nonnegative. 


We can write (19.6) as a first order system by introducing a new variable 0 
with uw, = ilw|v. We obtain 


(3), = ifu| Ge oo) (2) =: ilw|P @ . (19.8) 


The eigenvalues of P are determined by (19.7). Using this reduction, we can 
define what we mean by strongly and weakly hyperbolic (second order) systems. 


Definition 19.3. The system (19.5) is called strongly hyperbolic if for all w’ 
the cigenvalues of P are real and there is a uniformly linearly independent (in 
w’) complete set of eigenvectors. ; 
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For strongly hyperbolic systems one can again develop a rather complete theory 
for local existence of quasi-linear systems. In particular lower order terms 


Oa S. B;Dj;u+ Bours +Cu 


j=l 
do not destroy the well posedness of the problem. If P, = 0 we have 


Theorem 19.4. Assume that P, = 0. The system is strongly hyperbolic if and 
only if the eigenvalues of Po(w') are strictly positive and Po(w') has a complete 
set of eigenvectors which is uniformly (in w’) linearly independent. 


Proof. Notice that when P, = 0, any eigenvector of P with eigenvalue A; (w’) is 
of the form 
Aj @; 
( 4 ) (19.9) 


where the splitting corresponds to the block structure of P. Moreover, for each 
eigenvector of the form (19.9) there is another eigenvector 


( Aja, \ 


Ly ae) 


with eigenvalue —A;(w’). which is linearly independent from the first if and only 
if A; 4 0. Now, it is easy to check that a set of eigenvectors 


om “ a, pea ei: 
ao a : oa 


with real eigenvalues {A;,—A;}, j = 1,2,...,n is a set of 2n uniformly linearly 
independent (in w’) eigenvectors if and only if the set {a;(w’)}, 7 = 1,2,...n, 
is a set of uniformly linearly independent (in w’) eigenvectors of Po(w’) with 


positive eigenvalues rs (w’) > 0. This proves the theorem. 

Definition 19.4. The system (19.5) is called weakly hyperbolic if for all 2’ the 
eigenvalues of P are real. 

In particular we have 


Lemma 19.3. Jf P; =0 and Po(w’) has zero as an eigenvalue then the system 
is not strongly hyperbolic. It is weakly hyperbolic if the eigenvalues are real and 
non negative. 

As in the case of first order systems, weakly hyperbolic systems can have catas- 
trophic exponential growth when adding lower order terms or considering vari- 
able coefficients. As example we consider 


Utt = AUrxr ae Uyy ap bux =F CUy- 
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The problem is strougly liyperbolic ifa 2 0 aud weakly hvperbolic if @ - 0 and 
there is catastrophic exponential growth if a = 0 and b # 0. 

In the next section we will show that the ADM equations, linearized around 
lat. are only weakly hyperbolic for constant lapse faction and shift vector. We 
can transform it into a strongly hyperbolic system if we choose the lapse function 
proportional to the trace of the solution. However. such a choice might introduce 
singularities. Consider, for example, 


Ute = Ay Uz + Azz 


If a = a(z,t) is a given function, then the equation is weakly hyperbolic. If we 
choose a = u. we obtain 

Utt = (atx)? + Ure: 
Now the equation is strongly hyperbolic but we will, in general, encounter sin- 
gularities due to the lower order term. 


19.3. Second Order Initial Value Formulations 
for General Relativity 


Our starting point are the ADM equations [2] for General Relativity. The 3- 
metric induced on the space-like 3-surfaces £ = const. is denoted by 4;;; all 
Latin indices run over 1, 2,3. 

From the start we fix the shift vector equal to zero but keep a general lapse 
function a. Using the ADM equation for 7;; to eliminate the extrinsic curvature 
from the other ADM equation we get a second order evolution equation for 4;; 


OP yi; = oey'™ (18m Vi = 6.057 im = O;01 mj a 8,8r1mi) 3e 2a0;0;0 
+ lot, (19.10) 


where all derivatives are partial derivatives with respect to time and the coordi- 
nates on the t = const 3-surfaces. Here and below “lot” stands for “lower order 
terms”, that is functions of a, 7; and their first derivatives. For the purpose of 
this paper, it is enough to say that all lower order terms are quadratic in first 
order derivatives. 

We have to consider the constraint equations. The momentum constraint is 


"Or (A751 we a;71) + lot = 0, 
while the Hamiltonian constraint is 
opal (2:273m Be 8:0; 11m) + lot = 0. 


We now linearize around a flat solution (Minkowski space-time) in Cartesian 
coordinates, that is we make 


Vij = O13 +E ha; and Y= 9" aya i Om) (19.11) 
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and keep terms linear in ¢. Our new variable is h;;. The constraint equations 
become 


O:( OH - Ceo) 
and 

545" 3, O;him — AH =0 
where H = tr(h;;) = 6%h;; and A is the Laplacian in R°. Both linearized 
constraint equations are satisfied if 


0;H — 6'"Ahim, = 0. (19.12) 


Before linearizing (19.10) we have to make a choice of lapse. On the one hand 
the simplest possible choice a = 1 gives, after linearization, 


Ops; = 5°" (Om hij + :95Rim — B:0thmg 012i) 
= Ahiz + 0;(O:H — 5°" Ohms) — O:0;H 


so that (19.12) implies 
OPhij = Ahi; — O:0;H. (19.13) 


On the other hand, choosing 


k k 
lm 
w= str(y%;) = 3° Yim; 
) ' 


gives after linearization and using (19.12) 
; 1 
OP has = k? (Ahi; - 30:0; H). (19.14) 


We define wu = (hy11, hoz, h33. hi2,h13, he3)* to analyze the hyperbolicity of 
(19.14) and (19.13). 

Thus the matrix Pj(w’), as defined in Sect. 19.2.2, of the system associated 
to (19.14) has constant eigenvalues: k? with multiplicity five, and (2/3)k? with 
multiplicity one. Also, this matrix has a uniformly lmearly independent complete 
system of eigenvectors. Then according to Theorem 19.4, the system is strongly 
hyperbolic for any k # 0. |k| < 1 gives a system with characteristic speeds 
smaller or equal than one, while |k| > 1 would be an “unphysical” (though 
strongly hyperbolic) system with characteristic speeds higher than one. 

The matrix Po(w’) of the system associated to (19.13) is uniformly diago- 
nalizable but its eigenvalues are: 0 with multiplicity one and 1 with multiplicity 
five. Thus, according to Lemma 19.3, equation (19.13) is only weakly hyperbolic. 

Another possibility to “cure” equation (19.13) is the usual choice of coupling 
the lapse function to the determinant of the 3-metric instead of coupling it to 
the trace as we have done above. This also leads to a strongly hyperbolic system. 
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19.4 Difference Approximations 


Consider the simple model problem 
Ui = Uz, —OO<E< co, $20 (19.15) 
with initial data 
UC ELO) ea ee (19.16) 


We are interested in solutions which are 27-periodic in space. We want to solve 
the above problem by difference approximation. For that reason we introduce a 
erid length h = 27/N, N a natural number, grid points x2, = vh and grid func- 
tions u,(t) = u(x,t). We also introduce the usual centered difference operators 
by 


0/Oxa ~ Doty = (Uv41 — Uv—-1)/2h, 
0? /Oa? ~ Ds Dt, = (ty 41 — Quy + tya1) fh. 


Then we approximate (19.15), (19.16) by 
(Gis): = Dole VS eee (19.17) 
with periodic boundary conditions 
uy(t) = t+n(t) (19.18) 
and initial conditions 


tt, (0) = fi. (19.19) 


(19.17) (19.19) represents a system of ordinary differential equations which we 
solve with help of a standard ODE salver like the usual Runge-Kutta method. 
We want to discuss the accuracy of the approximation. We assume that 


AL 
feo=- >) =e Je. 


w=—M 


Then we can expand both the solutions of (19.15), (19.16) and (19.17)-(19.19) 
into Fourier polynomials 


M M 
u(z,t)= SY) e*(w,t), tt)= > e™d(w,t) (19.20) 
we M wa M 
with 
ie. 0) fee, 
We introduce (19.20) into (19.15) and (19.17), respectively. Since 


Lo 


Oe 


ae tsinwh 
=iwe’* and Doe’? = Cee 


Ox h 
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which approximates 


W+ = lee 


ule O) gta). 


Thus w,(t) represents a highly oscillatory wave which travels in the “wrong 
direction. The usual way to control tu, (t) is to add an artificial viscosity term. 
As an example, consider 


ty iP Ulla | <r. 


with boundary condition 


and the initial data 
u(x, 0) = —cos s(x +1). 


The solution forms an internal layer at x = 0 where the gradient becomes larger 
and larger. If we use the approximation 


Ut = Ly Ditty. 


then there will be a highly oscillatory wave traveling out of the laver. 
We approximate the wave equation 


Utt = Ure 


by 
thet = ain ID_ u. 


For the same level of accuracy, we need only half the number of points/wave- 
length. Also, there are no spurious waves which travel in the wrong direction. 


19.5 Constraints 


Using an example from fluid dynamics we want to demonstrate some of the 
problems which can arise when solving equations with constraints. Consider the 
Stokes problem 


Ut + Dr =a (19.21) 
Ur py ute (19.22) 
0G =Fitte y= 0; (19.23) 


in some domain 92 x (0.7) with boundary conditions 


U,— 0 for (game oi? <2 e 
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Here u,v denote the velocity components, u,, the normal component and p the 
pressure. Differentiating the first equation with respect to z and the second with 
respect to y gives us, using the divergence relation d = 0, 


Ap = 0. (19.24) 


We solve (19.21), (19.22) and (19.24) and think of (19.23) as the constraint. 
One could be tempted to use, for p. 


P=Ppo, (x,y) € OQ, po given function, (19.25) 


as boundary condition. However, then we would, in general, not preserve the 
constraint d= 0. 


Differentiating (19.21) with respect to x and (19.22) with respect to y and 
using (19.24) gives us an equation for the divergence d, 


d; = Ld. 


By assumption. d = 0 for t = 0 but we cannot guarantee that d = 0 at later 
times if we use the boundary conditions (19.25). We must use 


a=) for (eure ol. 0: 


as boundary condition and we cannot give p. 
Let A, = D,,D_z, + Di,D_,. A typical difference approximation is given 


by 
Ut ae Dozp = ns (19.26) 
ve + Doyp AVE (19.27) 
A), /) au) (19.28) 


For the discrete divergence d, = Dozt + Doyv we then obtain 


dnt = eee ae Do,)P a5 Anda; (19:29) 
Ane: (19.30) 


The difficulty here is that 
A; = De. 3 Diy 


and therefore divergence is created. Instead of (19.28) one can use 
Anp = adn, 
where a > 1 is constant. Then we can write (19.29) as 
dnt + (D2, + Do, — An)p + adn = And. 


The damping term ad; keeps dp, under control. 
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